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PREFACE 


"Electromagnetic  theory  is  a  peculiar  subject.  The  peculiarity  resides 
not  so  much  in  the  stratification  -  superposed  layers  of  electrostatics, 
magnetostatics,  steady  currents  and  time-varying  fields  -  as  in  the 
failure  that  has  attended  all  attempts  to  weld  these  layers  into  a 
logical  whole  .  The  lowest  layer,  electrostatics,  defines  certain 

concepts,  such  as  E,  D,  <f>,  in  a  way  that  is  generally  satisfactory  only 
for  the  static  case.  Yet  the  attempt  is  made  to  force  these  specialised 
definitions  into  the  higher  strata,  with  ad  hoc  modifications  when 
necessary.  The  student,  in  looking  through  his  text  books  on 
electromagnetics,  can  find  general  definitions  only  with  difficulty,  if 
at  all;  and  even  the  most  advanced  treatises  fail  to  present  a 
rigorously  logical  development  of  the  subject". 

So  wrote  Moon  and  Spencer^  some  30  years  ago;  and  their  criticism  continues 
to  be  pertinent  today. 
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More  recently,  a  senior  physicist  of  the  National  Bureau  of  Standards  has 
expressed  his  concern  in  similar  terms: 

"A  logically  consistent  set  of  definitions  of  the  electromagnetic  field 
quantities  is  extremely  difficult  to  find  in  the  literature.  Most  text 
books  either  evade  the  problem  or  present  definitions  that  are  applicable 
only  to  special  cases". 
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On  a  related  issue  R.W.P.  King  writes 

" - where  the  purpose  is  to  arrive  at  solutions  of  general  or  special 

problems  and  not  follow  an  interesting  historical  development,  it  is  best 
to  learn  how  to  proceed  from  the  most  general  equations.  Thus  it  is 
interesting,  but  immaterial  for  the  man  interested  in  learning  to  solve 
electrodynamical  problems,  to  know  by  what  winding  and  devious  paths,  by 
what  bold  leaps  the  Maxwell-Lorentz  equations  were  finally  formulated. 
If  he  nevertheless  insists  on  seeing  them  T derived1  from  other  less 
general  formulas  such  as  Coulomb’s  law  and  Ampere’s  laws,  he  must  content 
himself  with  the  statement  that  this  has  never  been  done". 


1.  P.  Moon  and  D.E.  Spencer,  "A  Postulational  Approach  to 
Electromagnetism",  Jour.  Franklin  Inst.  259,  p.  293  (1955). 

2.  Chester  H.  Page,  "Definitions  of  Electromagnetic  Field  Quantities", 
Am.  J.  Phys.  42,  p.  490  (1974). 

3.  R.W.P.  King,  "Fundamentals  of  Electromagnetic  Theory",  p.  107,  2nd  ed., 
Dover,  New  York  (1963). 

See  also  P.  Duhem,  "The  Aim  and  Structure  of  Physical  Theory",  p.  200ff, 
tr.  P.  Wiener,  Princeton  University  Press,  New  Jersey  (1954). 
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Like  many  authors  of  advanced  texts.  King  opts  for  a  treatment  which 
postulates  Maxwell's  equations,  ab  Initio,  and  proceeds  therefrom.  However, 
this  approach  Is  not  entirely  satisfactory.  The  field  vectors  are  not  defined 
uniquely  by  Maxwell's  equations  and  a  rigorous  development  along  conventional 
lines  demands  a  distressing  proliferation  of  postulates  of  one  form  or  another 
(See  Sec.  7.9). 

One  Is  therefore  led  to  enquire  whether  an  alternative  treatment  may  not  be 
available  which  admits  of  unequivocal  definitions  of  the  electromagnetic  field 
quantities,  which  bypasses  the  unjustifiable  extrapolations  of  the  inductive 
method,  and  which  demands  fewer  postulates  than  King's  approach.  Such  a 
development  does,  in  fact,  exist  and  was  presented  as  early  as  1897  by 
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Levi-Civita,  who  subsequently  wrote 


"We  can  find  the  essentials  of  Maxwell's  theory  even  while  starting  from 
the  classical  laws.  It  is  sufficient  to  complete  them  by  the  hypothesis 
that  the  actions  at  a  distance  are  propagated  with  a  finite  velocity". 

In  other  words,  if  ♦  and  A  represent  appropriately-retarded  forms  of  the 
scalar  and  vector  potentials  conventionally  associated  with  time-invariant 

distributions  of  charge  and  current,  and  if  E  and  B  are  defined  by 


E 


~  grad  + 


1  3A 
c  3t 


B  -  curl  A 


we  can  deduce  the  dynamical  form  of  Maxwell's  equations  for  a  vacuum  (in 
Gaussian  units) .  The  ancillary  relationship 


div  J 


follows  immediately  from  the  postulate  of  the  conservation  of  source  strength 
or  from  the  discrete  physical  model. 

Now  this  approach  is  quite  different  from  those  discussed  previously.  It 
proposes  to  derive  Maxwell's  equations  by  mathematical  manipulation  of  the 
space  and  time  derivatives  of  potential  functions  defined  in  terms  of  scalar 
and  vector  source  densities.  Since  such  analysis,  qua  analysis,  does  not 
require  that  the  source  densities  be  based  upon  an  electrical  model,  but  only 
that  they  satisfy  the  equation  of  continuity,  the  proposed  procedure  transfers 
Maxwell's  equations  from  the  realm  of  physics  to  that  of  pure  mathematics  -  to 
what  may  be  called  a  branch  of  retarded  potential  theory. 

In  these  circumstances  the  physics  of  electromagnetic  theory  is  introduced 
through  the  constitutive  relationships  and  the  Lorentz  force  formula.  The 
fact  that  these  describe  the  interactions  of  charge  complexes  by  expressions 
which  involve  the  symbols  of  potential  theory  in  no  way  requires  that  such 
symbols  be  necessarily  given  a  physical  interpretation. 


4.  Cited  by  A.  O'Rahilly,  "Electromagnetic  Theory",  p.  190,  Dover,  New  York 
(1965). 


PREFACE 


v 


This  division  of  electromagnetics  Into  pure  and  applied  aspects  brings  with  it 
a  considerable  simplification  of  fundamental  principles.  - 

The  vector  fields  E  and  B  are  no  longer  defined  by  force  effects  on  charge  and 
current  elements  (with  all  the  attendant  difficulties  posed  by  material  media) 

but  as  analytical  derivatives  of  the  point  functions  ♦  and  A. 

Div  B  -  0,  not  because  'lines  of  B  are  always  closed'  (which  is  hardly  ever 
true),  but  because  B  -  curl  A  and  div  curl  =  0. 

Similarly,  div  D  -  4irp,  neither  by  postulate  nor  by  a  misapplication  of 
Coulomb's  law,  but  because  the  equation  div  E  ■  4w  (p  -  div  P)  follows  from 
the  expression  for  E  in  terms  of  $  and  A,  irrespective  of  the  relationship 
between  P  and  E. 

Again,  the  analytical  transformations  which  allow  B  and  H  to  be  expressed  as 
the  derivatives  of  either  scalar  or  vector  potential  functions  constitute  the 
true  basis  of  the  'pole'  and  'whirl'  models  of  magnetic  material. 

Finally,  the  displacement  current  term  in  Maxwell's  generalisation  of  Ampere's 
work  law  in  vacuo  appears  not  as  a  postulate  (to  which  arguments  involving 
extrapolation  from  closed  to  open  circuits  ultimately  reduce)  but  as  an 

analytical  consequence  of  the  expansion  of  curl  B. 

All  of  these  matters  are  the  province  of  potential  theory;  their  only  contact 
with  the  physical  world  lies  in  the  identification  of  the  mathematical  source 

density  functions  such  as  p,  J,  ?  and  M  with  those  deriving  from  the  physical 
model  when  it  is  required,  as  an  exercise  in  applied  mathematics,  to  calculate 
the  interaction  between  charge  complexes  by  making  use  of  the  Lorentz  formula 

or  the  relationships  between  J  and  E,  P  and  E  (or  D)  and  M  and  B  (or  H) . 

Should  experimental  evidence  ever  reveal  a  failure  on  the  part  of  the  Maxwell- 
Lorentz  treatment  to  adequately  describe  some  electrical  phenomenon.  Maxwell's 
equations  would  in  no  way  be  invalidated;  their  physical  relevance,  however, 
could  (among  other  possibilities)  be  called  into  question.  Thus,  if 
experimental  correlation  were  better  served  by  the  development  of  a  ballistic 
theory  (Involving  a  modification  of  retardation  kinematics)  the  latter  theory 
would  supersede  the  former  In  an  electromagnetic  context;  as  analytical 
developments  they  would  be  equally  significant. 

Our  contention  is  identical  with  that  expressed  by  Duhem5  at  the  turn  of  the 
century: 

"A  physical  theory  is  not  an  explanation.  It  is  a  system  of  mathematical 
propositions  deduced  from  a  small  number  of  principles  which  aim  to 
represent  as  simply,  as  completely  and  as  exactly  as  possible  a  set  of 
experimental  laws". 


5.  ibid.  p.  19. 
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v7  This  document  Is  concerned  with  the  systematic  development  of  retarded 
potential  theory  Insofar  as  it  is  relevant  to  the  study  of  classical 

j a 

electromagnetics  .  To  highlight  its  purely  analytical  nature  overt  mention  of 
electricity  and  magnetism  has  been  eschewed,  although,  for  obvious  reasons, 
standard  symbolism  has  been  retained. 

Since  a  work  of  this  type  finds  Its  most  natural  expression  in  terms  of 
Gaussian  units,  no  apology  IS  offered  for  their  adoption.  A  knowledge,  on  the 
part  of  the  reader,  of  only  the  elements  of  vector  analysis  -  amounting  to 
little  more  than  a  familiarity  with  the  addition,  subtraction  and 
multiplication  of  vectors  -  has  been  assumed. 


R.S.  Edgar 


6.  In  dealing  with  doublet  and  whirl  complexes  (equivalent  to  polarised 
dielectrics  and  magnetised  material)  considerations  are  restricted  to  those 
complexes  which  are  at  rest  in  the  system  of  coordinates  in  which  the 
various  field  functions  are  evaluated. 
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NOTATION 


The  limited  nature  of  available  type  face  has  led  in  part  to  the  adoption  of 
the  following  notation: 

Vector  quantities  are  represented  by  a  bar  over  the  associated  symbol. 

Complex  quantities  bear  a  tilde  superscript  while  complex  conjugates  are 
starred  in  addition. 

The  dot  in  the  scalar  product  is  located  at  the  foot  of  the  component 
symbols  rather  than  half-way  up. 

Unit  vectors,  other  than  1,  J,  k,  carry  a  circumflex  superscript. 

The  symbol  R  is  used  on  occasion  to  represent  a  region. 
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CHAPTER  1 


THE  DIFFERENTIAL  AND  INTEGRAL  CALCULUS  OF  VECTORS 


1 . 1  Scalar  and  Vector  Fields 


A  collection  of  points,  or  a  point  set,  is  said  to  be  connected  if  every 
pair  of  points  in  the  set  can  be  joined  by  a  continuous  curve  composed 
wholly  of  points  of  the  set.  Such  a  point  set  is  said  to  comprise  a 
region.  Thus  a  region  may  be  associated  with  a  straight  line  or  a  plane 
surface,  or  with  a  curved  line  or  a  curved  surface,  or  with  that  portion 
of  space  included  within  a  closed  surface,  but  not  with  a  set  of  discrete 
points  or  non- intersecting  enclosures. 

A  point  is  an  interior  point  of  a  given  region  of  space  If  it  is  the 
centre  of  a  sphere  of  non-zero  radius  which  contains  only  points  of  that 
region;  if  the  sphere  contains  no  points  of  the  region  then  its  centre 
is  exterior  to  that  region.  A  point  is  a  boundary  point  of  a  given 
region  of  space  if  every  sphere  of  which  it  is  the  centre  contains  points 
both  of  that  region  and  not  of  that  region.  The  modification  of  these 
definitions  to  cover  regions  which  comprise  surfaces  or  lines  is 
straightforward. 

A  region  which  is  described  in  such  a  way  that  it  contains  only  interior 
points  is  said  to  be  open;  if  it  contains  all  of  its  boundary  points  it 
is  said  to  be  closed.  Thus  the  equation  x2  +  y2  +  z2  <  a2  defines  an 
open  region  of  space  which  is  the  interior  of  a  sphere  of  radius  a 
centred  upon  the  origin  of  coordinates,  while  x2  +  y2  +  z2  £  a2  defines 
che  corresponding  closed  region. 

If  V(P)  is  a  scalar  point  function  defined  throughout  the  region  R,  le  if 
for  every  point  P  of  R  there  is  at  least  one  value  of  V,  then  the  points 
comprising  R  together  with  their  associated  scalar  magnitudes  are  said  to 
constitute  a  scalar  field  within  R.  When  there  is  only  one  value  of  V 
corresponding  to  each  point  of  R  the  field  is  said  to  be  single-valued; 
otherwise  it  is  multiple-valued. 

The  function  V(P)  is  said  to  be  continuous  at  the  point  P  in  R  if  V(P  ) 

o  —  o 

has  a  definite  finite  value  and  if,  for  every  positive  number  e,  no 
matter  how  small,  it  is  possible  to  find  a  positive  number  6  such  that 

for  all  PP  <  S  (where  P  is  a  point  of  R  and  PP  is  the  distance 
o  ~  o 

between  P  and  PQ),  |v(P)  -  V(Pq> |  <  e.  When  V(P)  is  continuous  at  every 
point  of  R  it  is  said  to  be  continuous  in  R. 

It  is  sometimes  possible  to  divide  a  region  R  into  a  finite  set  of 
sub-regions  such  that  a  scalar  point  function  which  is  undefined  upon  the 
boundaries  of  the  sub-regions  and  is  discontinuous  through  them  is 
nevertheless  continuous  at  the  interior  points  of  each  sub-region  and 
exhibits  limiting  values  as  any  point  of  a  boundary  is  approached  from 
one  aide  or  another.  The  point  function  la  then  said  to  be  piecewise 
continuous  in  R. 
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A  surface  is  said  to  be  equi-scalar  or  level  with  respect  to  V  when  V  has 
the  sane  value  at  all  points  of  the  surface.  By  definition,  two  level 
surfaces  corresponding  to  different  scalar  values  cannot  intersect  at  any 
point  of  a  single-valued  field. 

If  F(P)  is  a  vector  point  function  defined  throughout  the  region  R,  then 
the  points  of  R  and  the  associated  vector  quantities  constitute  a  vector 
field  in  R.  This  may  be  single  or  multiple-valued.  The  definition  of 
continuity  of  F(P)  is  entirely  analogous  to  that  given  above  for  the 
scalar  field. 

Unless  stated  to  the  contrary,  the  scalar  and  vector  fields  of  the 
following  pages  will  be  assumed  to  be  single-valued  and  continuous. 

1.2  Directional  Derivative  of  a  Scalar  Field 


Gradient 

Let  V  -  V(x, y,z)  be  a  scalar  point  function  having  continuous  partial 

derivatives  -|“  and  throughout  a  region  of  space  R,*  and  let  Pq  and 

P  be  two  interior  points  of  R  whose  coordinates  are  (x  ,  y  ,  z  )  and 

—  o  o  o 

(xo  +  Ax,  yo  +  Ay,  zq  +  A2) . 

Then 

V(P)-V(Pq)  -  V(xo+Ax,  yQ+Ay,  zq+Az)  -  V(xq,  yQ+Ay,  zq+Az) 

+  V(V  y0+4y’  zo+4z)  •  v<V  V  Zo+4z) 

+  V(xo'  V  zo+4z)  ■  V(xo’  V  Io) 

whence,  by  the  mean-value  theorem, 

V(P)  -  V(P0)  -  «  -  to 

00 

yo+4y  y'  yo 

z  +  Az  z  +Az  z 1 

o  o 

where  x  <  x’  <  x  +  Ax;  y  <  y*  <  y  +  Ay;  z  <  z*  <  z  +  Az 
o  o  /o  o/  o  o 

Let  P*P  -  As  -  sAs  ■  iAx  +  jAy  +  kAz 

A  ♦ 

where  a  is  a  unit  vector  directed  along  PoP. 


1.  Unless  stated  to  the  contrary,  continuity  of  the  first  partial 
derivatives  will  be  taken  to  imply  continuity  of  the  function  Itself. 
Similarly,  continuity  of  nth  order  partial  derivatives  will  imply 
continuity  of  lower  order  derivatives  and  of  the  function. 
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The  average  rate  of  change  of  V  along  P^P  Is  given  by 

-  ©X?°‘(S!°  +  (*) xco,(,y)  +  (fr)xc°‘(ez) 

o  o 

yQ+Ay  y’  yQ 

z  +Az  z  +Az  z' 

o  o 

A 

where  cos(sx),  cos(sy)  and  cos(sz)  are  the  direction  cosines  of  sf  ie  the 

A 

cosines  of  the  angles  made  by  s  with  the  positive  xt  y  and  z  axes. 

The  rate  of  change  of  V  at  Pq  in  the  direction  defined  by  s  is  found  by 

taking  the  limit  of  the  above  expression  as  As+0  while  the  direction 
cosines  remain  constant. 


Since  the  first  derivatives  of  V  are  continuous  about  P  we  obtain 

o 


Lio  AV 


As-*>0  As 


dV 


ds 


3V\ 


T T  -  -  TT  COS(SX)  + 


3X; 


co8(sy)  + 


cos(sz) 


or,  in  general. 


dV 

ds 


-|J  cos(sx)  +  |-  cos(sy)  +  ■  cos(sz) 


(1.2-1) 


Upon  re-writing  in  the  form  of  a  scalar  product  this  becomes 


dV 

ds 


(1  cos(sx)  +  j  cos(sy)  +  k  cos(sz)) 


i  »v  +  T  issS 

3x  3  by  bzj 


~r~  is  known  as  the  directional  derivative  of  V  corresponding  to  the 
as 

—  —  jv  —  3V  —  3  V 

direction  s,  and  the  vector  point  function  i^— +j|-+k^-is  said  to 

be  the  gradient  (grad)  of  the  scalar  V,  so  that 


grad  V 


1 12  ♦  7 1!  + 

3x  J  3y 


(1.2-2) 


and 


dV 

ds 


A 

s . grad  V 


(1.2-3) 


4 


FIELD  ANALYSIS  AND  POTENTIAL  THEORY 


[Sec. 1.2 


It  le  now  seen  that  the  magnitude  of  the  directional  derivative  at  a 

point  is  equal  to  the  scalar  component  of  grad  T  in  the  direction  of  s  at 
that  point*  consequently  grad  V  defines  both  in  magnitude  and  direction 
Che  maximum  positive  rate  of  change  of  V.  Further,  grad  V  must  be  normal 
to  the  surface  of  constant  V  through  any  point,  since  only  in  this  case 

is  zero  in  all  directions  within  the  surface  as  required.  This  leads 

to  an  alternative  definition: 


grad  V 


(1.2-4) 


where  n  is  the  unit  vector  normal  to  the  surface  of  constant  V  through 
Che  point  in  question  and  directed  towards  larger  positive  values  of  V, 

and  “  is  the  rate  of  change  of  V  in  this  direction. 

Since  this  definition  In  no  way  Involves  any  coordinate  system  it  follows 
that  grad  V,  as  expressed  in  (1.2-2),  must  be  independent  of  the  system 
of  rectangular  axes  chosen.  An  analytical  proof  of  this  is  given  in 
Sec.  1.19. 


A  considerable  simplification  of  expression  may  be  effected  by  treating 

^i-^  +  j  j^  +  kj^Jas  a  differential  vector  operator,  written  as  V  and 

called  Mel*  or  'nabla',  which  operates  upon  a  scalar  point  function  in 
accordance  with  the  following  convention: 


VV 


(? 


Iiv  +  T  av  + kiv 

1  3x  J  3y  *  K 


az 


(1.2-5) 


Then 


grad  V  -  VV 


dV 

ds 


s .  (VV) 


We  may  carry  the  notation  further  by  treating  V  as  a  formal  vector  in  the 
scalar  product  s.V,  in  which  case2 


(i  cos(sx)  +  J  cos(sy)  +  k  cos(sz)). 


a  a  a 

cos(sx)  +  cos(sy)  ^  +  cos(sz) 


(1.2-6) 


2.  More  generally,  if  F  is  a  vector  point  function,  then 


(F.V) 


F  >  +F  <L  +  F  » 

x  3 x  y  3y  z  dz 


F(f.V) 


where  F 


A 

-  fF 
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(s.V)V  -  cos(sx)  +  cos(sy)  g  +  cos(sz) 


vhence 


(i’V)V  "  -  s.  (VV) 


(1.2-7) 


The  differential  form  of  (1.2-7)  is 


dV  -  ds(s.V)V  *  (ds.V)V 


(1.2-8) 


The  finite  difference  form  of  this  relationship  is  a  series  expansion  of 
Par“al  ““  "1Xed  d'rlVaCIVea  °£  V  *»  continuous 

4V  '  £*»  +&J  +  gta  +  *4  (#I2  ♦  «a  J4I2*  +  Siv 

3x  3y  3*  3xT  2!  T  iy2  2!  +  Jz?  TT 

32v 

+  5xSyAx4y  +  3mJ4xAi  +  trtlisrte  + - 

where  the  derivatives  are  evaluated  at  P  . 

o 

This  may  be  put  into  the  form 


AV  -  (As.V)V  +  2j(As.V)2V  + - 


(1.2-9) 


(AS.V)2  - 


r* +  4y  %  *  <*  fe)1 


<«>2ih  +  2 


E  “iy  My 
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1.3  Directional  Derivative  of  a  Vector  Field 

The  directional  derivative  of  the  vector  point  function  F  in  the 
direction  defined  by  the  unit  vector  s  is  given  at  any  point  by  the 

associated  value  of 

dF  _  Um£L  .  Li>  T*x  +  *  fry  *  *  K\ 
ds  As+O  As  As-K)'  As  / 

u/j  *F»  +  J»r  +  *  «) 

As-*0'  As  / 

where  F^,  Fy,  are  rectangular  conponents  of  F,  ie 


dF  dF  dF 

M  -  *  _x  +  T  _J£  +  £ 
ds  1  ds  J  ds  *  *  ds 


Then,  provided  that  the  first  (partial)  derivatives  of  F  are  continuous0 
at  the  point  in  question. 


H  -  i(s.V)  Fx  +  Fy  +  k(s.V)  Fz 


-  (s.7)  IF  +  (s.7)  j  F„  +  (1.7)  k 

x  y  z 


ie 

|j£  -  (e.V)F  (1.3-1) 

It  should  be  noted  that  (s.V)F  cannot  be  replaced  by  s.(VF)  since  no 
Keening  has  been  assigned  to  the  direct  operation  of  7  upon  a  vector. 
The  differential  fora  of  (1.3-1)  is 


dF  -  (ds.  7)F 


(1.3-2) 


3. 

SF  dF  3F 

ia  ^  are  continuous  (in  which  case  the  scalar  cotoponents  of 

f  have  continuous  first  derivatives). 
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More  generally ,  (assuming  continuity  of  the  relevant  partial  derivatives) 
it  follows  from  (1.2-9)  that 


AF  -  (AS.V)F  +  j-,  <As.V)2F  + - 


(1.3-3) 


1.4  Differentiability  of  a  Scalar  Point  Function 

Gradient  and  Directional  Derivative  of  Combined  Scalar  Fields 

The  scalar  point  function  V  is  said  to  be  differentiable  at  P  if,  in  the 

o 

notation  of  Sec.  1.2, 


o  o  o 


where  Ar2  -  Ax2  +  Ay2  +  Az2. 


Thus,  V  is  differentiable  at  Pq  when  the  first  partial  derivatives  of  V 
are  continuous  about  P^,  since  in  this  case  we  may  write 


AV  - 


Az 


where  ei+0,  e2+0,  e3^0  as  ax.  Ay,  Az+O. 

This,  however,  is  not  a  necessary  condition  . 

At  points  where  V  is  differentiable,  the  directional  derivative  is  given 
for  all  s  by 

AV  - 

ds  -  s**rad  V 

where  grad  V  is  identified  with  l|^+j*X+ki^. 

3y  3  2 

When  V  is  not  differentiable,  grad  V  is  no  longer  considered  to  exist  (or 
is  not  considered  to  be  a  vector)  although  it  may  still  be  possible  to 

0Valu.Ce  I  tz  +  J  n  + 1  is. 

3x  J  3y  dz 


4.  See  H.  and  B.S.  Jeffreys,  ''Methods  of  Mathematical  Physics",  Sec.  5.041 
3rd  ed.,  Cambridge  University  Press  (1956). 
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For  the  case  of  two  point  functions,  V*  and  V2,  we  have 

i  I;  <Vi+»2)  +  J-fj  (Vi+v2)  +  k  (V!+v2) 

3V1  _  3V1  3V1  3V2  _  3V2  3V2 

-  l^r  +  j  3T  +  * ^r  +  Tir  +  ^  +  "ir 

wherever  the  partial  derivatives  are  defined. 

When  Vx  and  V2  are  also  differentiable  this  way  be  replaced  by 

grad  (Vx+V2)  ■  grad  V\  +  grad  V2  (1.4-1) 

In  addition, 

grad  VjV2  -  Vx  grad  V2  +  V2  grad  Vx  (1.4-2) 

grad  (Vx/Vj)  -  (1/V2)  grad  Vi  -  (Vx/V22)  grad  V2  (V2  *  0)  (1.4-3) 


le  the  gradient  operator  obeys  the  usual  rules  of  dlfferentatlon  when 
operating  upon  the  stun,  product  and  quotient  of  scalar  point  functions. 
Corresponding  formulae  hold  for  the  directional  derivatives,  eg 


d_ 

ds 


CVjV2) 


A  ^ 

Vi  s  .  grad  V2  +  V2  s  .  grad  Vi 


EXERCISES 


1-1.  Derive  an  expression  for  the  unit  normal  to  the  surface 
3x2yz+2y2-z2  -  13  at  the  point  (1,2,1) 


Ans: 


112+jll+k4 

/281 


1-2.  Show  that  the  vector  ix+jy+kz  drawn  from  the  origin  of  coordinates  is 
normal  to  the  surface  x2+y2+z2  -  constant  at  the  point  of  intersection. 


1-3.  Find  the  directional  derivative  of  the  scalar  point  function 
4x2y+3xz3+5xyz  in  the  direction  i4+j5-k6  at  the  point  (1,2,3) 

Ans:  6.50 

1-4.  Find  the  angle  between  the  normals  to  the  surfaces  x2+3y2+4z  -  48  and 
2x*3xy+z2  •  36  at  the  point  (1,3,5) 

Ans:  65*  38’ 


1-5.  Derive  an  expression  for  the  unit  tangent  to  the  curve  of  intersection 
of  the  surfaces  in  the  previous  problem  at  the  point  d.3,5) 


17+I-k8 


/1 14 


Ans: 
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1-6.  Derive  an  expression  for  the  directional  derivative  of  the  vector  point 

function  14x2y+j3xz3+k5xyz  in  the  direction  of  14+j5-k6  at  the  point 
(1.2,3) 


1-7.  Prove  that  (F.V)r  ■  F  where  r  -  ix+Jy+kz 

1-8.  If  V  -  V(u,v,v  - ) 

and  u  -  u(x,y,z) 
v  -  v(x,y,z) 
w  -  w(x,y,z) 

have  continuous  partial  derivatives,  prove  that 

3V  3V  3V 

grad  V  -  —  grad  u  +  —  grad  v  +  grad  w  + - 

(see  Sec.  2.4) 

1-9.  Confirm  equation  (1.2-9) 

1-10.  Let  V  be  a  scalar  point  function  having  continuous  partial  derivatives 
3V  3v  3V 

ix*  i7»  throu8hout  a  region  of  space.  Prove  that  the  partial 
3V  3V  3V 

derivatives  ,  ^7,  are  likewise  continuous  throughout  the  region, 

where  x',  y’,  z'  refer  to  another  rectangular  coordinate  system  of 
random  orientation. 

Hence  show  that  the  continuity  of  the  partial  derivatives  of  V  in  x,  y, 
z  is  sufficient  to  ensure  that 


An8#  i84-U62+k!35 


I  aJUi  a*  k  3v 
1  3x  J  3y  +  *  3z 


i* 


3V 

3X7 


+  k* 


3V 

3z’ 


1-11.  Make  use  of  the  relationships  which  exist  between  I,  j,  k  and  i’ ,  J’ ,  k’ 
in  two  systems  of  rectangular  coordinates  (Sec.  1.19),  to  prove  that  the 
equality  of  the  previous  exercise  subsists  at  a  point  in  the  presence  of 
discontinuities  of  the  partial  derivatives,  provided  that  V  is 
differentiable  at  that  point. 

1-12.  If  V  -  f(x,y,z) 
and 


f(x,y,e)  - 


*  y  « 

(x2+y*+z2) 


i(x,y,z)  *  (0,0,0) 


f<0,0,0) 


show  that  |j*+k-|^is  defined  at  the  origin  but  grad  V  is  not. 
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1.5  Scalar  and  Vector  Line  Integrals 

Let  PQ  be  a  continuous  curve  (which  will  be  designed  T)  and  let  r^,  ri* 

-  -  rn  be  vectors^  drawn  from  an  arbitrary  external  origin  to 

closely-spaced  points  on  it  (Fig.  1.1).  The  vectors  ^  -  tq »  T2  -  rj 

-  comprise  a  set  of  directed  chords  which  approximate  the  profile  of 

the  curve.  The  typical  chord  is  shown  in  the  figure;  it  is 

*  Ar^  and  its  positive  sense  is  along  the  curve  from  P  to  Q. 

—  _  _  A 

If  s^^  is  a  unit  vector  directed  along  Ar^,  then  Ar^  -  ASj^  where 

As .  ■  |Ar. I .  Let  the  unit  tangent  to  the  curve  at  the  end  point  of  r . 

1  1  ^  A  i  1 

be  designated  t^.  Then  s^  approaches  t^  as  As^+O. 


Fig.  1.1 


5.  These  ere  known  as  position  vectors  since  they  serve  to  define  the 
position  of  points  on  PQ  relative  to  the  external  origin. 
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Suppose  that  V  and  F  are  bounded  scalar  and  vector  point  functions  which 
are  piecewise  continuous  over  PQ  (where  'piecewise  continuous'  includes 

'continuous')**.  Then  provided  that  PQ  Is  regular^,  the  following  limits 
exist  and  serve  to  define  four  distinct  types  of  line  (or  contour) 
integral: 

(a) 


/  v|dr [  -  Llm 

n 

Vt|A?i| 

. 

n 

Llm  V 

VlA8i  “ 

/  V  ds 

(I. 5-1) 

■L  n**» 

a71+o 

Lj 

i-i 

n>«  l_j 
As^-K)  1-1 

T 

where 

is 

the  value 

of  V  at 

any  point 

of  the 

element 

of  arc  Intercepted  by  Ar^. 


When  V  -  1  the  Integral  defines  the  length  of  the  curve  between  P 
and  Q. 

(b) 


V  dr 


Llm 

n-H» 

Ar-K) 


l 


Ti4ri 


n 

Llm  V 
n-*“>  L_j 
ASj+O  1-1 


Vi  8i  A8i 


J*  V  t  ds 

r 

(1.5-2) 


6.  It  has  been  assumed  that  any  discontinuities  of  V  or  F  which  may  be 
present  can  be  accommodated  within  intervals  of  arbitrarily  small  total 
length.  This  applies  equally  to  the  line  Integrals  considered  below  and, 
In  equivalent  form,  to  the  surface  and  volume  Integrals  of  Secs.  1.6  and 
1.7. 


7.  A  regular  curve  consists  of  a  finite  number  of  non-lntersectlng  regular 
arcs  joined  end  to  end.  A  regular  arc  is  a  set  of  points  which,  for  some 
orientation  of  Cartesian  axes,  can  be  expressed  as  y  -  f  (x) ,  s  -  g(x) 
within  an  interval  a  &  x  £  b,  where  f(x)  and  g(x)  have  continuous  first 
derivatives.  It  follows  that  a  regular  curve  has  a  continuously  turning 
tangent  at  Interior  points  of  Its  component  arcs;  it  is  said  to  be 
piecewise  smooth  or  piecewise  differentiable.  The  curve  may,  of  course, 
comprise  only  a  single  arc ,  In  which  case  the  unit  vector  tangent  is 
continuous  throughout. 

I*  will  be  supposed,  henceforth,  that  the  curves  under  consideration  are 
regular.  For  a  detailed  treatment  the  reader  should  consult  O.D.  Kellogg, 
"Foundations  of  Potential  Theory,"  pp.  97-100,  Frederick  Ungar  Publishing 
Co.,  n.d..  New  York. 
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Since  the  limiting  value  is  independent  of  the  mode  of 
subdivision  of  the  curve  PQ  during  the  limiting  process,  the 
above  expression  may  be  replaced  by  the  sum  of  three  Individual 
limits,  as  shown  below,  where  the  associated  n's  and  ifs  are 

g 

unrelated  . 


n  n  n 

Lim  Vi(VAr  )  +  Lim  V  j(VAr  )  +  Lim  V  k(VAr  ) 

n-*>°  l__j  x  n+®  l_j  y  n-^°  Z_j 

(Arx>i^°  i-1  CAry)^0  i-1  (Ar^-0  1-1 


where  is  the  value  of  F  at  any  point  of  the  element 

of  arc  Intercepted  by  Ar^. 


8.  This  applies  equally  to  the  line  Integrals  considered  below,  and  to  the 
surface  and  volume  Integrals  of  Secs.  1.6  and  1.7. 
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Further , 


Lim  \  (F  Ar  +F  Ar  +F  Ar  ). 
n~_  Z.  X  X  7  y  Z  zl 

Ar^+0  i-1 


(VrA  +  L1" 

n-x» 


(Ar^-0  i-1 


(Ar^j+O  i-1 


n  n 

Z‘Wi+  £  Z 


(Wi 


(Ar  )  ,-»-0  i-1 
z  1 


F  dr  +  F  dr  +  F  dr 
f  x  x  J  y  y  J  z  z 

r  r  r 


(1.5-5) 


This  integral  is  known  as  the  tangential  line  Integral  of  F 

since  the  component  of  F  tangential  to  the  curve  replaces  V  in 

(a). 


F  x  dr  -  Lim 


U 


Ar^+O  i-1 


x  Ar±  -  Lim  \  F±  x  Sl  Ast 
n*«*  L _ / 

ASj+O  i-1 


(Fxt)ds 


(1.5-6) 


Lim  \  (T(FyAr2-FzAry)1  +  +  i(F«-F  ^,1 


Ar^O  i-1 


-  i  J  (Fydrz-Fzdry)  +  j  J  (^dr^d^)  +  k  I  (F^F^)  (1.5-7) 

r  r  r 


This  is  sometimes  called  the  skew  line  Integral  of  F  between  P 
and  Q. 
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A  line  integral  is  said  to  be  closed  if  the  end  points  coincide,  ie  if 
the  Integration  is  carried  out  around  a  closed  curve.  In  this  case  the 


integral  sign  is  replaced  by  the  symbol 


J)  as  in  j) 


F  *  dr.  The  positive 


sense  of  Integration  around  the  curve  must,  of  course,  be  stipulated  when 
vector  quantities  are  involved.  The  tangential  line  integral  of  F  around 

the  closed  curve  T,  viz.  (j  F  .  dr,  is  sometimes  referred  to  as  the 

r 

circulation  of  F  about  T. 


Although  the  general  treatment  of  the  integral  calculus  of  scalar  and 
vector  fields  does  not  require  that  definite  integrals  be  evaluated, 
specific  problems  may,  on  the  other  hand,  demand  this.  Under  these 
circumstances  it  is  necessary  to  reduce  such  integrals  as  appear  in  (a) , 

*2 

(b),  (c),  (d)  above  to  the  form  f  f(x)  dx,  or  equivalent,  so  that 


xi 

integration  may  proceed  in  the  usual  way  via  the  fundamental  relation¬ 
ship: 


f 

*1 


f(x)  dx  -  $(x2)  -  Kxi)  where  4>'(x)  -  f(x) 


U.5-8) 


In  this  respect  no  difficulty  is  encountered  with  the  scalar  Integrals 


ds  so  long  as  V  and  can  be  expressed  as  functions  of 


j*  V  ds  and  j*  Ffc 

s,  since  this  establishes  the  required  form  of  integral.  In  general, 
however,  the  procedure  is  more  complicated. 

Consider,  for  example,  the  evaluation  of  the  tangential  Hne  integral  of 
?  along  a  curve  lying  wholly  in  the  xy  plane  where  F  -  F(x,y).  In  this 
case  (1.5-5)  becomes 

j  F.d7  -  J  Fdrx+  j  Fydry  -  J  fiCx.yJdr,  +  j  f2(x,y)dry  (l.S-S(a)) 


Since  the  equation  of  the  curve  relates  x  a..d  y  at  each  point,  it  is 
possible  to  express  (1.5-5(a))  as 


|  F.d7  -  j  gj(x)drx  +  j  g2(y)dry 
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But  |Ar  |  -  | Ax |  and  |Ar  |  ■  |Ay|,  hence 
x  y 


F.dr  «  J  81  (x)dx  +  j  g2(y)dy 
*P  JP 


C1.5-5(b)) 


where  the  order  of  the  limits  of  Integration  now  carries  that  degree  of 
responsibility  for  the  sign  of  the  result  which  was  previously  borne  by 

the  intrinsic  sign  of  Ar  and  Ar  . 

x  y 

(1.5-5(b))  Is  the  form  of  Integral  required  for  evaluation  since  each 
Integrand  is  a  function  of  the  Integration  variable  alone. 

For  the  case  of  a  curve  in  space  the  Cartesian  coordinates  of  each  point 
are  sometimes  expressed  as  individual  functions  of  some  Independent 
variable,  say  t.  (Parametric  representation).  The  appropriate  form  of 
(1.5-5)  may  then  be  shown  to  be 


p  £dt 

z  dt 


(1.5-5(c)) 


so  long  as  the  derivatives  are  finite  throughout  the  Interval. 

Since  the  rectangular  components  of  F  are  assumed  to  be  functions  of 
(x,y,z),  they  may  be  expressed  over  T  as  functions  of  t.  The  derivatives 
of  x,  y  and  z  with  respect  to  t  are  likewise  functions  of  t  so  that 
(1.5-5(c))  may  be  written  as 


f  F.dr  -  f  hx (t)dt  +  f  h2(t)dt  +  f  h3(t)dt 
^  r  tp  tp  tp 

which  is  the  form  required  for  evaluation. 
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1.6  Scalar  and  Vector  Surface  Integrals 

q 

Let  S  be  a  two-sided  regular  surface,  either  open  or  closed  ,  and  let  its 

faces  be  divided  into  a  system  of  elements  designated  AS}, 

AS*  -  AS.  -  AS  .  The  positive  sense  of  the  vector  normal  at  any 

in 

point  of  the  surface  is  taken  to  correspond  to  motion  through  the  surface 
from  the  negative  to  the  positive  side.  For  a  closed  surface  the  outer 
side  is  conventionally  chosen  as  positive;  for  an  unclosed  surface  the 
choice  is  arbitrary. 

We  associate  with  the  typical  surface  element  AS^  the  vector 
A^  -  I  (ASx)1  +  J(6Sy)1  +  k(6Si>1  where  (AS^,  (ASy)±  and  (AS^  are 

the  projected  areas  of  AS^  on  the  1,  1  and  k  coordinate  planes  resp.  (le 

on  the  yz,  xz  and  xy  planes).  The  sign  of  the  projected  area  is  to  be 
taken  as  positive  if  the  vector  normal  at  each  point  of  aS^  makes  an 

angle  of  less  than  90°  with  the  corresponding  positive  coordinate  axis, 
and  negative  if  the  angle  is  greater  than  90° .  When  there  is  a  change  of 
sign  across  an  element  the  surface  should  be  re-dlvlded  to  remove  the 
anomaly. 

A 

We  now  assign  to  AS^  the  additional  significance  of  | ] ,  and  define  n^ 

-  -  10 
by  means  of  AS^  »  nA  AS^  . 

Then  if  V  and  F  are  bounded  scalar  and  vector  point  functions  which  are 
piecewise  continuous  upon  S,  the  following  definitions  apply. 

(a) 


n 


• 9 10  li*  y  vJAsii 

n-M»_  /  j 
AS^O  i-1 


n 

Lim  V  V±  AS 
n-*»  l_j 
AS^O  i-1 


l  V  ds  (1.6-1) 
S 


9.  A  surface  S  is  regular  if  it  can  be  divided  into  a  finite  number  of 
non-intersecting  regular  parts  or  'faces',  each  of  which  can  be 
represented,  for  some  orientation  of  Cartesian  axes,  by  z  -  f(x,y),  where 
x,y  are  the  points  of  a  region  of  the  xy  coordinate  plane  bounded  by  a 
closed  regular  curve  and  f(x,y)  has  continuous  first  derivatives  throughout 
the  region.  As  a  consequence,  the  unit  vector  normal  to  the  surface  is 
continuous  at  Interior  points  of  all  faces  but  is  not  necessarily 
continuous  upon  their  boundaries.  (The  latter  may  be  shown  to  comprise 
regular  curves.)  S  is  then  said  to  be  piecewise  smooth  or  piecewise 
differentiable.  A  surface  is  closed  if  each  component  arc  of  the  regular 
curve  which  bounds  any  face  ('edge'  of  a  face)  is  common  to  two  faces. 
Otherwise  the  surface  is  open.  (See  Kellogg,  pp  105-12). 

All  surfaces  to  be  treated  subsequently  will  be  assumed  to  be  regular. 

10.  It  will  be  evident  from  Ex.  1-24,  p.  24  that  as  AS^  shrinks  about  an 

interior  point  of  the  element,  so  approaches  the  unit  normal  to  the 
surface  at  that  point. 
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where  is  the  value  of  V  at  any  point  of  AS^. 

When  V  -  1  the  integral  defines  the  scalar  area  of  the  surface  S. 


(b) 


V  dS 


n 

£  E 


Lim 
n- 

ASj+O  i-1 


(1.6-2) 


Lim 
n-H» 

ASj+0  i-1 


I ’A 


4Si  ' 


T  D  is 


n 

Lim  )  V. (iAS  +JAS  +kAS  ) 
n~_  U  1  X  7  2  1 

AS^K)  i-1 


n  n  d 

Lim  )  I(VAS  )  +  Lim  V  J(VAS  )  +  Urn  )  k(VAS  ) 

n**  Z_  x  n-**>  (_ j  7  n-*»  L_t 


(ASx)1-K)  i-1 


(ASy)^  i-1 


(AS  ),-K)  i-1 
2  1 


(1.6-3) 


i  /  VdSx+j  I  V  dSy  +  k  j  V  dS2 


s  s  s 

When  V  -  1  the  integral  defines  the  vector  area  of  the  surface  S. 
(c) 


/. 


F.dS  - 


Lim 
n-H»_ 

AS^O  i-1 


n 

I 


V4Si 


n  a 

Lim  \  F..ti  AS. 
n-H»  l_j 

AS  +0  i-1 


Evs 


(1.6-4) 


where  F^  is  the  value  of  F  at  any  point  of  AS^. 
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Further, 


Y  ‘WWWt 

AS^O  1-1 

n  n 

Z(wt 

(ASx)1-^)  i-1  (ASy)i‘K)  1-1 

-  f  F  dS  +  f  F  dS  + 

J  *  *  J  77 

Js  S 

This  Integral  is  known  as  the  normal  surface  Integral  of  F  over 

S,  since  the  normal  component  of  F,  viz.  F  ,  replaces  V  in  the 

n 

scalar  surface  integral  (a) . 


+  Lim  \  (FlASz)1 
n*®  l_ _ 


(AS  )  -K>  1-1 
z  1 


/ 


(1.6-5) 


F  dS 
z  z 


F.dS  - 


Lim 
a 


xASx>i  + 


(d) 


n 

J  F  *  dS  -  Lim  ^  ?i  x  ASt 


AS1*K)  i-1 


(1.6-6) 


u 

Lim  V 
n*®  U 
AS1-0  i-1 


Lim  \  F.  *  n.  AS. 
n*-  1  1  1  1 


(Fxn)  dS 


ii 

l 


Lim  >  F±  x  (iASx+jASy+kASz)1 
AS±^  i-1 


(1.6-7) 


i  [  (F  dS  -F  dS  )  +  J  f  (F  dS  -F  dS  )  +  k  /  (F  dS  -F  dS  ) 
/  y  *  *  y  J/'zxxz/  J  x  y  y  x 
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(e) 


f  F  dS  - 

Lim 

n 

y 

4 

n-H» 

ASj+0 

L 

i-1 

Lim 

n 

y 

n-H*> 

ASi'M3 

Lj 

i-1 

n 

n 

Lim  y  i(FxAS)i  + 

Lim 

y 

n-«»  Z_j 

n-**> 

L-j 

ASj+O  i-1 

AS^+0 

i-1 

ri“°i 


(iFx+JFy+kFz)i  AS1 


j(F  AS)  +  Lim  V 

y  n-H»  L-i 

AS^-*0  i-1 


(1.6-8) 


k<VS)i 


(1.6-9) 


«  1  FdS  +  j  /  FdS  +  k/  FdS 

J  x  Jy  J  z 

S  S  S 

When  integration  is  carried  out  over  a  closed  surface,  the  integral 
symbol  is  written  j)  as  in  j  V  dS. 

S  S 

Like  their  line  integral  counterparts,  surface  integrals  such  as  (1.6-3), 
(1.6-5)  and  (1.6-7)  are  shorthand  expressions  for  the  limits  of  sums. 
For  the  purposes  of  evaluation  these  expressions  are  replaced  by  iterated 
integrals.  Thus,  (1.6-5)  becomes 


ll  Fxdydz  +11  Fydzdx  +  jj  F^dxdy 


(1.6.5(a)) 


where  the  appropriate  limits  of  Integration  are  to  be  supplied,  and  where 

F  ,  F  and  F  are  expressed  in  terms  of  tho  integration  variables  alone, 
x  y  z 

through  the  agency  of  the  equation  of  the  surface. 

The  iterated  Integrals  are  evaluated  by  the  standard  procedure  of 
successive  Integration. 


Before  passing  to  the  next  subject  it  should  be  noted  that  the  scalar 
area  S  of  a  surface  has  been  defined  by 
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while  the  vector  area  of  the  surface  has  been  defined  by 


In  general. 


write  (S|  -  S. 


dS 


in  the  case  of  a  plane  surface  can  we 


1.7  Scalar  and  Vector  Volume  Integrals 

Let  the  apace  within  a  closed  regular  surface  (regular  region)  be  divided 
into  volume  elements  designated  Ati»  At  2 - At^ - Atq>  an<*  ^et 

symbols  also  represent  the  volume  of  the  elements.  Then  if  V  and  F  are 
bounded  scalar  and  vector  point  functions  which  are  piecewise  continuous 
throughout  the  region,  the  associated  scalar  and  vector  volume  Integrals 
are  given  by 

(a) 


n 

Vdx  -  Lim  V  V  At. 
n-MO  Z_y 

Atj+0  1*1 


(1.7-1) 


where  V .  is  the  value  of  V  at  any  point  of  At . . 


(b) 


n 

Lim  V 

n-H»  L_j 
At^O  i-1 


FdT  -  Lim  \  F  At. 

n-*~  7 


(1.7-2) 


I  !,v”.  *  -  E 


-  Lim  \  i(F  At).  +  Lim  \  J(F  At).  +  Lim 


y  i 


Atj-*0  i-1 


at^-K)  i-i 


n-M» 
At^+0  i-1 


u 


(1.7-3) 


i  /  FxdT  +  i  /  FydT  +  k  FxdT 


where  F^  is  the  value  of  F  at  any  point  of  At^ 

Similar  remarks  apply  to  the  Integral  form  of  (1.7-3)  as  apply  to  the 
surface  integrals  of  the  previous  section. 

It  should  be  noted  in  connection  with  both  surface  and  volume  Integrals 
that  the  shape  of  the  elementary  units  (supposed  regular)  is  immaterial 
so  long  as  all  dimensions  decrease  uniformly  during  the  limiting  process. 
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EXERCISES 


1-13.  If  F  is  a  function  of  the  scalar  variable  v  prove  that 


dF 

dv 


F 


dF 

dv 


1-14 


where  F  -  |F| . 

Use  this  result  to  show  that  if  the  unit  vector 

A 

da  — 

(t)  then  is  perpendicular  to  a. 


.  Let  F  be  a  function  of  time  and  let  V 
constants. 


A- 

a  is  a  function  of  time 

j 

where  Vq  and  y  are 


If  (VF)  -  G  prove  that  ~  . 

1-15.  If  r  is  the  position  vector  of_a  particle  relative  to  soim  fixed  point, 
its  velocity  is  given  by  v  “  ^  and  *-ts  acceleration  by  ^  . 


Prove  that 

(a)  v  -  vt 

d  _A 

where  v  ■  ^  and  t  is  the  unit  tangent  to  the  path,  (s  is  dis¬ 
tance  along  the  path  measured  from  some  point  in  it.) 


(b) 


qv 

dt 


77  +  n  — 
dt  p 


where  p  is  the  radius  of  curvature  of  the  path  and  n  is  the 
unit  normal  to  the  path  directed  towards  the  centre  of 
curvature . 


1-16.  In  the  above  problem  prove  that  the  rate  at  which  the  position  vector 
sweeps  out  (vector)  area  is  given  by 


dS 

dt 


diS 

Derive  an  expression  for  ^2  and  hence  snow  that  when  the  acceleration 

of  a  particle  is  directed  towards  a  fixed  point  the  position  vector 
from  that  point  moves  in  a  plane  and  sweeps  out  area  at  a  constant 
rate. 


Ans: 
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1—17.  If  a  particle  moves  under  the  Influence  of  gravity  and  forces  of 
constraint  which  are  everywhere  normal  to  the  path,  show  that 

1  mv2  +  m  g  h  -  constant 

where  m  “  mass  of  particle 

g  “  acceleration  due  to  gravity 
h  ■  height  of  particle  above  some  datum  level 

[Hint:  Write  down  the  equation  of  motion,  multiply  each  side  scalarly 
by  2v  and  Integrate  the  resulting  equation  with  respect  to  time.] 

1-18.  Let  r  be  the  distance  between  two  moving  points.  Show  that  4“  •  v 

_  dt  r 

where  v^  Is  the  radial  component  of  the  relative  velocity  v  of  the 
points.  Show  also  that 


where  af  is  the  radial  component  of  the  relative  acceleration  a  of  the 
points. 


1-19.  Use  (1.5-5)  to  evaluate  j  F.dr 

P 

where  f  -  i  fj(x)  +  j  f2(y)  +  k  f3(*) 

and  f j ,  f 2  and  f3  are  well-behaved**  functions. 

Hence  show  that  /  F.dr  is  zero  for  all  closed  paths. 


Ans: 


Q  'Q  Q 

F.dr  -  l  +  i(x)1  +  IMy)]  +  [*3(2)] 


where  *|(x)  -  fi(x);  ♦J(y)  -  f2(y);  ♦$(*)  “■  f 3  (z) 


11.  la  the  functions  and  their  derivatives  have  the  requisite  degree  of 
continuity  for  the  problem  in  hand. 
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1-20. 


1-21. 


1-22. 

1-23. 


In  the  definitions  of  the  scalar  and  vector  line  Integrals  given  in 
Sec.  1.5,  and  were  taken  to  be  the  values  of  V  and  F  at  any  point 
of  the  arc  of  the  integration  curve  Intercepted  by  the  rectilinear 
element  Ar^.  Show  that  if  V  and  F  are  defined  beyond  the  curve  and  are 
continuous  in  its  neighbourhood,  then  the  same  values  obtain  for  the 
line  integrals  if  and  F^  are  taken  to  be  the  values  of  V  and  F  at 
any  point  of  Ar^. 

Given  that 

(a)  r  is  the  position  vector  relative  to  some  fixed  point 

(b)  r  -  |r | 

(c)  f(r)  is  a  single-valued,  well-behaved  function  of  r 

(d)  a  is  a  constant  vector  point  function 
show  that 


—  ^r-  (a.r)r  (r.dr)  +  f(r)  (a.r)  dr  +  f(r)r  (a. dr)  »  dF 
where  F  is  some  single-valued  vector  point  function. 

^In  this  case  the  left-hand  expression  is  said  to  be  an  exact 
differential.) 

Hence  prove  that  for  any  closed  curve 


{<& 


f  (a.r)r(r.dr)+f  (r)  (a.r)dr+f  (r)r(a.dr)j 


0 


Ans:  F  •  f(r)  (a.r)r 

Derive  equation  (1.5-5c)  from  first  principles. 

Show  that  the  length  of  a  curve  in  space  between  points  whose  abscissae 
are  xj  and  X£  may  be  expressed  as 


dx 


provided  that  at  no  point  of  the  Interval  does  the  tangent  to  the  curve 
lie  in  the  yz  plane. 
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If  x,  y  and  z  are  expressed  in  terms  of  a  parameter  t  show  that  the 
equivalent  Integral  becomes 


so  long  as  the  derivatives  are  finite  throughout  the  interval. 

1-24.  If  a  plane  surface  is  randomly  orientated  with  respect  to  rectangular 
axes,  show  that 

(1)  the  associated  vector  area,  S  -  iS  +  jS  +  kS  ,  is  directed 

x  y  z 

along  the  normal  to  the  surface  and  away  from  its  positive 
side. 

(2)  the  modulus  of  the  vector  area,  |s|,  is  equal  to  the  scalar 
area  of  the  surface  (in  the  usual  arithmetical  sense). 

In  the  light  of  these  results  and  on  the  assumption  that  a  curved 
surface  may  be  treated,  in  the  limit  of  sub-division,  as  a  system  of 
plane  elements  (see  Ex. 1-27.  below),  demonstrate  that  although  vector 
area,  and,  ultimately,  scalar  area  have  been  defined  primarily  in  terms 
of  Cartesian  components,  the  surface  integrals  of  Sec.  1.6  are 
nevertheless  independent  of  any  system  of  coordinates. 

1-25.  Show  that  for  a  non-plane  surface 

I  |  dS|  . 

S  S 


1-26.  Prove  that  <j  dS  =  0 
S 

1-27.  Let  the  vertices  of  a  small  plane  triangle  of  vector  area  AS'  lie  in  a 
spherical  surface.  Three  planes,  each  containing  one  side  of  the 
triangle,  cut  the  spherical  surface  in  a  curvilinear  triangle  whose 

vector  area  is  AS.  Use  the  result  of  Ex. 1-26.  to  show  that 

|  AS  * -AS  J  /  1  AS ’  |-*0  as  the  dimensions  of  the  triangle  approach  zero. 

Suppose  now  that  an  open  curved  surface  S  is  approximated  by  a 
polyhedral  surface  composed  of  contiguous  triangles  whose  vertices  lie 
in  S,  the  outer  edge  of  the  polyhedral  surface  approximating  the 
contour  of  S. 
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Then  if  F  is  a  vector  point  function,  continuous  on  and  about  S,  show 
that 


/  T’d?  *  £  E  ^ 

S  AS^O  i-1 


where  F^  is  the  value  of  F  at  any  point  of  the  triangle  AS^. 

1-28.  In  a  homogeneous  liquid  at  rest  the  pressure  p  is  related  to  the  height 
h  above  some  datum  level  by  the  equation 

P  +  pgh  -  const 

where  p  ■  density  of  liquid 

g  -  acceleration  due  to  gravity 

The  pressure  at  any  point  acts  equally  in  all  directions. 

Prove  that  the  upthrust  on  a  body  of  any  shape,  when  completely 
Immersed  in  the  liquid,  is  equal  to  the  weight  of  the  liquid  displaced. 

Extend  this  to  the  case  where  the  body  projects  through  the  horizontal 
plane  of  demarcation  between  two  homogeneous  liquids  of  different 
densities. 

1-29.  Let  the  scalar  point  functions  U  and  V  be  finite,  single  valued  and 
continuous  in  the  region  R,  and  let  W  be  defined  in  K  by 


where  0  is  a  fixed  point  of  R  and  the  integration  is  carried  out  along 
a  smooth  curve  Joining  0  and  P. 

Show  from  first  principles  that,  so  long  as  U  is  a  function  of  V,  W  is 
single-valued  in  R  and  grad  W  -  U  grad  V. 


1.8  Stokes's  Theorem 


Curl  of  a  Vector  Field 

An  open  two-sided  surface  defines  a  boundary  curve  around  which  a  closed 
line  Integral  may  be  taken.  The  direction  of  integration  is 
conventionally  chosen  as  anti-clockwise  in  relation  to  an  observer  who 
sees  the  positive  side  of  the  surface;  in  other  words,  the  positive 
sense  of  the  normal  at  the  surface  and  positive  motion  around  the  closed 
curve  bear  a  right-handed  screw  relationship. 
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The  closed  tangential  line  Integral  of  a  vector  point  function  F  taken 
around  the  boundary  r  of  a  smooth  open  surface  S  may  be  shown  to  be  equal 
to  the  normal  surface  Integral  over  S  of  a  related  vector  point  function, 

so  long  as  F  has  continuous  first  derivatives  in  a  region  of  space 
containing  S.  This  may  be  demonstrated  as  follows. 


z 


Fig.  1.2 

In  Fig*  1.2  the  positive  side  of  the  open  surface  S  is  chosen  arbitrarily 
as  the  side  remote  from  0  so  that  positive  motion  around  the  boundary  r 
corresponds  with  the  direction  of  the  arrows.  From  (1.5-5)  the 

tangential  line  integral  of  F  around  r  is  given  by 


n  n  n 

<F  Ar  ).  +  Li®  V  (*  Ar  ).  O-8-l) 

y  7  1  (_>  %  2  1 

<Arx>i*°  1-1  <Ary)i*°  1-1  ^Vi*0  1-1 

where  the  summation  is  carried  out  around  the  entire  curve. 

We  now  proceed  to  transform  the  first  term  of  (1.8-1)  Into  a  surface 
Integral  over  S. 


Llm 

n-Mo 
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Let  S  be  cut  in  the  curves  ab  and  cd  by  two  planes  drawn  normal  to  the  x 
axis,  a  distance  Ax  apart.  The  planes  cut  the  projection  of  T  on  the  xy 
coordinate  plane,  viz  I”,  in  a'  and  b',  and  c’  and  df.  The  contribution 
to  the  first  term  of  (1.8-1)  from  the  elements  of  f  Intercepted  by  the 

planes  may  be  written  as  (F  )  (ac)  +  (F  ).  (db)  .  The  orientations  of 

^  ^  X  o  X  X  D  X 

ac  and  db  relative  to  the  positive  direction  of  the  x  axis  are  such  as  to 

make  this  equal  to  ((F)  -  (F  ).}  Ax,  where  Ax  is  intrinsically 
positive.  x  a  x  b 


Now  let  a  system  of  planes  normal  to  the  y  axis  be  drawn  through  a  and  b 
and  intermediate  points,  and  let  aBAy  be  the  typical  surface  element  so 
defined.  This  will  be  designated  AS.  The  projection  of  AS  on  the  xy 

(or  k)  coordinate  plane,  viz  AS^,  is  positive  for  the  particular 

orientation  of  S  adopted  in  the  figure,  because  the  positive  normal  at  AS 


makes  an  angle  of  less  than  90°  with  k.  AS  is  numerically  equal  to  the 

z 

product  of  Ax  and  the  projection  of  aB  on  the  xy  plane.  If  Ay  is  the 
increment  of  the  y  coordinate  on  passing  from  6  to  a  then  it  is  clear 
that  AyAx  *  -ASz>  By  projecting  onto  the  xz  plane  we  may  show  in  a 


similar  manner  that  AzAx  -  +AS^,  where  Az  is  the  increment  of  z  on 

passing  from  B  to  a.  (In  this  case  the  projected  element  of  area  will, 
in  general,  be  non-rectangular.) 


These  two  relationships  continue  to  hold  no  matter  how  S  may  be  distorted 
while  the  boundary  remains  fixed  and  the  order  of  lettering  from  b  to  a 
remains  bBaa.  Thus  if  S  were  so  folded  as  to  make  Ay  positive,  then  ASz 

would  be  found  to  be  negative  because  of  the  associated  change  of 
direction  of  the  normal.  The  reader  should  convince  himself  of  the 
validity  of  the  contention  by  means  of  appropriate  diagrams. 


From  considerations  detailed  in  Sec.  1.2 


3F 


3F 


(V  -  <V# 


if  *  +  if Az 


where  Ay  and  Az  have  the  significance  ascribed  above,  and  the  derivatives 
are  referred  to  points  in  the  neighbourhood  of  aB  as  dictated  by  the  mean 
value  theorem. 

Then 


<V 


4l) 


and 


a. 

db 


«F*V<r*V 
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where  the  summations  are  carried  out  over  all  elements  in  the  strip  abdc. 

Suppose  now  that  V  is  divided  entirely  into  pairs  of  elements  such  as  ac 
and  db  by  appropriately  positioned  planes  drawn  normal  to  the  x  axis,  and 
that  the  strips  so  formed  upon  S  are  themselves  divided  by  transverse 
planes  as  In  the  case  of  abdc. 

Then 


S 


and*  as  the  number  of  Intersecting  planes  is  increased  without  limit 
while  the  spacing  in  each  direction  approaches  zero. 


Lim 

Ax+0 


z  — 

r 


Since,  in  the  limit,  the  partial  derivatives  are  evaluated  upon  S  itself, 
12 

this  is  equivalent  to 


Z  (Wi  ‘  / 

(Arx)i-0  1-1  S 


(1.8-2) 


equation  (1.8-2)  remains  valid  when  the  projection  of  T  upon  one  or  both 
coordinate  planes  is  re-entrant.  If,  for  example,  T*  is  re-entrant,  then 
some  pair  of  adjacent  planes  drawn  normal  to  the  x  axis  will  cut  It  in 

four,  six  -  places  corresponding  to  two,  three  -  pairs  of  Intercepted 

elements.  However,  since  the  line  integral  associated  with  each  pair  is 
equated  to  the  surface  integral  taken  over  that  portion  of  the  strip 
between  them  (with  sign  dictated  by  currency)  it  is  readily  seen  that  the 
total  line  Integral  continues  to  be  expressed  in  terms  of  the  projected 
areas  of  S. 

The  transformation  of  the  remaining  terms  of  (1.8-1)  may  be  effected  in  a 
similar  manner.  It  is  found  that 


r  /3F  3F  \ 


n 

z  Z(F’ 


Lim 
(Ar^O  i 


Ar  ). 

y  l 


12.  See  footnote,  p.  50 
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and 


hence 


fr. 


Lim 

n-*<*> 


£  (wi 


/3F  3F 

— -  dS  -  “■  dS 
\3y  x  3x  y. 


(Ar^i+O  1-1 


dr  - 


(1.8-4) 


r  s 

This  may  be  written  as 


K3F  3F  \  fh F  3F\  /3F  3F  \ 

W '  sr)  dSx +  (sr '  ar)  dSy +  W-  -  ir)  ds* 


<j"  F.dr  *  j 


(curl  F).dS 


(1.8-5) 


where 


/3F  3F\  /3F  3F\  /3F  3F  \ 

*  ‘br-^^br-arW-^-sr) 

13 

(1.8-5)  Is  known  as  Stokes's  theorem. 

By  treating  V  as  a  formal  vector  In  the  operation  Vx  we  obtain 


V  x  F 


}h+ j|?  +  k^  *  <‘viy«z> 

/3F  3F  \  /3F  3F\  /3F  3F> 


or 


V  x  F  -  curl  F  (1.8-6) 

This  leads  to  the  determinants!  form  which  serves  as  a  mnemonic: 


13.  The  relationship  holds  for  any  regular,  open  surface  since  the 
Integrals  continue  to  exist  when  S  Is  piecewise  smooth. 
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curl  F 


Alternative  forms  are 


14 


1 

3_ 

3x 

F 

x 


j 

3_ 

3y 

F 

y 


k 

3_ 

3z 


F 

z 


CU.17  -  T«g+Jx|I+^f 

-  VF  xT  +  VF  xj  +  VF  *k 
x  y  J  z 

When  the  surface  of  Integration  In  (1.8-5)  Is  a  plane,  we  may  write 

6  F.dr  -  j  (curlF).ndS  -  I  (curl  F)ndS 
r  ^  S  's 

where  n  is  constant. 

Since  the  first  derivatives  of  F  are  supposed  to  be  continuous,  (curl  F)^ 

will  be  continuous  over  S.  It  then  follows  from  the  mean-value  theorem 
(law  of  the  mean)  for  integrals  that 


F.dr  -  ((curl  F)^  S 


where  P'  is  some  point  of  the  surface  and  S  is  its  scalar  area. 


14.  We  have  also 


curl?  -  V*  *  If  +  7y«  f*  +  V,  »  If- 

This  form  of  expression  carries  over  Into  general  curvilinear  coordinates  and 
orthogonal  surface  curvilinear  coordinates.  (See  Ex. 2-15.,  p.  143  and 
p.  161).  Similar  remarks  apply  to  the  expression  for  gradient  (p.  3)  and 
divergence  (p.  51). 
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If,  now,  the  bounding  contour  shrinks  about  some  point  P  within  it  (or 

°  15 

upon  it)  so  that  all  points  of  this  curve  approach  P  uniformly  ,  then 


Lim 

PP  -*-0 
o 


|  f  F.dr  -  ((curl  F)^  -  ((curl  F). 


n)  (1.8-7) 

P 


where  PPo  is  the  greatest  distance  between  Pq  and  any  point  of  the 
contour. 


It  follows  that  the  circulation  of  F  per  unit  plane  area  at  a  point  is 

equal  to  the  scalar  component  of  curl  F  at  that  point  in  the  direction  of 
the  positive  normal  to  the  plane;  it  consequently  obeys  the  cosine  law. 
It  further  follows  that  if  the  plane  of  integration  is  so  orientated  as 
to  maximise  the  line  Integral  per  unit  area  positively,  then  this  is  the 

magnitude  of  curl  F,  and  the  direction  of  curl  F  is  the  direction  of  the 

corresponding  normal.  It  is,  therefore,  possible  to  express  curl  F 
(defined  primarily  as  in  (1.8-5))  in  a  form  which  is  independent  of  any 
coordinate  system,  hence  the  rectangular  Cartesian  form  must  be  invariant 
with  respect  to  choice  of  rectangular  axes.  (See  Sec.  1.19). 

1.9  Alternative  Approach  to  Stokes's  Theorem 

We  will  first  derive  an  expression  for  the  circulation  of  F  around  a 
small,  not  necessarily  plane,  closed  curve. 

The  curve  r  is  shown  in  Fig.  1.3,  the  positive  sense  of  integration 
around  it  being  indicated  by  the  arrows. 

PQ  is  a  point  in  its  vicinity  and  r  is  the  position  vector  of  any  point 

of  the  curve  relative  to  P  .  The  closed  curve  r*  and  r"  are  the 

o 

projections  of  r  on  the  xy  and  xz  planes  respectively,  and  P  f  and  P  " 

o  o 

are  the  corresponding  projections  of  Pq. 

The  required  expression  for  the  line  integral  is  given  by  (1.8-1).  The 
first  term  of  this  may  be  transformed  as  follows. 

As  in  the  analysis  of  Sec.  1.8,  let  the  simple  surface  S  which  spans  r  be 
cut  in  ab  and  cd  by  two  planes  set  normal  to  the  x  axis  at  a  distance  Ax 
apart,  and  let  the  projections  of  ab  and  cd  on  the  xy  and  xz  coordinate 
planes  be  a'b',  c’d'  and  a"b”,  c"d”  respectively.  The  contribution  of 
the  Intercepts  ac  and  db  to  the  first  term  of  (1.8-1)  is  again  taken  as 
{(O  “  (F_ )}  Ax. 
x  a  x  b 


15.  The  shape  which  the  contour  assumes  during  the  limiting  process  is 
immaterial  so  long  as  it  comprises  a  simple  closed  curve,  ie  one  which  does 
not  cut  Itself. 
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hence 


(p*V<Vb  - 


+  «V«"(ryV  \»y 


3F 


where  Che  rectangular  components  of  r  may  be  positive  or  negative 
depending  upon  the  position  of  a  and  b  relative  to  Pq. 

It  follows  that 


(V.-<FA 


(p;q'-p;q’> 


+ 


(a,,q,,'W]MbM) 


+  — 


where  P^Q* ,  a'Q*  etc  represent  positive  length  measures,  so  that 


{<Va-<FxV  A* 


a”b,fAx  - 


a'b'Ax  + 


If  now  we  suppose  that  T  is  divided  entirely  into  pairs  of  elements  such 
as  ac  and  db  by  appropriately  positioned  planes  and  that  the  number  of 
these  planes  increases  without  limit  while  their  spacing  everywhere 
approaches  zero,  then 


Llm 

nr** 


Z 


i-1 


<Wi 


y 


a'b'Ax  H - 


where 

which 


y 

l_  implies  that 
S 

S  is  divided. 


the  summation  is  carried  out  for  all  strips  into 
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But  Lin  a"b"Ax,  which  is  essentially  positive,  is  equal  to  the 

Ax-*0  S  , 

magnitude  of  the  projected  area  of  S  on  the  xz  coordinate  plane10. 

Further,  the  projected  area  is  Itself  positive  as  defined  by  the 

direction  of  Integration  around  r.  Hence  this  limit  nay  be  replaced  by 

S  .  Similarly,  the  remaining  limit  may  be  replaced  by  S  .  These 
y  z 

substitutions  continue  to  be  valid  no  matter  how  the  surface  may  be 

folded  so  long  as  the  periphery  remains  fixed.  Since,  in  addition,  the 

above  equation  is  unaffected  by  possible  re-entrance  of  r'  or  T",  as 

discussed  previously,  we  have  In  all  cases 


rA  /3F  \  /3F  \ 

£  l  s,  -  Wvp  +  - 

(Arx)i*°  1-1  °  ° 


By  similar  constructions  the  second  and  third  terms  of  (1.8-1)  may  be 
shown  to  be 


£  t  w*  '  s*  -  ©,  +  - 

i-1  °  ° 

and 


Lim  V  (F  Ar  ). 

n-H»  L  %  *  1 

(Ar^+0  i-1 


whence 


The  remaining  terms  of  the  expansion  comprise  second  and  higher  order 

derivatives  multiplied  by  factors  of  the  order  of  r3  and  higher.  On 
writing  these  as  y  we  obtain 


16.  See  footnote,  p.  50 
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F.dr 


!fs 

ay 


3F 

32 


+  j 


3F 
_ x 

.32 


3F 
_ : 

3x 


+  k 


3F 

W/) 


.S  +  Y  (1.9-1) 


where  S  -  IS  +  jS  +  kS 
x  y  z 

Since  [ S |  Involves  only  the  second  power  of  r  it  is  seen  that  the 
relative  Importance  of  the  terms  comprising  y  decreases  as  the  dimensions 
of  the  contour  are  reduced. 

In  the  case  of  a  plane  contour  of  fixed  orientation  which  shrinks  about 

P  in  such  a  way  that  PP  +0,  where  PP  Is  the  greatest  distance  between 
o  o  o 

P^  and  any  point  of  the  curve,  (1.9-1)  becomes 


Lim 

PP  -*-0 
o 


s  { 


F.dr  - 


o 


(1.9-2) 


where  S  Is  the  scalar  surface  area  within  the  contour  and  n  is  the  unit 
positive  normal  to  the  surface. 

This  equation  points  to  the  existence  of  a  vector  which  we  call  curl  F 
and  which  is  defined  operationally  in  terms  of  the  maximum  circulation  of 

F  per  unit  plane  area  at  a  point,  as  discussed  in  the  previous  section. 
Its  common  Cartesian  form  in  (1.9-2)  and  (1.9-1)  allows  us  to  re-write 
(1.9-1)  as 


0  F.dr  -  (curl  F)  .S  +  y  (1.9-3) 

r 

Alternatively,  we  may  arrive  at  (1.9-3)  directly  from  (1.9-1)  by  defining 
curl  F  primarily  in  terms  of  the  Cartesian  expression. 

It  remains  to  be  shown  that  for  contours  of  any  size  and  shape  (1.9-3) 
may  be  written  without  a  remainder  if  the  right-hand  side  is  expressed  as 
a  surface  integral. 

To  this  end  let  the  surface  spanning  the  contour  be  divided  into  n 
elements,  where  the  typical  element  is  AS  and  its  bounding  curve  is  I*. 
(Fig.  1.4). 

It  will  be  seen  that 


f. 


F.dr 


F.dr 


because  of  the  cancellation  of  the  pair  of  integrals  associated  with  each 
common  edge  of  adjacent  surface  elements.  This  result  holds  no  matter 
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how  the  surface  may  be  folded  so  long  as  all  Integrations 
right-handedly  In  relation  to  the  local  positive  normal, 
likewise  independent  of  the  degree  of  sub-division  of  S. 


r 


On  applying  (1.9-3)  to  the  typical  surface  element  we  get 


(curl  F)p  .ASi  + 


where  is  chosen  to  be  some  point  of  AS^. 
Then 


n 

f  *  X!  {(curi^p  ,aw 

r  i-i 


But 


(curl  F)_  .AS. 

i  x 


-  ♦O  as  AS^O 
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are  carried  out 
The  result  is 


where  it  la  supposed  that  all  dimensions  of  AS.  decrease  uniformly,  so 
that  1 
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n 


n 


^curi  F)pi*Asi 

i-l 


as  n-*»  and  AS^+0 


hence 


i 


F.dr 


n 

Lim  )  (curl  F)p  .AS. 

n-H»_  Lj  Vt 

AS^O  i-l 


or 


i 


F.dr 


(curl  F).dS 


1.10  Application  of  Stokes’s  Theorem 

We  have  been  concerned  as  yet  only  with  those  surfaces  having  a  single 
bounding  curve.  When,  In  addition,  a  surface  is  bounded  internally,  the 
appropriate  form  of  Stokes's  theorem  can  be  developed  anew  along  the 
lines  Indicated  in  Sec.  1.8  or  1.9.  However,  it  is  possible  to  transform 
a  multiply  bounded  surface  into  one  with  a  single  bounding  contour  by 
means  of  a  geometrical  construction,  and  this  permits  of  the  direct 
application  of  the  theorem  developed  above. 

Fig.  1.5  represents  a  two-sided  surface  S  with  an  outer  contour  T  and  two 
non- Intersecting  inner  contours  I*!  and  T2.  Arbitrary  non-intersecting 

curves  ac  and  de  are  drawn  upon  the  surface  to  join  T  to  Tj  and  to  T2. 

The  single  curve  abacdefedgca  (following  the  direction  of  the  arrows) 
comprises  a  continuous  contour  of  S.  If  the  positive  side  of  the  surface 
faces  the  reader  then  right-handed  integration  will  follow  the  sequence 
given  above.  Hence 


38 


FIELD  ANALYSIS  AND  POTENTIAL  THEORY 


[Sec. 1 . 10 


Fig.  1.5 


It  will  be  seen  that  those  portions  of  the  line  Integral  relating  to  ac 

and  de  cancel  in  pairs  because  F  has  a  unique  value  at  each  point  of  the 
curves  and  Integration  Is  carried  out  in  both  senses  along  them.  There 
remain  the  integrals  around  Ti  and  The  above  equation  is  therefore 
equivalent  to 


F.dr  + 


F.dr  + 


F.dr  - 


(curl  F) . dS 


or,  in  general, 


f 


r 


F.d? 


(curl  F).dS 


(1.10-1) 


It  is  evident  that  the  positive  sense  of  integration  around  the  outer 
contour  is  oppositely  directed  to  that  around  the  inner  contours.  This 
should  be  borne  in  mind  when  evaluating  the  above  integrals. 

The  reader  may  prefer  to  arrive  at  the  above  result  by  dividing  S  into 
discrete  parts  by  the  addition  of  one  or  more  curves  such  as  ac  in 
Fig.  1.5. 

It  is  readily  shown  that  the  normal  integxal  of  curl  F  over  any  closed 
surface  is  taro  If  curl  F  is  continuous  upon  the  surface. 
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A 

n 


Fig.  1.6 

Consider  the  closed  surface  of  Fig.  1.6  upon  which  an  arbitrary  closed 
curve  is  drawn.  The  normal  surface  integral  of  curl  F  over  the  upper 

portic  of  the  surface  is  equal  to  the  line  integral  of  F  around  the 
curve  in  the  direction  of  the  upper  set  of  arrows  (for  a  positive  outward 

normal) .  The  normal  surface  integral  of  F  over  the  lower  portion  is 

equal  to  the  line  integral  of  F  around  the  same  curve  but  in  the  opposite 

sense  (lower  arrows).  Since  F  has  a  unique  value  at  each  point  of  the 

curve  the  line  integrals  (and  consequently  the  surface  integrals)  are 
equal  and  opposite,  hence 

£  (curl  F) .dS  =  0 

JS 

Alternatively,  if  a  small  portion  of  the  closed  surface  were  removed,  the 

normal  Integral  of  F  over  the  remainder  would  be  equal  to  the  line 

integral  of  F  round  the  edge  of  the  hole.  The  latter  clearly  approaches 
zero  as  the  size  of  the  hole  is  continuously  reduced. 

Stokes's  theorem  has  been  derived  on  the  assumption  that  F  and  its  first 
derivatives  are  continuous  within  the  region  of  integration.  If  points 
of  discontinuity  are  present  it  becomes  necessary  to  exclude  these  from 
the  region  by  means  of  additional  bounding  curves.  Stokes's  theorem  may 
then  be  applied  in  the  form  (1.10-1). 
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Consider,  for  example,  the  two-dimensional^  field  defined  by 

F  *  (-iy+jx)/(x2+y2) .  Within  the  xy  plane  which  contains  the  origin  of 

coordinates,  F  is  seen  to  be  a  vector  of  magnitude  — ,  where  r  is  distance 

measured  from  the  origin;  it  is  perpendicular  to  the  position  vector 
drawn  from  the  origin  and  is  directed  right-handedly  in  relation  to  the 

positive  z  axis.  We  find  by  differentiation  that  curl  F  -  0  at  all 
points  of  the  plane  except  the  origin,  where  it  is  undefined. 

If  a  closed  curve  T  is  drawn  in  the  plane  in  such  a  way  that  the  origin 
is  not  included  within  it,  a  direct  application  of  Stokes's  theorem  shows 

that  the  tangential  line  integral  of  F  around  T  is  zero.  When  r  embraces 
the  origin  it  is  necessary  to  exclude  this  point  from  the  surface  of 
integration.  Suppose  that  we  do  this  by  drawing  about  0  a  small  circle 
of  radius  6.  Then  from  (1.10-1)  we  find  that  the  line  integral  around  r 
Is  equal  and  opposite  to  that  around  the  circle.  Since  T  was  chosen 
arbitrarily  it  follows  that  all  such  curves  have  the  same  value  of  line 
Integral,  and  since  6  was  chosen  arbitrarily  in  relation  to  T  it  follows 
that  the  value  of  the  line  Integral  around  the  circle  must  be  Independent 
of  6.  The  latter  is  found,  by  direct  computation,  to  have  the  value  -2ir, 

so  that  the  line  integral  of  F  around  T  is  equal  to  +2it. 


1.11  The  Irrotational  Vector  Field 


A  vector  point  function  F  is  said  to  be  irrotational  or  lamellar  within  a 

region  R  if  the  tangential  line  integral  of  F  between  every  pair  of 

18 

points  is  independent  of  the  path  taken  between  them  .  This  implies 
that  0  F.dr  -  0  for  all  closed  curves  within  R. 

Jr 

It  has  been  shown  that  the  vanishing  of  curl  F  throughout  a  region  is  no 
guarantee  that  0  F.dr  “  0  unless  V  bounds  an  unbroken  surface  or  one  for 

J  r 

which  the  sum  of  the  line  Integrals  over  internal  bounding  cuves  is 
19 

2ero  . 

A  discussion  of  this  restriction  is  simplified  by  the  adoption  of  certain 
terms  which  will  now  be  defined. 

A  region  R  is  said  to  be  simply  connected  or  acyclic  if  every  closed 
curve  which  can  be  drawn  within  it  can  be  continuously  contracted  to  a 
point  without  crossing  any  boundary  of  R.  Such  curves  are  said  to  be 
reducible.  Alternative  paths  joining  two  points  are  said  to  be 


17.  A  two-dimensional  xy  field  exists  throughout  a  region  of  space,  and 
Is  defined  by  Fx  -  fi(x,y),  Fy  -  f2(x,y),  F*  -  0. 

18.  An  irrotational  field  of  force  is  said  to  be  conservative. 

19.  Note,  however,  that  most  writers  equate  'irrotational'  with 
'zero-curl' . 
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reconcilable  if  they  can  be  contlnously  deformed  until  one  coincides  with 
the  other  without  passing  beyond  R.  If  a  region  is  not  simply  connected 
it  is  said  to  be  multiply  connected  or  cyclic. 

Thus  the  region  bounded  by  a  simple  closed  surface  is  simply  connected, 
and  so  is  that  bounded  by  two  such  surfaces  when  one  encloses  the  other 
without  touching  it.  But  the  closed  region  bounded  by  two  concentric 
cylinders  fitted  with  end  plates  is  multiply  connected  as  is  that  bounded 
by  a  torus  and  an  enclosing  sphere,  since  closed  curves  embracing  the 
inner  cylinder  or  the  torus  cannot  be  contracted  to  a  point  unless  some 
part  of  them  pass  beyond  the  region. 

It  is  possible  to  convert  a  multiply  connected  region  into  a  simply 
connected  region  by  the  erection  of  one  or  more  barriers  (or  ’cuts'). 
Thus  in  the  case  of  the  concentric  cylinders,  the  barrier  abed  shown  in 
Fig.  1.7a  is  sufficient  to  prevent  the  setting  up  of  an  irreducible  curve 
and  to  ensure  that  all  paths  between  two  points  are  reconcilable.  In  the 
case  of  the  torus  and  sphere  (shown  sectionally  in  Fig.  I. 7b)  a  diaphragm 
ef  mounted  in  the  central  plane  serves  the  same  purpose. 
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The  relevance  of  Che  above  concepts  Co  Che  present  discussion  lies  in  Che 
fact  Chat  If  a  region  has  been  so  defined  as  to  exclude  discontinuities, 
the  additional  specification  that  it  be  sinply  connected  is  sufficient  to 
ensure  that  the  tangential  line  integral  around  any  closed  curve  within 
the  region  nay  be  evaluated  by  an  integration  of  the  curl  over  a  surface 

lying  entirely  within  the  region.  In  particular,  if  F  and  its  first 

derivatives  are  continuous  and  curl  f  *  0  at  all  points  of  a  sinply 

connected  region  then  1  F.dr  “  0  for  all  closed  curves  within  the  region 
*  T 

and  F  is  irrotatlonal. 

Theoren  1.11-1 


If  a  scalar  point  function  Y  is  single-valued  and  has  continuous  first 
and  second  derivatives  within  a  region  I,  and  if  F  -  grad  V,  then  F  is 
irrotatlonal  and  curl  F  *  0  within  R. 

Proof:  Let  P  and  Q  be  any  two  points  of  R  and  let  T  be  a  sinple  curve 
lying  wholly  within  R  and  passing  f row  P  to  Q. 

Then 


/  f.d?  -  / 


grad  V.dr  -  Lin 


u 

(grad  V) 


i*Ari 


Ar±-*0  i-1 


Now 


<gr«l  V)1.ir1  -  (f^  (»ri)1  +  (f^  (Ary>t  +  (f^  (Ar^ 


where  the  derivatives  are  evaluated  at  sone  point  of  the  arc  of  PQ 
intercepted  by  Ar^  (or  on  Ar^  Itself  -  See  Ex. 1-20.,  p.  23). 

But  frow  the  considerations  of  Sec.  1.2 


AY, 


•(£). 


<Ary>i 


■iv\ 


(Arj>1 


where  a,  B»  y  are  points  in  the  neighbourhood  of  Ar^  which  approach 
Ar^  as  Ar^-H). 

of  the  continuity  of  the  partial  derivatives  we  see 


rt-(grad  Y)1.Ar1)/AY1>0  as  Ar^ 


Then  in  virtue 
that 
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hence 


a 

Lim  V 
n-*»_  l_s 
Ar^O  i-1 


(grad  V)^.Ar^ 


u 

l 

i-I 


AV, 


or  J  grad  V.dr 

r 


V(Q)  -  V(P) 


(1.11-1) 


It  follows  that  the  value  of  the  tangential  line  integral  of  grad  V 

between  P  and  Q  is  independent  of  the  path,  hence  F  is  irrotational 
within  R. 

From  considerations  leading  to  (1.8-7)  if  further  follows  that  if,  in 

addition,  the  first  derivatives  of  F  are  continuous,  then  curl  F  *  0. 
This  can  be  proved  alternatively  by  expanding  the  expression 
curl  grad  V  in  Cartesian  coordinates. 


curl  grad  V 


VxVV 


3*v  \  ,  —  (d2v  32v  \  r  /a2v  a2v  v 

“  a.,a„  J  +  J  l  a.a-..  ~  J  *  K  a-y-av  ~  a^av 


-r  /32v 


1  \3y3z  ”  3z3y J  +  J  ^3z3x  ~  3x3z^  '  ^SxJly  3y3x 


whence 


curl  grad  V  =  0 


(1.11-2) 


since 


32V 

3y3z 


32V 

3z3y 


etc. 


Theorem  1.11-2 


If  F  is  a  continuous  vector  point  function  which  is  irrotational 
within  the  region  R  then  F  -  grad  V  within  R. 

Proof:  Taking  any  point  0  of  the  region  as  datum  we  define  the  scalar 
function  V  such  that  at  any  point  P  of  the  region 

P 

V(P)  -  f  F.dr 
0 

where  the  path  of  integration  lies  wholly  within  the  region. 

V  will  be  single-valued  because  F  is  irrotational. 
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Then  if  Q  is  a  point  such  that  PQ  -  Ar 
mean-value  theorem  that 


_A 

s  As  it  follows  from  the 


V(Q)  -  V(P)  -  AV  -  (Ft)p,As  -  (F.s)plAs 

where  P*  is  some  point  of  PQ. 

But  from  (1.11-1) 

AV  -  ((grad  V)t)p„As  -  (grad  V.s)pI,As 

where  P"  is  some  point  of  PQ» 
hence 


(F.s)p,  -  (grad  V.s)pM 

Since  this  holds  independently  of  the  magnitude  of  As  we  may  let  As*0, 
whence  we  find  that 


(F.s)p  -  (grad  V.s)p 


or 


A 

(F  -  grad  V)p.s  -  0 

A 

But  this  remains  true  for  all  orientations  of  PQ  (ie  of  s)  so  that 


(F)p  -  (grad  V)p 


which  is  the  required  result 
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EXERCISES 


1-30.  Derive  (1.10-1)  for  a  surface  with  a  single  Internal  boundary  by  means 
of  an  analysis  similar  to  that  of  (a)  Sec.  1.8  (b)  Sec.  1.9. 

1-31.  By  proceeding  from  first  principles  as  in  Sec.  1.8  derive  the  form  of 
Stokes's  theorem  appropriate  to  a  vector  point  function  which  is  defined 
within  a  plane  region  and  has  no  component  normal  to  the  plane  (planar 
field).  Hence  show  that  if  V  »  V(x,y)  and  U  »  U(x,y)  are  scalar 
functions  of  x  and  y  which,  together  with  their  first  derivatives,  are 
continuous  within  the  region  of  integration,  then 


f  ■/  (i*gH 

r  s 

z 

[This  relationship  is  usually  written  in  the  form 

/  (T  d),~B  dx)  ■  //  (fj  +  57)  dx  dy 

r  s 

and  is  known  as  Green's  theorem  in  the  plane.  (See  Ex. 1-43,  p.  63)] 
1-32.  Show  that  F  is  irrotational  if 


F  •  i  (6xyz+5z2)  +  j  (3x2z+8y)  +  k  (3x2y+10  xz) 
and  find  V  such  that  F  “  grad  V 

Ans:  V  -  3x2yz  +  4y2  +  5xz2  +  const 
1-33.  For  the  two-dimensional  or  planar  field  defined  by 

F  -  I  (4xy+6(x+y)-4)  +  j  (2x2+6(x+y)) 

evaluate  the  line  integral  0  F.dr  from  (0,0)  to  (3,0)  along  the  x  axis, 

from  (3,0)  to  (3,27)  along  x  ■  3,  and  from  (3,27)  to  (0,0)  along  y  -  x^ , 
by  (a)  direct  integration  (b)  application  of  Stokes's  theorem. 


Ans:  3174  -  3174  -  0 
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1-34.  For  the  two-dimensional  or  planar  field  defined  by 


F  -  ix2y  +  j  (2x+3y2) 


evaluate  the  line  integral  F.dr  from  (1,0)  to  (3,0)  along  the  x  axis, 

from  (3,0)  to  (3,6)  along  x  -  3,  and  from  (3,6)  to  (1,0)  along  a 
straight  line,  by  (a)  direction  integration  (b)  application  of  Stokes's 
theorem. 


Ans:  -22 

1-35.  The  equations 

x  *  a  sin  ut  y  ■  a  cos  ut  z  ■  bt 

where  a,  b  and  u  are  positive  constants  and  t  is  an  independent 

variable,  represent  a  left-handed  circular  helix  centred  upon  the  z 
axis. 

Determine  the  tangential  line  integral  along  the  helix  of  the  vector 
point  function  F,  as  defined  in  Ex. 1-32.  above,  between  the  points  P  and 

2tr 

Q  corresponding  to  t  ■  t  and  t  ■  t  +  — . 

o  o  Ui 

The  path  comprises  one  complete  turn  of  the  helix.  Confirm  that  F  is 

irrotational  by  computing  the  tangential  line  integral  of  F  along  the 
straight  line  PQ. 


Ans:  [  F.dr  -  6xa__b  s^n2  (iJt  cos  +  ffinab  +3^  ain  wt 

J  U  O  OCD^OOy  ' 


1-36.  Show  that  equation  (1.8-5)  continues  to  hold  in  the  presence  of  an 

interior  closed  curve  of  discontinuity  of  F  when  the  tangential 

component  of  F  is  continuous  through  this  curve,  provided  that  curl  F  is 
continuous  at  interior  points  of  the  two  subregions  and  upon  T,  and  the 
surface  Integral  is  understood  to  represent  the  limiting  value  of  the 
sum  of  the  Integrals  taken  over  the  subregions  as  the  line  of 
discontinuity  is  approached  from  both  sides. 

1-37.  Given  that 

(a)  F  and  G  are  well-behaved  vector  point  functions  defined  through¬ 
out  the  region  R 

(b)  for  every  open  surface  S  of  boundary  T  that  can  be  contracted  to 
a  point  without  passing  beyond  R 

f 

r 


show  that  G  «  curl  F  throughout  R. 
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1-38. 


Let  R  represent  the  unbounded  region  of  the  icy  plane  outside  a  circle 
centred  upon  the  origin  of  coordinates.  If 


F 


in  R 

x2  +  y2 


show  that 


F  ■  grad  tan”1  ^ 


Prove  by  direct  integration  that 


/ 


F.dr 


2ir  or  0 


according  as  f  embraces  the  origin  or  not. 


F  is  evidently  non-irrotational  although  expressed  everywhere  in  R  as 
grad  V.  Discuss  this 

Ans:  (1)  Curl  F  is  zero  beyond  the  origin  0  but  undefined  at  0,  and 
so  admits  of  the  possibility  -  as  confirmed  above  -  that 

6  F.dr  be  non-zero  when  T  embraces  0. 

J  r 

(2)  It  follows  that  F  cannot  be  expressed  evervhere  In  R  as 

the  gradient  of  a  single-valued  function;  if  it  could,  F 
would  necessarily  be  lrrotational.  It  can  be  expressed  as 

grad  tan"1  everwhere  in  R  only  because ,  corresponding  to 

right-handed  circulation  about  0,  tan"1  —  can  assume 

continuously  increasing  values  with  an  increment  of  2ir  per 
revolution. 


(3)  The  erection  of  a  radial  barrier  assures  that  r  cannot 
embrace  0  and  makes  R  simply  connected*  Correspondingly, 

tan  1  can  be  expressed  in  single-valued  form  with  a 

discontinuity  of  2ir  across  the  barrier. 
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1.12  Flux  Through  a  Closed  Surface 
The  Divergence  Theorem 

Let  S  be  an  open,  two-sided  surface  (Fig.  1.8a)  and  let  F  be  a  bounded 
vector  point  function,  piecewise  continuous  upon  S.  Then  the  normal 

surface  Integral  of  F  over  S  is  known  as  the  flux  of  F  through  S  in  the 

20 

direction  of  the  positive  normal  at  the  surface. 


A 

n 


20.  If  a  positive  currency  has  been  previously  established  for  the 
boundary  of  S,  this  serves  to  define  the  positive  side  of  S  (or 
vice-versa) * 
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When  a  region  of  space,  t.  Is  bounded  by  a  single  closed  surface  S 
(Fig.  1.8b),  and  the  outer  side  of  S  Is  chosen  as  positive  in  accordance 
with  the  convention  mentioned  previously,  the  flux  so  computed  is  an 

outwardly  directed  flux,  and  is  commonly  referred  to  as  the  flux  of  F  out 
of  the  region  t. 

It  will  now  be  shown  that  if  F  has  continuous  first  derivatives  at 

interior  points  of  t  and  upon  its  bounding  surface  (le  if  F  is 

continuously  differentiable  in  the  closed  region  x) ,  then  the  flux  of  F 
out  of  the  region  is  equal  to  the  volume  integral,  over  x,  of  a  related 
scalar  point  function. 

From  (1.6-5)  the  normal  surface  integral  of  F  over  S  is 
n  n 

Lim  V  (F  AS  ).  +  Lim  V  (F  AS  )J  +  Lim 
/  x  x  i  /  y  y  i 

n-x®  l__j  nx»  J  3  n+« 

(ASx)t*0  i-1  (ASy)t-0  i-1  (AS^-K) 


given  by 

n 

Y  <Wi 

i-1 

(1.12-1) 


The  first  term  of  this  expression  may  be  transformed  into  a  volume 
integral  in  the  following  way. 

Let  S  be  cut  in  the  surface  elements  abed  and  a'b’c’d*  by  a  rectangular 

21 

prism  drawn  parallel  to  the  x  axis  (Fig.  1.9),  and  let  the  sectional 
dimensions  of  the  prism  be  Ay  and  Az,  where  Ay  and  Az  are  intrinsically 
positive.  Since  the  positive  normals  are  directed  away  from  x,  it 
follows  that  (ASx>abcd  "  _AyAz  and  ^x^a'b'c'd’  “  +AyAz*  The 
contribution  of  these  elements  to  the  summation  may  therefore  be  taken  as 

«FxV-(Va5 


z  C  y  y»  c' 


Fig.  1.9 


21.  It  will  be  supposed,  in  the  first  instance,  that  S  is  non  re-entrant, 
so  that  any  prism  cuts  S  in  only  two  elements. 
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Suppose  now  Chat  Che  prism  Is  divided  by  a  system  of  planes  drawn  normal 
to  the  x  axis  and  passing  through  a,  a'  and  Intermediate  points.  Let  the 
typical  volume  element  so  defined  be  aSYfla'B'Y' 6' .  Then 


<Va' 


-  (F  ) 
x  a 


Ax 


where  Ax  -  aa’  and  the  derivative  is  to  be  taken  at  some  point  of  aa' . 
Hence 


(Va' 


*  <V. 


and 


(Wabcd 


a’b'c’d’ 


where  At  -  AxAyAz,  and  the  summation  includes  all  rectangular  volume 
elements  between  the  transverse  planes  drawn  through  a  and  a' . 


If,  now,  S  is  divided  entirely  into  pairs  of  surface  elements  by 
appropriately  positioned  prisms  lying  parallel  to  the  x  axis,  and  if 
those  portions  of  the  prisms  Intercepted  by  S  are  Independently  divided 
by  planes  drawn  normal  to  the  x  axis,  then 


I 


F  AS 


x  x 


S 


where  the  volume  summation  covers  all  rectangular  elements  defined  by  the 
intersection  of  the  planes  and  prisms,  and  thereby  approximates  the 
volume  enclosed  by  S. 

If  this  mode  of  subdivision  is  maintained  while  the  sectional  dimensions 
of  the  prisms  and  the  transverse  plane  spaclngs  are  continuously  reduced, 

22 

the  above  equation  is  replaced  by 


22.  This  does  not  follow  directly  from  the  definition  of  the  scalar 
volume  Integral  given  In  Sec.  1.7,  where  it  was  supposed  that  the  sum  of 
all  volume  elements  involved  in  the  limiting  process  remains  constant  and 
equal  to  the  enclosed  volume.  In  the  present  instance  the  enclosed  volume 
is  taken  to  be  the  limit  of  the  sum  of  the  rectangular  volume  elements 
constructed  during  the  limiting  process,  and  the  scalar  Integral  under 

consideration  Is  the  limit  of  the  sum  of  the  quantities  At.  However, 

the  latter  may  be  shown  to  be  identical  with  the  scalar  volume  Integral  as 
defined  previously.  Similar  remarks  apply  to  the  derivation  of  the  surface 
Integrals  in  Secs.  1.8  and  1.9. 
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v-  r  3Fx 

£  £  <VVt  ‘  /  ST  * 

(ASx)t>0  i-1  T 


This  relationship  remains  valid  when  the  surface  is  so  folded  as  to  be 
cut  in  more  than  two  elements  by  one  or  more  prisms.  In  this  case  the 
contributions  from  adjacent  surface  elements  Intercepted  by  a  given  prism 

3Fx 

are  equated  to  the  volume  integral  of  -r —  between  them,  so  that  the 

dX 

overall  form  of  the  equation  is  unaffected. 


Similar 

equated 


considerations 

show  that  the  remaining  terms  of 

(1.12-1)  may  be 

f  3Fv 

f  3Fz 

to  /  -r-Z  dx  and 

T  37 

J  TT  dT'  80  ehat 

r 

f  /3F_  3F  3F  \ 

6  F.dS 

■  /  (a r+ 377  dT 

(1.12-2) 

J  s 

T 

The  volume  integrand  of  this  equation  is  known  as  the  divergence  of  F. 
This  is  usually  abbreviated  to  div  F,  whence 


F.dS  -  j  div  F  dr 
S  T 


(i . 12-3) 


3F  3F  3F 

*  ,  y  .  z 

3x  By  3z 

By  treating  V  as  a  formal  vector  in  the  operation  V.  we  may  write 


s  ♦  j  *-,♦  *  h 

3F  3F  3F 

_  _x  ,  _ y  .  z 

3x  3y  3z 


.  (!Fx+jFyHcFz) 


hence  V.F  »  div  F 
Alternative  forms  are 


(1.12-4) 


div  F  -  T  .  +  j  .  -I?  +  k  . 


3x 


ay 


3z 


i.VF  +  j.VF  +  k.VF 
x  y  * 
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23 

(1.12-3)  is  known  as  the  divergence  theorem  .  The  names  of  Green, 
Gauss,  and  Ostrogradsky  are  associated  with  it. 

Since  the  first  derivatives  of  F  are  supposed  to  be  continuous,  div  F 
will  be  continuous,  and  by  the  mean-value  theorem  for  integrals 

f  F.dS  -  (div  F)pf  t 
S 

where  r  is  the  volume  of  the  enclosure  and  P*  is  some  point  of  it. 

If  S  now  shrinks  about  a  point  P^  within  it  or  upon  it,  then 

Lim  -  6  F.dS  -  (div  F)  (1.12-5) 

PP  -H)  j0  o 

o  S 

where  PPq  is  the  greatest  distance  between  Pq  and  any  point  of  S. 

(No  restriction  is  placed  upon  the  shape  of  S  during  the  limiting 
process) . 

Since  the  left-hand  side  of  (1.12-5)  does  not  involve  any  specific  system 

of  coordinates,  the  analytical  form  of  div  F  given  in  (1.12-3)  must  be 
invariant  with  respect  to  choice  of  rectangular  axes.  An  independent 
proof  of  this  will  be  found  in  Sec.  1.19. 

1.13  Alternative  Approach  to  the  Divergence  Theorem 

We  will  first  derive  an  expression  for  the  normal  surface  Integral  of  F 
over  a  small  closed  surface  S  which  embraces  the  point  Pq. 

Let  r  be  the  position  vector  relative  to  Pq  of  any  point  of  the  surface. 
Then  from  (1.2-9)  the  value  of  F^  at  this  point  is  given  by 


F*  -  <V*  +«r.v>yp  ♦ - 

o  o 


so  that  the  first  term  of  (1.12-1)  becomes 


23.  The  relationship  holds  for  any  closed  regular  surface  S  and  the 
(regular)  region  t  which  it  bounds. 
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Li*  V  <(Vp+«ri*V)Vp  +  '~ >  (4Vl 

n-**>  i _ i  o  o 

(A Sx)^0  i-1 


Llm 

n-«» 


(ASx)1+0  i-l 


A  (  /3F  \  /3F  \  /3F  \ 

X  KV^As^VVi+Wv,,  <VVi 

.  .  '  o  o  o 


(1.13-1) 


Let  S  be  subdivided  by  prisms  drawn  parallel  to  the  x  axis  as  in  the 
previous  analysis  (Fig.  1.9),  and  let  the  values  of  F^  to  be  associated 

with  corresponding  pairs  of  surface  elements  relate  to  points  having  the 
same  y  and  z  coordinates  (such  as  a  and  a'). 


Then  only  the  second  term  of  (1.13-1)  is  finite  because  the  derivatives, 

being  referred  to  P  ,  are  constant,  and 
o 


X  “Vi 

i-1 


X  Wi  and 

i-1 


X  (Wi 


cancel  in  pairs. 


The  second  term  may  be  written  as 


Lim 

n-n» 


n 

l 


^Vi*0  1-1 


(rxASx>i 


n 


That  portion  of 


X  <Wi 


which 


derives  from  the  paired  surface 


i-1 

elements  shown  in  Fig.  1.9  is  equal  to  {  (r^)^,-^^)^}  ^yA z ,  and  this  is 

the  volume  of  the  prism  Intercepted  by  the  transverse  planes  through  a 
and  a* .  It  therefore  follows  from  previous  considerations  that 


Llm 

n-*» 


l 


(4S]t)1-0  1-1 


(Wi 


T 


where  t  Is  the  volume  of  the  enclosure,  so  that  (1.13-1)  reduces  to 


54 


FIELD  ANALYSIS  AND  POTENTIAL  THEORY 


[Sec. 1.13 


Similar  constructions  lead  to  corresponding  expressions  for  the  remaining 
terms  of  (1.12-1),  whence 

/3F  3F  3F  \ 

f-rs  -  +  *  +  3  (1-13-2> 
S  o 

where  y  comprises  second  and  higher-order  derivatives  multiplied  by 

factors  of  the  order  ru  and  higher.  (1.13-2)  is  the  expression  which  we 

set  out  to  obtain. 

If,  now,  S  shrinks  about  Pq  in  such  a  way  that  all  dimensions  of  t 
approach  aero,  then 

/8 F  3F  3F  \ 

f-dI  -  te  +  T?  +  vr)t  (lM) 

o 

We  see,  therefore,  that  if  F  is  continuous  with  continuous  first 

derivatives  throughout  a  region,  the  'flux  of  F  per  unit  volume  at  a 
point'  defines  a  scalar  function  throughout  the  region  which  is 

independent  of  the  limiting  shapes  of  volume  elements. 

This  is  sometimes  taken  to  be  the  primary  definition  of  div  F. 

In  this  case  it  remains  to  be  shown  that  for  singly  bounded  enclosures  of 
any  shape  and  size 

j  F.dS  -  j  div  F  dt 
S  t 

Suppose  that  t  Is  divided  into  n  volume  elements  by,  say,  three  sets  of 
orthogonal  planes  of  equal  spacings.  Then  the  sum  of  the  surface 

integrals  of  F  associated  with  all  volume  elements  Is  equal  to  the 

surface  integral  of  F  over  S.  This  follows  from  the  fact  that  those 
portions  of  the  individual  surface  integrals  associated  with  the  common 
faces  of  adjacent  elements  are  counted  twice,  but  with  reversed  positive 
normals,  and  therefore  cancel  in  the  sum. 

Hence 


whare  AS^  la  the  closed  surface  associated  with  the  volume  element  At^. 
This  equality  continues  to  hold  whatever  the  degree  of  subdivision. 
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From  (1.13-3)  and  (1.13-2) 


AS, 


F.dS  -  (div  F)  At  +  y 
i  1  1 


where  Is  some  point  of  At^. 
Then 


F.dS  -  I  {(div  F)p  At1+y^J 


i-1 


But 


(div  F).  At  as  AV° 

1  1 


where  it  is  supposed  that  all  dimensions  of  At,  decrease  uniformly, 
that  1  3 


n 

I’. 


i-1 


E 

i-i 


-K>  as  n->“  and  At^-H) 


(div  F)  At 
*i  1 


hence 


,  n 

<f  F.dS  "  Lim  (div  F)  At 

J  c  n-H»  l_i  pi  1 


At^o  i-i 


or 


9  F.dS  -  j  div  F  dT 
•'s  ■'t 


so 
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1.14  Application  of  the  Divergence  Theorem 

The  divergence  theorem  has  been  formulated  above  for  a  closed  region  of 
volume  Integration  bounded  by  a  single  surface.  When  more  than  one 
bounding  surface  Is  Involved,  as  In  Fig.  1.10,  the  appropriate  form  of 
the  theorem  may  be  developed  from  first  principles  along  the  lines 

Indicated  in  Sec.  1.12  or  1.1324. 


Fig.  1.10 

Alternatively,  a  geometrical  construction  similar  to  that  employed  in  the 
corresponding  extension  of  Stokes's  theorem  may  be  utilised  to  derive  the 
multiply  bounded  form  from  that  already  given. 

The  general  form  of  the  divergence  theorem  is 


J  div  F  dt 

T 


F.dS  + 


F.dS  + - 


S  Sj  S2 


(1.14-1) 


where  the  surface  Integration  Is  carried  out  over  all  closed  surfaces 
bounding  the  region  of  volume  integration  t,  and  the  positive  sense  of 

25 

the  normal  is  everywhere  directed  away  from  r 


24.  The  region  need  not  be  simply  connected. 

25.  This  definition  of  the  positive  sense  of  the  normal  is  an  extension 
of  that  adopted  previously,  where  the  region  under  consideration  was 
bounded  by  a  single  surface  only. 
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When  bounding  surfaces  are  also  surfaces  of  discontinuity  of  F,  (1.14-1) 
is  understood  to  apply  to  the  region  bounded  by  closed  surfaces  which  lie 
just  inside  the  surfaces  of  discontinuity. 

The  divergence  theorem  has  been  derived  on  the  assumption  that  F  and  its 
first  derivatives  are  continuous  throughout  r.  When  t  contains  points  of 
discontinuity  it  is  necessary  that  these  be  excluded  from  the  integration 
space  by  means  of  closed  surfaces,  and  the  the  theorem  be  applied  in  its 
multiply  bounded  form. 

Consider,  for  example,  the  computation  of  the  flux  of  F  through  a  closed 
surface  S  which  embraces  the  origin  of  coordinates,  where 


f  -  _L  -  +.>. 

r3  (x2+y2+z2)3/2 

Div  F  is  found  to  be  zero  for  all  non-zero  values  of  r  and  is  undefined 
at  the  origin. 

Let  the  origin  be  excluded  from  the  Integration  space  by  means  of  a  small 
sphere  of  radius  6  centred  upon  0.  Then  (1.14-1)  yields 


div  F  dx 


F.dS  +  1  F.dS  -  0 


The  flux  of  F  through  S  is  seen  to  be  equal  and  opposite  to  that  through 

S_.  But  the  flux  through  S,  (which  must  be  independent  of  6  since  6  has 
6  0 

been  chosen  arbitrarily)  is  readily  shown,  by  direct  Integration,  to  have 
the  value  -4*.  Hence  the  flux  of  F  through  S  is  equal  to  4*. 

1.15  The  Solenoidal  Vector  Field 

The  field  defined  by  a  vector  point  function  F  is  solenoidal  (or 
circuital)  within  a  region  of  space  if  j)  F.dS  -  0  for  every  closed 
surface  which  can  be  drawn  with  the  region. 

The  fact  that  div  F  may  be  zero  within  a  region  does  not  ensure  that  F  is 
solenoidal  within  that  region,  since  a  surface  of  integration  S  may 

26 

embrace  a  closed  surface  which  bounds  the  region  internally  .  In  this 
case  it  is  the  sum  of  the  associated  surface  Integrals  which  is  zero 
rather  than  that  taken  over  S  alone.  The  reservation  involved  is  clearly 


26.  Note,  however,  that  most  writers  equate  'solenoidal'  with 
'zero-divergence* . 
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analogous  to  that  encountered  In  the  case  of  the  Irrotational  vector 
field,  where  it  was  necessary  to  stipulate  that  the  region  be  simply 
connected  before  a  zero  curl  field  could  be  identified  as  irrotational. 
In  the  present  instance  we  may  assert  that  so  long  as  every  closed 

27 

surface  can  be  contracted  to  a  point  without  passing  beyond  the  region 
then  the  field  is  solenoidal  if  div  F  •  0  at  every  point  of  it. 

The  flux  through  any  open  surface  In  a  solenoidal  vector  field  is 
dependent  only  upon  its  boundary. 

In  Fig.  1.11  the  simple  curve  T  is  the  common  boundary  of  the  open 
surfaces  Sj,  S2  and  S3. 


Fig.  1.11 

Since  the  flux  of  F  out  of  the  region  bounded  by  S}  and  S2  is  zero.  It 

follows  that  the  flux  through  Si  is  equal  to  that  through  S2  if  the 

positive  sense  through  each  surface  is  taken  to  correspond  to  the 
currency  around  r  as  defined  by  the  arrows. 


27.  The  region  is  then  said  to  be  aperlphractlc. 
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If  S}  and  S2  should  cut  each  other  beyond  F,  then,  since  the  fluxes 
through  each  are  equal  to  that  through  S3  In  the  direction  shown,  they 
continue  to  be  equal  to  one  another. 

Theorem  1,15-1 

_  28 

If  F  and  its  first  and  second  derivatives  are  continuous  throughout 

the  region  R,  and  if  V  -  curl  F,  then  V  is  solenoidal  and  div  V  -  0 
within  R. 


Proof:  It  has  been  shown  in  Sec.  1.10  that  ^  (curl  F).dSI  -  0  for 
every  closed  surface  over  which  curl  F  is  continuous.  It  follows  that 
j)  V.dS  ■  0  for  every  closed  surface  within  R,  whence  V  is  solenoidal 
within  the  region.  But  if  V  is  solenoidal  within  R  and  has  continuous 
first  derivatives,  then,  from  (1.12-5),  div  V  «  0  everywhere  within  R. 

We  may  confirm  that  div  V  -  0  by  expanding  div  curl  F  in  rectangular 
Cartesians.  From  (1.8-6)  and  (1.12-4) 


ie 


div  curl  F  =  0 


(1.15-1) 


since 


32F  32F 

_ z  _ z 

3x3y  “  3y3x  CtC* 

Theorem  1.15-2 

If  the  vector  point  function  V  has  continuous  first  derivatives  and  is 
solenoidal  throughout  the  region  of  space  R,  then  V  may  be  expressed 
as  curl  F  within  R. 

This  will  now  be  demonstrated  for  a  region  devoid  of  bounding 
surfaces. 


28.  In  particular,  the  mixed  derivatives  should  be  continuous 


since 


0  st  all  points 
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Some  consideration  will  show  that 


:,^,Z  3V 

x.y.z 

x*y.*2  av 

x.y.z 

/  v- 

■  V  /  vy  dx 

and  j  5T  dx 

-■by  vx * 

o,y  ,Z 

x0.y.z 

x0.y.z 

Vy’z 

hence 


x.y.z 


x.y.z 


Vx-y’i>  ■  h 


Vx  dz 


a_ 

3y 


vy  dx 


3z 


V 

z 


dx 


vy,z0  vy*z 


X 
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»y,z 


fx.y.z 

-  V  J  (*V  dx  -  fi  /  Vx 

Vy’x  U„.y.* 


\f’z 
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Further, 


x,y,z 

y*'y-x>  *  f?  [  vy  ^ 

Xo’y,z 

and 

x.y.z 

vz(-,y,x)  -  J?  J  \  dx 

Xo,y,Z 

It  Is  now  readily  seen  that  by  putting 

x,y,z  xQ,y.z 

Fx(x,y,z)  -  0  ;  Fy(x,y,z)  -  f  V*  dx  -  f  V*  dz  ; 

Vy’z  Vy,Zo 

x,y,z 

(x.y.z)  -  -  J  Vy  dx 

vy*z 
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We  have 
Vx(x#y,z) 

Vz(xfy,z) 

ie  V  -  curl  F,  where  F  has  the  Cartesian  components  specified  above. 

The  above  analysis  is  also  applicable  to  a  region  bounded  externally 
by  a  non-re-entrant  surface*  but  complications  arise  when  re-entrant 
or  multiple  bounding  surfaces  are  present  because  of  the 
discontinuities  that  may  be  Introduced  into  the  Integration  paths 

which  define  the  components  of  F.  Nevertheless  it  can  be  shown,  in 

the  latter  circumstance,  that  a  well-behaved  point  function  F  exists, 

such  that  V  -  curl  F  throughout  the  region  over  which  V  is  defined. 

(See  p.  344.)  It  is  necessary  that  V  be  solenoidal  and  not  merely 

divergence-free  within  any  such  region,  since 

is  well-behaved. 

There  are  cases  of  interest  in  which  V  is  undefined  at  some  point  - 

say  0,  while  div  V  •  0  everywhere  beyond  0.  The  above  treatment,  or 
an  equivalent  one  (See  Ex. 1-49.,  p.  65),  then  permits  of  the 

derivation  of  a  point  function  F  such  that  V  -  curl  F  at  all  points 
except  those  lying  upon  some  coordinate  line  or  surface  containing  0, 

over  which  F  is  undefined.  It  may  be  possible  to  find  an  alternative 
—29 

expression  for  F  which  is  well-behaved  everywhere  beyond  0,  so  long 
as  V  is  solenoidal  in  all  regions  which  exclude  0  (as  in  Ex. 1-48., 
p.  64).  On  the  other  hand,  if  V  is  non-solenoldal  in  some  region 

which  excludes  0  (as  in  Ex. 1-45.,  p.  64  and  Ex.  2-20,  p.  145),  then  F 
can  never  be  well-behaved  everywhere  beyond  0. 


<j  curl  F.dS  =  0  when  F 


(2Iz  _ 

Vay  a* 


3F 


x,y,z 


;  Vy(x,y,z) 


/^X_2fz 

\3z  3x 


x,y,z 


3x  3y  / 


x,y,z 


EXERCISES 


1-39.  Derive  (1.14-1)  for  a  region  bounded  externally  by  S  and  Internally  by 
Slt  by  means  of  an  analysis  similar  to  that  of  (a)  Sec.  1.12  and 

(b)  Sec.  1.13. 


29.  The  addition  of  any  gradient  function  to  f  leaves  curl  F  unaffected. 
(Theorem  1.11-1) 
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1-40.  Given  that 

(a)  V  and  F  are  well-behaved  scalar  and  vector  point  functions 
defined  throughout  the  region  of  space  R 

(b)  for  every  closed  surface  S  which  may  be  contracted  to  a  point 
without  passing  beyond  R 


where  T  is  the  space  enclosed  by  S, 
show  that  V  -  div  F  throughout  R. 

1-41.  Compute  the  value  of  the  normal  surface  integral  of  i  2x2  +  j  3xy  +  kz 
over  the  closed  surface  formed  by  the  planes  x»0,  x-1,  y«0,y«2, 
z  ■  0,  z  *  3  by  (a)  direct  integration  (b)  application  of  the  divergence 
theorem. 


Ars:  27 


1-42.  Show  that  the  volume  enclosed  by  a  surface  is  given  by  ^ 

is  the  position  vector  of  the  typical  surface  element  relative  to  an 
arbitrary  origin. 

1-43.  Let  p  be  a  regular  closed  curve  lying  in  the  xy  coordinate  plane,  and 
let  the  surface  which  it  encloses  be  designated  Sz*  Suppose  that  this 

forms  the  base  of  a  right  cylinder  of  height  h.  Then  if  V  -  V(x,y)  and 
U  -  U(x,y)  are  continuous  scalar  point  functions  with  continuous  first 

derivatives  within  and  about  the  cylinder,  and  If  F  is  a  two-dimensional 

field  defined  by  F  ■  1  V  +  j  U,  show,  by  means  of  the  divergence 
theorem,  that 

F.n*  | dr | 

r 

where  n*  is  the  unit  normal  to 
Hence  show  that 

f  (V  dry-U  drx)  -  /  (g  +  g)  «. 

r  s_ 


[This  result  was  obtained  as  a  particular  form  of  Stokes's  theorem  in 
Ex.  1-31,  p.  45.  It  Is  now  seen  to  be  a  planar  form  of  the  divergence 
theorem  (which  Is  also  known  as  Green's  theorem)  whence  the  name 
'Green's  theorem  in  the  plane’.] 


div  F  dS 

z 


dr  directed  away  from  S^. 


j)  r.dS  where  r 
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of  V  and  U  in  Ex. 1-43.  above,  express  the  area 
1  as  a  line  integral  and  compute  its  value. 

Ans :  irab 

values  of  r,  div  V  ■  0  where 


1  -  lx  +  Jy  +  ** 

r3  (x2+y2+z2)3/2 

and  derive  an  expression  for  F  such  that  V  »  curl  F.  Confirm  this  by 
expanding  curl  F. 

Ans:  F  -  10  +  j  -k  (y2™2)r  beyond  the  x  axis. 

1-46.  The  solid  angl.e  subtended  at  an  external  point  0  by  an  open  surface  S  is 

given  by  /  ^  .  dS,  where  r  is  the  position  vector  of  the  typical 

is  r 

surface  element  relative  to  0.  Show  that  all  open  surfaces,  having  the 

same  simple  closed  bounding  curve  and  a  consistent  sense  of  the  normal 

based  upon  associated  currency,  subtend  the  same  solid  angle  at  0, 
provided  that  no  pair  of  surfaces  enclose  0.  Show  further  that  if  any 
two  such  surfaces  enclose  0  and  the  outward  normal  is  taken  as  positive, 
then  the  sum  of  the  solid  angles  which  they  subtend  is  equal  to  4tt. 
[See  also  Sec.  3.4.] 

1-47.  Two  concentric  circles  are  centred  upon  the  x  axis  and  lie  in  a  plane 
normal  to  it.  The  annulus  defined  by  the  circles  subtends  a  certain 
solid  angle  at  the  origin.  Utilise  the  result  Ex. 1-45.  to  express  this 

solid  angle  in  terms  of  line  integrals  of  F  around  the  circles. 
Evaluate  these  integrals  by  (a)  Cartesian  integration,  (b)  direct 

integration  (noting  first  that  F  may  be  expressed  simply  in  plane  polar 

coordinates)  and  so  show  that  the  solid  angle  is  given  by 

2ir(cos  6 j  -  cos  62)  where  0*  and  02  are  the  angles  made  with  the  x  axis 

by  the  position  vectors  joining  the  origin  to  the  inner  and  outer 
circles  respectively. 

Show  also  that  the  solid  angle  subtended  at  0  by  a  circular  disc  centred 

upon  and  normal  to  the  x  axis  cannot  be  evaluated  directly,  but  only  as 

a  limiting  case  of  the  above  expression,  and  explain  the  reason  for 
this. 

1-48.  Let  the  vector  point  function  V  be  defined  by 


1-44.  By  an  appropriate  choice 
2  2 

of  the  ellipse - 

1-45.  Prove  that,  for  non-zero 

V  - 


v  -  i-V- 

r3 

where  a  is  a  constant  vector  point  function  and  r  la  the  position  vector 
relative  to  the  origin  of  coordinates. 
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Prove  that  div  V  is  zero  and  V  is  solenoidal  in  all  regions  which 
exclude  the  origin,  and  show  that  V  may  be  expressed  outside  the  plane 
y  ■  0  as  the  curl  of  F,  where 


v* 


a  !z 


F  ■  i  0  +  j  J  — - 1  +  ^77-57*  -  — i — i  +  — 

J|y(y2+z2)i  (y2)J  r 

{a  zx  a  a  1 


+  k 


By  reducing  curl  F  to  the  form 


,i.  p  -I  Lz 

\jby\r  J  3z  \r 
demonstrate  that 


+  7  i-  _*  -i.  _5 

J  3z  \r  /  3x  \r  , 


+  ,  3  iv  a  rx 


3x  \r  /  3y  \r 


V  -  curl  ji-^+j-^+k  — 


curl  — 


Confirm  that  this  holds  at  all  points  outside  the  origin. 

1-49.  V  is  an  unbounded*  solenoidal,  vector  point  function  which,  together 
with  its  first  derivatives,  is  everywhere  continuous.  Obtain  a 

rectangular  Cartesian  expression  for  F  such  that  V  ■  curl  F  where  F  is 

everywhere  zero,  and  confirm  this  by  expanding  curl  F. 


An  s :  F  * 
x 


or  F  -  - 


x,y,z 

x,v,z 

;  F  -  j 

2  J 

Vy  dz  -  j  Vz  dy 

Zo 

X»V! 

*»y.7 

x,y,z  x 

j  vzdy  ;  Fz  - 

J  Vxdy- 

x,yo.z 

x,yo,z  x 

Vx  dy  J 


V  dx 

y 


o  'o 


1-50.  Show  that  equation  (1.12-3)  continues  to  hold  in  the  presence  of  an 
interior  closed  surface  of  discontinuity  of  F  when  the  normal  component 

of  F  is  continuous  through  this  surface,  provided  that  div  F  is 
continuous  at  interior  points  of  the  two  subregions  and  upon  S,  and  the 
volume  integral  is  understood  to  represent  the  limiting  value  of  the  sum 
of  the  Integrals  taken  over  the  subregions  as  the  surface  of 
discontinuity  is  approached  from  both  sides. 


66 


FIELD  ANALYSIS  AND  POTENTIAL  THEORY 


[Sec. 1.16 


(1)  curl(F±G±H - )  -  curl  F  ±  curl  G  ±  curl  H -  (1.16-1) 

(2)  div(F±G+H - )  div  F  ±  div  G  ±  dlv  H -  (1.16-2) 

(3)  curl  VF  -  V  curl  F  +  grad  V  x  F  (1.16-3) 

(4)  div  VF  -  V  div  F  +  grad  V.F  (1.16-4) 


In  the  above  expressions  V  and  F,  G -  are  differentiable  scalar  and 

vector  point  functions.  Brackets  have  been  omitted  from  the  ultimate 

terms  of  equations  (1.16-3)  and  (1.16-4)  since  only  one  reading  is 
possible. 

The  relationships  are  readily  proved  by  writing  out  the  operands  in 
rectangular  components  and  differentiating  In  accordance  with  (1.8-6)  and 
(1.12-4). 

(1.16-1)  and  (1.16-2)  also  follow  from  (1.8-7)  and  (1.12-5)  respectively. 

(5)  grad(F.G)  -  (F.V)G  +  (G.V)F  +  F  x  curl  G  +  G  x  curl  F  (1.16-5) 

The  operator  (F.V)  has  been  defined  in  the  footnote  to  p.  4.  It  should 

be  noted  that  (F.V)G  is  sometimes  written  as  F.VG  because  no  meaning  has 

been  assigned  to  VG  and  there  can  consequently  be  no  ambiguity  in  the 
30 

grouping  .  (1.16-5)  may  be  proved  as  follows 


.  3G  3G  3G 

(grad(F.G))  -  f  (F  G  +F  G  +F  G  )  -  F  +  F  r-35  +  F  —±+  — 

x  3x  x  x  y  y  z  z  x  3x  y  3x  z  3x 


3G  /  3G  3G  3G  3G  \  3G 

-  F  +  (f  r-^  +  F  -  F  T-*  -  F  r-z)  +  F  r— ^ 

x  3x  \  y  3y  z  3z  y  3y  z  3z  /  y  3x 


+  F  r— *  + - 

z  3x 


-  (F.V)G  +  F  (curl  G)  -  F  (curl  G)  +  - 

x  y  z  z  y 

-  (F.V)Gx  +  (F  x  curl  G)x  +  (G.V)Fx  +  (G  x  curl  F)x 
whence  (1.16-5)  follows. 

(6)  curl(FxG)  -  (G.V)F  -  (F.V)G  +  F  div  ?  -  G  div  F  (1.16-6) 


30.  VG  is  assigned  significance  in  dyadic  notation,  but  we  are  concerned 
with  this  only  in  passing,  (p.  592) 
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(7)  div(FxG)  -  G.curl  F  -  F.curl  G  (1.16-7) 

(1.16-6)  and  (1.16-7)  are  proved  in  a  manner  similar  to  (1.16-5). 

(8)  Fx(G.V)H  -  ( (GxF) . V)H  +  Gx(F.V)H  +  (FxG)div  H 

+  (curl  H)x(FxG)  (1.16-8) 

(9)  F.((G.V)H)  -  G.((F.V)H)  +  (GxF). curl  H  (1.16-9) 

(1.16-8)  and  (1.16-9)  hold  at  all  points  where  F  and  G  are 
defined  and  H  is  differentiable. 

The  relationships  may  be  confirmed  by  routine  expansion  of  the  x 
components  of  the  individual  terms. 

Formulae  (1.16-1)  to  (1.16-7)  are  used  frequently  and,  together  with 
(1.4-1)  to  (1.4-3),  should  be  committed  to  memory. 

1.17  Deductions  from  Stokes’s  Theorem  and  the  Divergence  Theorem 

A  number  of  Important  integral  transformations  follow  from  the  above 
theorems.  These  are  stated  and  proved  below. 

Where  volume  integrals  transform  wholly  or  in  part  to  surface  integrals, 
the  surface  integration  is  carried  out  over  all  surfaces  bounding  the 
region  of  volume  integration.  Similarly,  in  those  cases  where  surface 
Integrals  transform  wholly  or  in  part  to  line  Integrals,  the  line 
integration  is  carried  out  over  all  curves  bounding  the  surface  of 
integration.  The  sense  of  the  positive  normal  for  volume/surface 
transformations  and  the  relation  between  the  positive  normal  and  boundary 
currency  for  surface/line  transformations  follow  the  conventions 
discussed  previously. 

The  point  functions  involved  in  volume/surface  transformations  are 
supposed  to  be  continuously  differentiable  throughout  the  closed  region 
of  space  concerned,  ie,  they  are  supposed  to  have  continuous  first 
derivatives  both  at  Interior  points  of  the  region  and  upon  its  bounding 

surface  (or  surfaces)31.  However,  in  the  event  that  the  point  functions 
and  their  derivatives  are  continuous  at  interior  points  of  a  region  and 
possess  limits  as  the  bounding  surface  S  is  approached  along  the  Interior 
normals,  but  are  undefined  upon  S  Itself,  the  transformations  relate  the 
limiting  values  of  surface  and  volume  integrals  for  a  closed  region  lying 
just  inside  S  as  S  is  approached  at  all  points. 

In  general,  the  point  functions  Involved  in  surface /line  transformations 
are  supposed  to  be  continuously  differentiable  throughout  a  region  of 
space  which  Includes  the  surface  of  integration,  although  in  certain 
cases  the  functions  need  be  continuous  only  upon  the  surface  Itself  (see 


31.  The  derivatives  at  points  of  the  surface  will  be  'single-ended1  if 
the  point  function  is  not  defined  outside  the  enclosure. 
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Ex.  1-31  p.45)3*-.  Remarks  similar  to  the  above  apply  when  a  bounding 
curve  is  a  line  of  discontinuity. 

The  subscripts  previously  appended  to  the  integral  siijns  will  be  omitted 
from  now  on,  unless  specially  required,  since  the  nature  of  the 
integration  is  sufficiently  indicated  by  the  associated  integration 
variable  and  the  presence  of  a  closed  or  open  Integral  sign. 


(1) 

(dS  x  grad  V  - 

j  V  dr 

(1.17-1) 

Stokes's  theorem  with  F  -  i  V  yields 


r  _ 

(curl  i  V).dS 


i  V.dr 


dr 

x 


But 

I  (curl  1  V)  .  dS  -  I  (lO+J  ~  -k  .  dS 
■  l(wdSy-  57  dS*)  ■  I  (i*  *  grad  V>* 


hence 


i  (dS  x  grad  V) 


j>  V  i  drx 


On  putting  F  ■  j  V  and  F  ■  k  V  respectively,  we  obtain  the  additional 
equations 


/ 


j  (dS  x  grad  V) 


j  V  j  dry 


32.  Transformations  involving  scalar  and  vector  point  functions  which  are 
defined  only  upon  curved  surfaces  are  treated  in  Ch,2. 
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k  (dS  x  grad  V), 


-  (vk 


whence,  by  addition,  we  obtain  (1.17-1). 

An  alternative  proof  may  be  developed  on  the  basis  of  the  expansion  (1.16-3). 

Let  a  define  a  constant  vector  point  function  on  and  about  the  surface  of 
integration.  Then  at  each  point  of  the  surface 

curl  V  a  ■  grad  V  x  a  since  curl  a  «  0 

By  Stokes's  theorem 


(curl  V  a).dS  -  A  V  a. dr 


j  dS.  (grad  V  x  a)  -  j>  V  a. dr 

By  Interchanging  the  dot  and  cross  of  the  triple  scalar  product  we  get 

[  (dS  x  grad  V) . a  -  <£  V  a. dr 


Some  consideration  will  show  that  since  a  is  constant  this  equation  is 
equivalent  to 


a  .  dS  x  grad  V  -  a  .  6  V  dr 


However,  since  a  may  have  any  direction  the  relationship  can  hold  only  if 

[  dS  x  grad  V  -  <f  V  dr 


(la) 

j)  dS  x  grad  V  =  0 

(1.17-2) 

This  follows  from  (1.17-1)  by  arguments  similar  to  those  employed  in  associa¬ 
tion  with  Fig.  1.6  to  show  that  <£  curl  F.dS  =  0. 
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[  curl  F  dx  -  |  dS  x  F 

_ J  J 


This  Is  known  as  Ostrogradsky' s  theorem. 


(1.17-3) 


We  will  prove  it  by  showing  that  the  x  components  of  the  two  sides  are  equal 
for  arbitrary  axes. 


(curl  F)x  dr  -  J  (jf  - 


F  3F 
z 


we  may  replace  it  by  /  div  G  dx  where 


G  -  iO  +  jF  -  k  F 
z  y 


whence,  by  the  divergence  theorem. 


(curl  F)  dx  -  6  (iO+jF  -kF  ).dS  -  (p  (F  dS  -F  dS  ) 

X  J  Z  y  jiyyz' 


ie  J  (curl  Fj^dx  ■  (dSxF)^ 

(1.17-3)  leads  directly  to  a  definition  of  curl  in  terms  of  a  surface  Integral 
per  unit  volume,  (cf.  (1.12-5)  for  divergence.) 


CUrl  F  "  H  dS  x  F 


On  putting  F  ■  i  V  in  the  divergence  theorem  we  obtain 


(1.17-4) 


(3) 

J  grad  V  dx  - 

j  V  dS 

(1.17-5) 

div  F  dx  ■ 


HdT  -  *VdSx 


r  —  3v 

whence  /  i  dx  * 


V  i  dS 
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On  putting  F  ■  j  V  and  F  ■  k  V  in  succession  we  obtain  similar  equations 
which,  when  added  to  the  above,  yield  (1.17-5). 

It  follows  that 


grad  V  - 

(1.17-6) 

(4) 

j  (F  x  grad  V)dr  - 

j  V  curl  F  dt  + 

jf  V  F  x  dS 

(1.17-7) 

This  follows  directly  from  a  volume  integration  of 
application  of  Ostrogradsky 's  theorem. 

(1.16-3)  and  a 

subsequent 

(5) 

j  (F  x  grad  V).dS  - 

j  V(curl  F).dS 

-  j  V  Y.dv 

(1.17-8) 

This  follows  directly  from  a  normal  surface  integration  of  (1.16-3)  and  a 
subsequent  application  of  Stokes's  theorem. 


(6) 

j  F.grad  V  dx  -  j  V(-div  F)  dT  +  j  V  F.dS 

(1.17-9) 

This  follows  directly  from  a  volume  integration  of  (1.16-4)  and 
application  of  the  divergence  theorem. 

a  subsequent 

(7) 

<j)  V  grad  U.dS  -  j  V  div  grad  U  dr  +  [  grad  V.grad  U  dr 

(1.17-10) 

where  the  second  derivatives  of  U  are  continuous. 

(1.17-10)  follows  immediately  from  (1.17-9)  when  F  is  identified 

with  grad  U. 

(8) 

f 

(V  grad  U-U  grad  V).dS  »  (V  div  grad  U-U  div  grad  V)  dr 

(1.17-11) 

where 

the  second  derivatives  of  V  and  U  are  continuous. 

(1.17-11)  is  derived  from  (1.17-10)  by  interchanging  V  and  U  and  subtracting 
the  result. 
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These  two  transformations  are  of  considerable  Importance  and  are  known,  in 
the  order  in  which  they  appear,  as  the  first  (asymmetrical)  and  second 

33 

(symmetrical)  form  of  Green  s  theorem  . 


(9) 

$1 

X 

•^1 

■ 

j*  (dS.V)F  -  /divFdS+/dSx  curl  F 

(1.17-12) 

We  will  confirm  this  for  the  x  component. 


(drxF) 


(dr  F  -dr  F  )  -  { (dS  x  grad  F  )  -  (dS  x  grad  F  )  } 

y  z  z  y  J  6  z  y  6  y  zJ 


(from  (1-17-1)) 


r  /  3F  3F  3F  3F 

/  (dS  3-z  -  dS  ^  -  dS  ^  +  dS  ^ 
J  \  z  3x  x  3z  x  3y  y  3x 


f  f  _  /3F  3F  n  / 3F  3F V 

-  j  \-ilv  1  dS* +  (dS-’)F* +  dSy  ( 3^  -  3 r)-  iSArr  -  *r) 


ie  6  (drxF)x  -  /  (dS.V)Fx  -  /  div  F  dSx  +  (dS  x  curl  F)x 


(9a) 

j  (dS.V)F  -  ^  div  F  dS  +  |  dS  x  curl  F  =  0 

(1.17-13) 

This  follows  from  (1.17-12)  by  arguments  similar  to  those  employed  in  associa¬ 
tion  with  Fig.  1.6  to  show  that  C f  curl  F.dS  =  0. 


(10) 

j)  v  x  (dr*F)  - 

I  rx  (dS.V)F  -  J  rxdiv  F  dS  +  J 

r_  _  _  r  _  _ 

r  x  (dS  x  curl  F)  +  I  dS  x  F 

where  the  origin 

of  r  is  arbitrary. 

(1.17-14) 

This  may  be  demonstrated  as  follows. 

From  the  usual  expansion  for  a  triple  vector  product  we  have 


33.  Not  to  be  confused  either  with  Green's  theorem  of  p.  45,  or  with  the 
divergence  theorem,  which  is  sometimes  referred  to  by  this  name. 


Sec. 1.17] 


THE  DIFFERENTIAL  AND  INTEGRAL  CALCULUS  OF  VECTORS 


73 


r  x  (drxF)  -  <9  r.F  dr  -  6  F  r.dr 


But  from  (1.17-1) 


r.F  dr  -  I  dS  x  grad  r.F 


and  from  (1.16-5) 


grad  r.F  -  (r.V)F  +  (F.V)r  +  r  x  curl  F  +  F  x  curl  r 


(r.V)F  +  F  +  r  x  curl  F  since  curl  r  -  0 


hence 


r.F  dr  -  dS  x  (r.V)F  +  dS  x  F  +  dS  x  (r  x  curl  F) 


Further, 


(curl  F  r).dS  -OF  r.dr  -  (F  curl  r  +  (gradF  )xr).dS 

X  f  X  X  X 


from  (1.16-3) 


VF^  x  r  .  dS  -  r  x  dS  .  VF^  by  interchange  of  dot  and  cross 


whence 


F  r  .  dr  -  J  ((rxdS).V)  F 


It  follows  that 


j  dS  x  (r.V)F  +  J  dS  x  F  +  J 


r  x  (drxF)  -  /  dS  x  (r.V)F  +  dS  x  F  +  dS  x  (r  x  curl  F)  -  ((rxdS).V)F 
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But  from  (1.16-8)  with  dS  substituted  for  F,  r  substituted  for  G  and  F  sub¬ 
stituted  for  H  we  have 

dS  x  (r.V)F  -  ( (rxdS) . V)F  -  7  x  (dS.V)F  +  (dSx7)  div  F  +  (curl  F)  x  (dSx7) 
hence 

f  rK(drxF)  -|rx(dS.V)F  -  j  7xdiv  F  dS+  ^(curl  F)x(dSx7)+ J dSx(7xcurl  F)+ J dS*F 
But  expansion  of  the  triple  vector  products  shows  that 

(curl  F)  x  (dSx7)  +  dS  x  (7  x  curl  F)  «  7  x  (ds  x  Curl  p) 

hence 


j)  r  x  (drxF)  ■  j 


r  x  (drxF)  -  r  x  (dS.V)F  -  r  x  div  F  dS  +  r  x  (dS  x  curl  F)  +  dS  x  f 


(11) 

J"  (F.V)G  dT  -  j  (-div  F)G  dx  +  <jf  G  F.dS 

(1.17-15) 

This  transformation  may  be  derived  from  (1.17-9)  by  identifying  V  *ith  G  ,  G 
and  G^  in  turn,  multiplying  the  respective  equations  by  the  unit  vectors  i,  f 
and  k,  and  adding. 


(12) 

(7x(F.V)G)  dt 


/ 


r  x  (—div  F)G  dt  +  <f>  (rxG)F.dS  -  j  (FXG)  dx  (1.17-16) 
where  the  origin  of  7  is  arbitrary. 


Since 


and 


(rx(F.V)G)  -  r  (F.7)G  -  r  J.V)G 

*  ”  Z  Z  y 


div  CP  -  G  div  F  +  (F.V)G 
Z  Z  z 
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it  Is  easily  seen  that 


(r*(F. V)G)  dr  -  (-div  F) (r  G  -r  G  )  dx  +  (r  div  G  F-r  div  G  F)  dx 
x  I  yzzy  J  y  zz  y 


But  div  r  G  F  -  r  div  G  F  +  G  F.V  r  -  r  div  G  F  +  G  F 

yz  y  zzy  y  zzy 


Similarly 


div  r  G  F  -  r  div  G  F  +  G  F 
z  y  z  y  y  z 


(r  div  G  F-r  div  G  F)  dx  «  0  (r  G  -r  G  )F.dS  -  (G  F  -G  F  )  dx 

y  zz  y  J  y  z  z  y  J  z  y  y  z 


(rx(F.V)G)x  dx  -  j  (rxG)x(-div  F)  dx  +  (rxG>xF.dS  -  j  (FxG>x  dx 


from  which  (1.17-16)  follows. 


(F.V)G  dx  •  j  F  div  G  dx  -  J  (F  x  curl  G)dx  -  j"  (G  x  curl  F)dx  +  ^  G  x  (dSxF) 

<1. 17-17) 


From  (1.16-5)  it  follows  that 


(F.V)G  dx  -  /  grad  F.G  dx  -  /  (G.V)F  dx  -  /  (F  x  curl  G)dx  -  /  (G  x  curl  F)dx 


div  F  G  »  F  div  G  +  G.VF 

XX  X 


whence 


F  G.dS  ■  F  div  G  dT  +  (G.V)F  dx 


Also,  from  (1.17-5) 


grad  F.G  dT  -  6  F.G  dS 
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(rx(F.V)G)  dt 


-  [  (rxF  div  G)  dt  -  f  t 


r  div  G)  dt  -  r  x  (F  *  curl  G)  dr 

J  (1.17-18) 

r  x  (G  x  curl  F)  di  +  i  r  x  (Gx(dSxF))  -  f (FxG)  dx 


where  the  origin  of  r  is  arbitrary. 


From  (1.16-5)  it  follows  that 


r  x  (F.V)G  dx  -  rx  grad  F.G  dx  -  r  x  (G.V)F  dx  -  /  r  x  (F  x  curl  G)  dx 


r  x  (G  x  curl  F)  dx 


curl  r  F.G  »  F.G  curl  r  +  (grad  F.G)  x  r 


curl  r  F.G  dx  -  -  J  r  x  grad  F.G  dx  -  y  (dSxr)F.G 

from  (1.17-3) 


Further,  from  (1.17-16),  with  F  and  G  interchanged, 


(rx(G.V)F)  dx  -  /  r  x  (-div  G)F 


r 

dx  +  j>  r 


x  F  G.dS  -  (GxF)  dx 


(rx(F.V)G)  dx  -  -  0  (dSxr)F.G  +  (rxF  div  G)  dx  -  0  (rxF)G.dS 


+  /  (GxF)  dx  -  /  rx(F  x  curl  G)  dx  “  /  rx(G  x  curl  F)  dt 
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But 


(dSxr)F.G  +  (rxF)G.dS  -  (dSxF)r.G  -  G(r.dSxF) 
as  may  be  confirmed  by  expansion  of  the  x  components,  hence 


-  j  (dSxr)F.G  -  j 


(rxF)G.dS 


(dSxF)r.G  +  0  G(r.dSxF)  -  6  rx(Gx(dSxF)) 


whence 


(rx(F.V)G)  dx  -  /  (rxF  div  G)  dx  -  /  rx(F  x  curl  G)  dx  -  /  rx(G  x  curl  F)  dx 


+  0  rx(Gx(dSxF))  -  /  (FxG)  dx 


EXERCISES 

1-51.  Confirm  (1.16-8)  and  (1.16-9). 

1-52.  Prove  that  <j  (F  x  grad  V).dS  ■  J  (grad  V.curl  F)  dx 

(Hint:  Expand  div(F  x  grad  V)  and  apply  the  divergence  theorem]. 

1-53.  Prove  that  ^  V  curl  F.dS  ■  J  (grad  V.curl  F)  dx 

[Hint:  Expand  div(V  curl  F)  and  apply  the  divergence  theorem]. 

1-54.  Demonstrate,  independently  of  the  results  of  the  previous  two  exercises, 
that 


(F  x  grad  V).dS 


curl  F.dS 


1-55.  Show  that 


f 

(grad  V  x  grad  U).dS 


f 


V  grad  U.dr 


-  ©  U  grad  V.dr 


1-56.  Prove  (1.17-3)  by  expanding  div(Fxa),  where  a  is  a  constant  vector  point 
function,  and  applying  the  divergence  theorem. 

1-57.  Prove  (1.17-5)  by  expanding  div  V  a,  where  a  is  a  constant  vector  point 
function,  and  applying  the  divergence  theorem. 
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1-58.  Show  that  curl  (u*r)  -  2m  where  r  is  the  position  vector  relative  to  an 
arbitrary  origin,  and  m  is  a  constant  vector  point  function. 

1-59.  Make  use  of  (1.16-3)  to  show  that  curl  r  f(r)  -  0  for  all  f(r). 

1-60.  Prove  that  div  r  f(r)  -  3  f(r)  +  r  f'(r). 

1-61.  Show  that  the  vector  area  of  an  open  surface  with  a  boundary  r  is 
dependent  only  upon  the  shape  and  orientation  of  r. 


The  area  may  be  shown  to  be  equal 
is  arbitrary. 


to  } 


r  x  dr  where  the  origin  of  r 


Demonstrate  this  by 


(1)  obtaining  an  expression  for  the  area  traced  out  by  the  position 
vector  as  its  end  point  moves  around  r»  and  using  the  identity 


i 


dS 


2  0, 


(2)  expanding  J>  r  xdr  in  rectangular  components  and  performing  the 
associated  integrations, 

(3)  substituting  r  for  F  in  (1.17-12). 


1-62.  Show  that  (dSxy).F 


where  (dSxV)  = 


dS.(VxF)  -  d>  F.dr 


i 

dS„ 

3x 


dS 

y 

3y 


k 

dS 

z 

_3 

a* 


1-63.  Prove  that  j  (dSxy)  x  F  ■  p  dr  x  F 
1-64.  Prove  that  j  (dSxy)V  -  J  dS  x  vV  -  j>  V  dr 

j  (fa.V)F)  .dS  -  a  .  j  div  F  dS  +  a  .  j) 

l  4 

:hat  j  ((axv)xF).dS  **  a.  J  (curl  F)  x  dS  +  a.^> 


1-65.  Show  that  J  (fa.7)F).dS  -  a  .  I  div  F  dS  +  a 
where  a  Is  a  constant  vector  point  function 


1-66.  Show  that 

where  a  is  a  constant  vector  point  function 


dr  x  F 


dr  x  F 
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1-67.  Let  T  denote  a  small,  not  necessarily  plane  ,  closed  curve  in  the 

immediate  vicinity  of  a  point  0,  and  let  F  be  a  vector  point  function 
which,  together  with  its  first  derivatives,  is  continuous  everywhere  in 
the  neighbourhood  of  0. 

Make  use  of  the  approximation 


F  *  ( F)  +  ((r.V)F) 

o  o 

where  0  is  the  origin  of  r,  to  show  that 

dr  x  p  »  ((S.V)F)  -  S(div  F)  +  S  x  (curl  F) 

o  o  o 

where  S  is  the  vector  area  of  a  surface  whose  contour  is  T. 

Confirm  this  by  working  from  (1.17-12). 

[Hint:  Expand  (drxF)^  and  carry  out  the  associated  plane  surface 

integrations,  noting  carefully  the  currencies  of  the  projections  of  F. 
Then  bring  the  resulting  expression  into  the  required  form.] 

1-68.  Derive  Kelvin’s  generalisation  of  Green’s  theorem,  viz. 

J  W  grad  V.grad  U  dx  ■ 

m 

where  W,  V  and  U  are  well-behaved  scalar  point  functions. 

1-69.  Prove  that 


VW  grad  U.dS  -  /  V  div(W  grad  U)  dx 


UW  grad  V.dS  -  U  div(W  grad  V)  dr 


div(F.V)G 


F.grad  div  G  + 


I 


grad 


Vgrad  Gx 


(grad  F^  x  curl  G)^ 


1.18  The  Laplacian  Operator  V2 

The  operator  V2  is  defined  by 


V2 


(1.18-1) 


It  may  operate  upon  both  Bcalar  and  vector  point  functions.  When 
operating  upon  a  well-behaved  scalar  point  function  It  Is  equivalent  to 
the  operator  div  grad: 
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div  grad  V  -  £  (grad  V)x  -  0+0+0 

ie  div  grad  V  -  V.VV  -  V2V  (1.18-2) 

For  operation  upon  a  vector  point  function  we  have 


But 


v2f  - 

32F  32F  32F 
3x2  3y2  3z2 

i£I  . 

3x2 

0  (iF+JF+kF, 

32F  __  32F  _  32F 


Similarly  for  and 


whence 


v2f 


i  V2F  +  j  V2F  +  k  V2F 
x  y  2 


(1.18-3) 


It  follows  that 


(V2F)  -  V2F  -  div  grad  F  etc.  (1.18-4) 

XX  X 

When  F,  together  with  its  first  and  second  (mixed)  derivatives  are 
continuous,  the  operation  is  equivalent  to  grad  div-curl  curl,  as  may  be 
shown  by  expanding  in  the  basic  Cartesian  form. 


(grad  div  F-curl  curl  F) 


*  / 3F  3F  3 F  \  r 

h  (ir +  j? +  ir)  -  fe  <“rl  *>,  -  tf  *>y 


32F  32F  32F 


3x2 


3x3y  3x3z 


-  l-i 


/3F„  3F 


32F  32F  32F 

3x2  +  3y2  +  3z2 


3y  \3x  3y 
32F„ 


,  /3F  3F 

_  3  i _ x  _  z 

3z  \3z  3x  / 


since 


3x3y 


82Fy 

3y3x 


etc. 


,2Fx  -  (72F)x 
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whence 


V2F  -  grad  div  F  -  curl  curl  F  (1.18-5) 

It  has  been  shown  previously  that  the  results  of  the  operations  grad, 
curl  and  div  (defined  by  V,  V*,  and  V.)  are  independent  of  the  set  of 
right-handed  rectangular  axes  chosen  and  this  must  be  true  of  the  double 
operations  div  grad,  grad  div  and  curl  curl.  It  follows  that  V2  is 
likewise  invariant  with  respect  to  choice  of  axes  when  operating  upon  a 
scalar  or  vector  point  function. 

1.19  Invariance  of  Grad,  Div,  Curl  and  V2  With  Respect  to  Choice  of 
Rectangular  Axes 

Let  i,  j,  k  and  i',  ]',  k'  be  two  right-handed  rectangular  systems  of 
axes.  The  cosines  of  the  angles  between  individual  axes  are  set  out  in 
the  following  table. 


(1.19-1) 

On  resolving  i,  j  and  k  in  turn  along  the  i',  J' ,  and  k*  axes  we  obtain 
i  -  I'lj  +  j’l2  +  k'l3 

j  -  i’mi  +  j'm2  +  fc'm3  (1.19-2) 

k  -  i’ni  +  j'n2  +  k*n3 

To  demonstrate  the  Invariance  of  grad  V  it  is  necessary  to  show  that 
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,  3V  ,  3V  J  3v  .  9v 

Similarly  -  12  +  m2  +  *217 


.  3v  _  .  3v  ,  3v  A  av 

and  jp  -  li  ^  +  ma  +  ns  ^ 


T.  |5L  T,  av_  p  3V_ 

1  3„*  +  J  3„«  +  *  3** 


3^7  +  k  -^7  nay  be  brought  into  the  form 


(i'li+jfl2+k‘l3)  F-+  (i’mi+j'ms+k'ma)  5*-+  (i'm+j 'n2+k’n3) 


and  from  (1.19-2)  this  is  seen  to  be  equal  to 


-  3v  7  3v  -  3V 
1  3T+  j  a7+kTT 


The  proof  of  the  invariance  of  div  F  requires  that  additional 
relationships  be  established  between  the  direction  cosines.  Since 


i.i  ■  j.j  *  k.k  *»  1  and  i.j  •  j.k  ■  k.i  ■  0  we  have  from  (1.19-2) 


li  +  ll  +  la  -  1 

m?  +  ml  +  m§  ■  1 

n?  +  n|  +  nl  -  1 


(1.19-3) 


limi  +  l2m2  +  lama  *  0 


mini  +  m2ni  +  m3n3  ■>  0 


( 1 . 19-4) 


nili  +  n2l2  +  n3la  •  0 


Now  F  ,  -  (IF  +JF  +kF  )  .  i* 

x  x  J  y  z 


*  liF  +  miF  +  mF 
x  y  2 


3F  ,  3F  3F  3F 

hence  -5J7  ‘  11  +  ■'  5^  +  ni  T? 


j  »F  3F  5? 

*  11  11  +  if  ■'  +  if 

J 3F  3F  9f 

+  ii  +  5^  »i  +  jf 


Isf  3t  3f 

+  n,  1^*  l,  +-^*  ■»  +  jf  ni 


Sec. 1.19] 


THE  DIFFERENTIAL  AND  INTEGRAL  CALCULUS  OF  VECTORS 


83 


It  may  be  shown  similarly  that 


3F  ,  f3 F  3F  3F 


5 


3F 


3Fy  1 

+  \jr  x2  +  IT  m2  +  1*  n2J 


f  3F  3F  3F 

+  n2  x2  +  ap-  m2  +  n2 


3z 


and 


ifz’ 

3z’ 


3F  3F  3F 

X3  X3  +  av  m3  +  77"  n3 


»y 


3z 


f3Fy 

+  m3  tar  13  +  3T  m3 

r3Fz  3Fz  3Fz  ■ 

+  °3  \jr  13  +  w  °3  +  “3 


Upon  adding  the  above  expansions,  collecting  terms  and  substituting  from 
(1.19-3)  and  (1.19-4)  we  obtain 


!!*•  !fi-  if.- 

ix'  9y '  9z' 


3x  3y  3z 


as  required. 

Curl  F  may  be  shown  to  be  invariant  with  respect  to  choice  of  axes  by  a 
similar  analysis.  It  is  necessary,  for  this  purpose,  to  Invoke  three 
further  sets  of  relationships  between  the  direction  cosines,  based  upon 

the  equations  ixj-k,  J  x  k  -  I,  k  x  I  ■  j  and  T*  x  J'  «  k' , 

]'  x  k'  ■  i',  k'  x  T'  ■  ]'•  The  manipulations  are  left  as  an  exercise 

for  the  reader. 

As  mentioned  in  Sec.  1.18,  the  invariance  of  the  Cartesian  forms  of  grad, 

curl  and  div  is  sufficient  to  ensure  the  invariance  of  V2V  and  V2F  via 
equations  (1.18-2)  and  (1.18-5).  This  may  be  demonstrated  Independently 
by  a  direct  transformation  of  the  second  derivatives  (see  Ex. 1-72.  and 
1-73.  below). 
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EXERCISES 


1-70.  Show  that  VV  and  7.F  remain  unaffected  when  a  left-handed  system  of  axes 
Is  substituted  for  a  right-handed  system. 

1-71.  Show  analytically  that  7  x  F  Is  Invariant  with  respect  to  choice  of  axes 
when  working  within  either  a  right-handed  or  a  left-handed  system,  but 
that  it  changes  sign  when  one  system  is  substituted  for  the  other. 

(Vx(VxF)  is  consequently  invariant  under  all  conditions.) 

1-72.  Develop  transformation  formulae  for  the  second  derivatives  of  V  and 
thereby  show  that 


Is  invariant  with  respect  to  choice  of  axes  and  to  transfer  from  a 
right-handed  to  a  left-handed  system. 

1-73.  Use  the  result  of  Ex. 1-72.  to  show  that 


72F  -  1  V2F  +  j  72F  +  k  V2F 

x  J  y  z 

Is  invariant  to  the  same  extent  as  V2V. 

1.20  Moving  Systems  and  Time-Dependent  Fields 

1 . 20a  Time  rate  of  change  of  scalar  or  vector  value  at  a  point  which 
moves  In  a  time-dependent  field 

Let  V  -  V(x,y,z,t)  be  a  scalar  function  of  space  and  time  which,  together 

with  its  first  space  and  time  derivatives,  is  continuous  both  in  space 

and  time  in  the  neighbourhood  of  x  ,  y  ,  z  ,  t  . 

o  o  o  o 

Suppose  that  corresponding  to  the  times  t  and  t  +  At  a  moving  point 

occupies  the  positions  x  ,  y  ,  z  and  x  +  Ax,  y  +  Ay,  z  +  Az.  Then 

ooo  o  o  o 

the  change  in  the  value  of  V  at  the  point  during 
this  time  Interval  is  given  by 

IV  -  V<xo+4*,y0+Ay,*0+Al,t0+At)  -  V(x0,y0,«0,t0) 

■  V(xo+Ax,yo+Ay,r#+Ax,to+At)  -  ''<y!WV4t) 

+  V<WVV4t)  '  V(W,o*to> 
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An  appeal  to  Sec.  1.2  and  the  mean-value  theorem  reveals  that 


4V  -  (g)ta 


♦  (H)  * 


*©)*■ 


/ av  \ 

+ 

x 


yo 

+  Ay 

r 

yo 

yo 

z 

+  Az 

z  +  Az 

z' 

z 

0 

0 

0 

t 

0 

+  At 

t  +  At 

0 

t  +  At 

0 

t' 

where  t  <  tf  <  t 

0  o 

+  At  and 

x’,  y’,  z' 

have  the 

meanings  prev- 

lously  assigned, 
whence  it  follows  that 


Lim  AV 
At-*>0  At 


/dV 

^t 


'2V  aVdx  3Vdz  3ydzN 

3t  3x  dt  3y  dt  3z  dt 


or.  In  general, 


dV  3V  3V  3V  A  3V 

dt  "  3t  +  vx  3x  Vy  3y  Vz  3z 


le 


dV 

dt 


f +  (V-7)T 


(1.20-1) 


It  will  be  seen  that  the  partial  derivative  refers  to  the  rate  of  change 
of  V  at  a  fixed  point,  while  the  total  derivative  refers  to  the  rate  of 

change  of  V  at  a  point  which  moves  with  the  velocity  v  and  coincides  with 
the  fixed  point  at  the  Instant  under  consideration. 

If  F  is  a  vector  function  of  space  and  time  having  the  same  degree  of 
continuity  as  V,  then 


jf  -  ff  +  (v.V)F  (1.20-2) 

This  follows  directly  from  a  substitution'  of  the  rectangular  comp¬ 
onents  of  F  in  (1.20-1),  multiplication  by  the  unit  vectors  1,  j  and  k, 
and  subsequent  addition. 

When  V  and  F  are  invariant  with  respect  to  time  the  partial  derivatives 
are  equated  to  zero,  and  the  above  formulae  reduce  to 
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t r  -  (v.V)V  (1.20-l(a)) 


and 


-  (v.V)F  (1.20-2(a)) 


1 . 20b  Time  rate  of  change  of  tangential  line  Integral  along  a  curve 

which  moves  in  a  time-dependent  field 

In  the  following  analysis  the  motion  of  the  curve  of  integration  will  not 
be  restricted  to  one  of  pure  translation.  Change  of  shape  and  of  length 
will  be  permitted  so  long  as  the  velocity  vector  is  (a)  continuous  in 
time  at  every  point  of  the  curve,  and  (b)  continuous  along  the  curve  at 
every  point  of  time,  in  the  Interval  under  consideration.  The  vector 
field  in  which  the  curve  moves,  and  Its  first  space  and  time  derivatives, 
are  supposed  to  be  continuous  both  in  space  and  time. 

Two  configurations  of  the  integration  path  (which  is  assumed  to  be  open) 
are  shown  in  Fig.  1.13a.  The  curve  PQ  corresponds  to  the  time  t  while 

P'Qf  corresponds  to  tQ  +  At.  The  positive  sense  of  integration  is 

shown  by  the  arrows. 


Fig.  1.13a 
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AL 


The  change  of  line  Integral  (say,  AL)  which  takes  place  during  the 
interval  At  is  given  by 


AL 


Q' 


(F) 


dr 


This  may  be  written  as 


Q* 

■  L  <f)v-  • 


VAt 


^  “  (F),  ^  .  dr  +  (F)  .dr  -  (F),  .  dr 


to+At 


P  *  P  ~  P  P~ 

(This  expression  is  seen  to  involve  Integration  along  a  path  which  does 


not  coincide  with 
integration.) 

the 

moving 

curve 

at  the  time 

It  follows  that 

Q* 

Q 

dL  m  Lim  1_ 
dt  *  At*>0  At  ' 

.  dr  - 

/  (V^*d? 

Jp  ° 

Lim 

At+0  At 


/  (?>t  +lt  •  ^  - 

/  (F)t  .  d? 

ljp 

jP 

Ve  now  define  the  significance  of  the  total  and  partial  derivatives  with 
respect  to  time  in  the  present  context  by  writing  the  above  as 


PQ 

'  Q' 

Q 

51 

► 

Lim  JL  , 
At+0  At  * 

/  V*dF- 

/  (f,t+4fd- 

J 

t 

[V  0 

p  ° 

+  < 


3_ 

3t 


Q 


P 


F.dr 


(1.20-3) 


It  is  clear  that 


(F.dr) 


and 


J- 

n  i 


- 

I  F.dr 


[  ft  (?-d?) 


* 

V 

A 

1 
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Further*  since  partial  differentiation  involves  a  fixed  path*  it  is 
permissible  to  write 


/  If  <f-^  * 

1  p 

the  same  line  elements  being  used  for  successive  integrations  in  time. 
This  operation  is  not  valid  for  the  total  derivative  unless  the  motion  of 
the  curve  is  one  of  pure  translation*  in  which  case  the  individual  vector 
elements  are  unaffected  by  the  movement. 

The  limiting  expression  in  (1.20-3)  may  be  transformed  into  a  line 
Integral  over  PQ  in  the  following  way. 

Suppose  that  a  and  b  are  closely-spaced  points  of  PQ  and  that  a*  and  b' 

are  the  corresponding  points  of  P’Q'.  (This  means  that  those  points  of 

the  moving  curve  coincident  with  a  and  b  at  time  t  are  coincident  with 

o 

a'  and  b'  at  time  tQ  +  At.)  The  rectilinear  figure  abb'a'*  shown 

enlarged  in  Fig.  1.13b*  is  composed  of  the  triangles  abb*  and  ab'a'. 
In  general  these  triangles  are  not  coplanar;  their  vector  areas  are 

given  by  Ja*^  x  v^At  and  lAri?  x  v^At  when  the  positive  sides  of  the 

surfaces  face  the  reader.  v#  and  vfe  are  defined  by  v^At  ■'aa*  and 

v.At  -  bb'»  so  that  they  represent  mean  velocities  over  the  time  Interval 

D 

At. 


Fig.  1.13b 
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On  applying  Stokes's  theorem  to  each  of  the  triangles  in  turn  we  obtain 


b  b1  c 

F.dr  +  j  F.dr  +  f  F.dr  - 
a  K  K' 


(curl  F).dS 


abb' 


and 


a'  a 

F.dr  + 

b'  a 


/>’  r 

F.dr  +  /  F.dr  -  J  (curlF).dS 
'  “  ab'a' 


The  value  of  F  at  each  point  will  be  taken  as  that  obtaining  at  the  time 


t  +  At. 
o 


By  the  mean-value  theorem  for  Integrals  the  sum  of  the  above  equations 
may  be  written  as 


Fi*Ari  +  /  F,dr  “  Fi**Ari»  "  /  F*dr 


(1.20-4) 


-  i  (Artxvb)  .  (curl  F)p  At  +  J  (Ar^xv^)  .  (curl  F)p  ^  At 


where  F^  and  F^,  are  the  values  of  F  at  certain  points  of  ab  and  a'b', 
and  and  P^,  are  points  of  the  triangular  surfaces  abb*  and  ab'a*. 

By  writing  Ar^,  *  Ar^  +  Av^  At  where  Av^  ■  v^  -  v^  and  employing  (1.3-3) 

to  express  (curl  F)  and  (curl  F)_  in  terms  of  curl  F  and  its 
Pi  Pi* 

derivatives  at  a  neighbouring  point,  it  is  found  that  (1.20-4)  may  be 
replaced  by 


Fi-4ri  + 


/. 


F.dr 


F.dr 


-  J  (Arixvb)  .  (curl  F)fc  At  +  J  •  (curl  F)g  At  + 


(1.20-5) 
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where 


-  \  (Art*vb)  .  (Jp^TJewl  F)b  At  +  J  (Ar^)  .  ((aP^  .7)curl  F)&  At 


+  J  (Av  *v  )  .  (curl  F)  (At)2  +  - 

la  a 

■*  ■* 

Since  bP^  and  aP^,  have  magnitudes  of  the  order  v^At  it  is  seen  that 

second  or  higher  powers  of  At  appear  implicitly  or  explicitly  as 
multiplying  factors  in  all  component  terms  of  e^. 

Suppose  now  that  PQ  and  P'Q*  are  divided  into  n  matched  pairs  of  elements 
such  as  ab  and  a'b'  and  that  both  sides  of  (1.20-5)  are  summed  over  all 
of  these.  This  yields 


n 

I 

i-1 


+  Y'-V 


n 

-i 

i-i 


Fi,,Ari'  -  vpAt.Fppt 


u  u  u 

-  }  y  (Ar^^) .  (curl  F)feAt  +  J  ^  (Ar^v^) .  (curl  F)ftAt  +  ^ 
iM  i-1  i-1 

where  F  ,  and  F  ,  are  the  values  of  F  at  certain  points  of  the  straight 
lines  QQ*  and  PP* .  and  where  v^At  -  QQ'  and  vpAt  -  PP'. 

Then  on  Interchanging  the  dots  and  crosses  of  the  triple  scalar  products 
and  taking  limits  as  n+*»  and  Ar^+0,  we  get 


Q  Q' 

I  T.ii  +  Y'-V  */  f-d*  •  Vc-?pp' 

P' 


(v  *  curl  F)  .drAt  +  J  /  (v  *  curl  F).drAt  +  Lim 


u 


Ar^O  i-1 


or.  with  the  subscript  tQ  +  At  restored. 
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Q’ 

(?wdM 

p,  °  J  p  o 


•  vQAt.(FQQf)t  +At  -  vpAt.(Fpp,)t  +At  -  {vx(curl  F>t  +At).drAt  -  Lim 


Ar^O  i-1 


where  v^,  vp  and  v  continue  to  represent  mean  vector  velocities  over  the 
interval  At. 

Hence 


(  m 


Lim  _1_ 
At+0  At  1 


Q' 

i  (?>t  «f^-/ 
pf  °  Jp  ° 


(vQ*Vt  "  (vP*Vt 

o  o 


(1.20-6) 


(v  x  curl  F)fc  .dr 
o 


n 

since  the  components  of  ■—  Lim  \  comprise  the  products  of  At, 

n-*»_  L-i 

Ar^+0  i-1 

(At)2  etc  with  expressions  bounded  in  upper  value. 

It  Is  clear  that  v^,  vp  and  v  as  they  appear  in  (1.20-6)  are 
instantaneous  velocities  at  the  time  tQ,  and  that  F^  and  Fp  are  to  be 
evaluated  at  Q  and  P. 

The  right-hand  side  of  (1.20-6)  may  be  replaced  by 


^  ( v . F) t  ds  -I  (v  x  curl  F)ft  .  dr 


On  substituting  this  in  (1.20-3)  and  dropping  the  tQ  subscript  we  obtain 
the  general  relationship 


d_ 

dt 


Q  Q  Q  ^  Q 

I  F-d*  mh  [  F,d*  +  [  h  (^*F)  d*  -  [  & *  curl  *> 

r  P  P  '  p 


.dr  (1.20-7) 
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When  the  motion  Is  purely  translational  a  scalar  field  v.F  may  be 

generated  from  F  and  the  unique  vector  v.  This  field  has  continuous 
first  derivatives  in  the  neighbourhood  of  the  integration  path  and  allows 
us  to  write 


Q 

(v.F)q  -  (v.F)p  -  j  (grad  v.F). dr 

J  p 


in  which  case  (1.20-7)  reduces  to 

Q  .Q 


|  F.dr  -  J  (j|  +  grad  v.F  -  v  x  curl  F^.dr  (1.20-8) 


For  the  particular  case  of  a  closed  curve  In  motion  (1.20-7)  is  seen  to 
become 


d__ 

dt 


F.dr 


v  x  curl  FJ.dr 


>).< 


(1.20-9) 


When  the  field  is  invariant  with  respect  to  time  the  general  expression 
reduces  to 


d_ 

dt 


F.dr 


ds 


Q 

f  (v  x  curl  F).dr  (1.20-7(a)) 
P 


(1.20-7)  may  be  derived  more  easily,  but  in  a  less  fundamental  manner,  by 
means  of  the  following  analysis. 


Let  Ar  represent  an  element  of  the  moving  curve  and  let  P  be  a  particular 
point  of  it.  Suppose  that  P  Is  coincident  with  the  fixed  point  P  at  the 

time  tQ.  Then,  on  the  understanding  that  the  expressions  below  are  to  be 

evaluated  at  t  >  tQ,  we  may  write 


-ft  «F)p.4r>  • 


jt  (F)p) 


.Ar  +  (F)p  .  (Ar) 


l-ff)  -At  +  <((v)p  . V)F)p  .Ar  +  (F)p  .  ^  (Ar) 

'  /p  o  o  o 


where  (v)n  Is  the  velocity  of  P  when  coincident  with  P  . 

r  O 
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The  vector  (v)p  and  the  vector  point  function  F  (at  time  tQ)  define  the 
^  ^  o 

field  (v)p  .F.  On  applying  (1.16-5)  to  this  we  get 
o 


grad  (v)p  .F  -  ((v)p  .V)F  +  (v)p  *  curl  F 

o  o  o 


whence 


( (F)p.Ar)  -  •  Ar  +  (grad(v)p  .F)p  .At  -  ((v)p  x  curl  F)p  .Ar 

'  'P  o  o  ro  ro 

o 


(1.20-10) 


+  <»,  •  5t  <*'> 

o 


It  is  readily  shown  from  Fig*  L*l3b  that 


5F  <Ar>  “  <v>b  "  (v)a  "  Av 


where  Ar  *  ab 


Further,  since  (v)p  .F  has  continuous  first  space  derivatives, 
o 


(grad(v)p  . F)p  .Ar  -  A((v)p  .F)  +  -  (v)p  .AF  +  £X 


where  A(  )  •  (  and  where  £i/((v)p  .AF)+0  as  Ar+0 

o 

Substitution  in  (1.20-10)  then  yields 


(<F)D.Ar)  - 


It 


§^)  .Ar  +  (v)p  .AF  +  (F)p  .Av  -  ((v)  x  curlF)p  .Ar  +  c\ 
'  p  o  ro  o  ro 

o 


4r  ( (F)p.Ar)  -  .Ar  +  A(v.F)  -  ((v)  x  curlF)  .Ar  +  ti  +  e2 

'  'P  ro  o 

o 


where  C2/A(v.F)*0  es  Ar+0 
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On  summing  (1.20-11)  over  all  elements  of  PQ  the  term  A(v.F)  is  replaced 

by  (v.F)^  -  (v.F)pj  on  taking  limits  as  the  number  of  elements  is 

increased  indefinitely  and  the  magnitude  of  each  approaches  zero,  we 
obtain 


d_ 

dt 


F.dr 


Q  _  Q  Q 

f  -|^  .  dr  +  f  ^  (v.F)  ds  -  f  (v  x  curlF)  .dr 

Jp  J?  Jp 


1 . 20c  Time  rate  of  change  of  flux  through  a  surface  which  moves  in  a 
time-dependent  field 

As  in  the  previous  analysis  no  restriction  will  be  placed  upon  the  nature 
of  the  motion,  apart  from  the  requirement  that  the  velocity  vector  be 
continuous  in  time  at  every  point  of  the  surface,  and  continuous  from 
point  to  point  across  the  surface  at  every  instant  of  time,  within  the 
interval  under  consideration.  The  vector  field  and  its  derivatives  are 
supposed  to  exhibit  the  same  degree  of  continuity  as  before. 

Two  configurations  of  the  moving  surface  (which  is  assumed  to  be  open) 
are  shown  as  S  and  S'  in  Fig.  1.14a  corresponding  to  the  times  tQ  and 

t  +  At. 
o 


Fig.  1.14a 


Sec. 1.20] 


THE  DIFFERENTIAL  AND  INTEGRAL  CALCULUS  OF  VECTORS 


95 


The  change  of  flux  during  the  Interval  At  Is  given  by 


AM  ‘  J ,  (F)v«-dS '  1  (F)t/s 

s  s 


where  the  currency  around  the  contours  r  and  r*  define  a  consistent 
positive  normal  at  S  and  S' . 

This  may  be  put  into  the  form 


AN 


-  /  (F)t  *ttM  '  I  (F)t  +«-dS  +  f  (F)t  +4t-ds  *  /  (F)t  -dS 

°  e  °  c  0  Jc  ° 


whence 


rJ-'A  - 

S  /  o 


Lim  1_ 
At**0  At  1 


<F>t  +AfdS  -  (F)t  +AfdS 
S'  0  S  ° 


Ft  1  F’ds 


(1.20-11) 

The  limiting  term  must  now  be  transformed  Into  a  surface  Integral  over  S. 


[Arrowheads  have  been  placed  in  the  centres  of  the  associated 
vectors  to  ease  congestion.] 


Fig.  1.14b 
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The  detailed  treatment  of  the  transformation  ia  laborious  and  vill  not  be 
set  down  here.  It  is  suggested  that  the  reader  carry  this  out,  as  an 
exercise,  along  the  following  lines. 

Let  a,b,c,d  —  be  closely-spaced  points  of  T  and  let  a^b'.c^d*  —  be 
the  corresponding  points  of  I".  These  points  are  joined  as  shown  in 
Fig.  l.I4b  to  form  a  scries  of  contiguous  triangular  faces  which 
approximate  the  curved  surface  traced  out  by  the  contour  of  the  open 
surface  during  Its  movement.  The  surfaces  S  and  5’  are  themselves 

approximated  by  polyhedral  surfaces  composed  of  two  sets  of  triangular 

faces  whose  vertices  are  corresponding  points  lying  in  S  and  S'.  Some  of 
these  are  shown  in  the  figure. 

The  divergence  theorem  Is  applied  to  each  of  the  solid  figures  formed  by 
joining  the  corresponding  vertices  of  matching  triangular  end  pieces  and 
the  result  Is  summed  over  the  whole  system.  Cancellation  of  the  surface 
Integral  occurs  over  internal  interfaces  so  that  the  final  expression 
relates  the  external  surface  Integral  to  the  sum  of  the  individual 

products  of  volume  and  divergence. 

By  invoking  the  mean-value  theorem  for  Integrals,  together  with  (1.2-9) 
and  (1.3-3),  and  by  taking  limits  as  the  degree  of  subdivision  is 

Increased  indefinitely,  an  equation  Is  formed  between 

(a)  the  surface  integrals  of  F  over  S  and  S'  (see  Ex. 1-27.  p.  24) 

(b)  the  line  Integral  0  dr  *  v  At.F  where  v  is  the  mean  velocity  of 

J  r 

of  the  line  element  during  the  interval  At 

(c)  the  surface  integral  v  At  dlv  F.dS  where  v  Is  the  mean 

JS 

velocity  of  the  surface  element  during  the  interval  At 

(d)  a  series  of  terms  similar  to  (b)  and  (c)  but  involving  space 

derlvates  of  F  and  dlv  F  with  multiplying  factors  (At)2, 
(At)* - . 

Upon  dividing  the  equation  by  At  and  taking  limits  as  At+0  the  factors  v, 

F  and  dlv  F,  which  were  to  be  evaluated  in  the  first  instance  at  the  time 

t  +  At,  are  finally  referred  to  the  time  t  ,  at  which  Instant  the 

o  O 

moving  surface  and  the  surface  of  Integration  coincide.  Coincidentally, 
the  terms  In  (d)  disappear  and  (1.20-11),  with  subscript  t  deleted, 
becomes  0 

■Jj  I  F.dS  -  ±  I  F.dS  +  f  v  dlv  F .  IS  -  0  (vxF).d7  (1.20-12) 

s  Js  s  Jr 

When  the  motion  of  the  surface  is  one  of  pure  translation  the  vector 

field  v  x  F  la  defined  at  all  points  where  F  is  defined  and  has  equal 

degrees  of  continuity.  In  this  case  (1.20-12)  may  be  replaced  by 
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f  F.dS  -  j  (j-  +  v  div  F  -  curl(vxF)^.dS  (1.20-13) 

s  s 

The  particular  case  of  a  closed  surface  may  be  treated  as  a  combination 
of  two  open  surfaces.  The  line  integral  in  (1.20-12)  then  cancels  around 
the  common  bounding  curve  and  ve  are  left  with 


d_ 

dt 


F.dS 


±_ 

3t 


v  div  F.dS 


S  S 


(1.20-LA) 


In  the  case  of  a  time-invariant  field  (1.20-12)  simply  reduces  to 


(  vx  F) . dr  (1. 20-l2(a)) 

S  S  r 

An  alternative  derivation  of  (1.20-12),  which  is  analogous  to  the  second 
derivation  of  (1.20-7),  will  now  be  given  in  detail. 

Let  AS  represent  an  element  of  the  moving  surface  and  let  P  be  a 
particular  point  of  it.  Suppose  that  P  is  coincident  with  the  fixed 
point  Pq  at  the  time  t^.  Then,  on  the  understanding  that  the  expressions 

below  are  to  be  evaluated  at  t  »  t^,  we  may  write 

Tt  «*Vi5>  *  (dt  <?)pV5  +  (f)p  •  5t 

x  '  O 

-  (J|)  .AS  +  ((v)p  .V)F)  .AS  +  (F)p  .  ^  (AS) 

o  °  o  ° 

where  (v)_  is  the  velocity  of  P  when  coincident  with  P  . 

Po  ° 

The  vector  (v)_  and  the  vector  point  function  F  (at  time  t  )  define  the 

_  °  0 
field  (v)p  x  F.  On  applying  (1.16-6)  to  this  we  get 


curl((v)p  xF)  -  -  ((v)p  .V)F  +  (v)  div  F 

o  o  o 


d_ 

dt 


tt  F.dS 


v  div  F.dS  - 
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whence 


Tt 


ff)  .AS  +  (v)p  (div  F)p  .AS  -  (curl((v)p  *F))p  .AS 

k  ro  ro  O  O 

o 


(1.20-15) 


+  <f>po  •  h  (AS) 


Since  the  vector  area  of  a  closed  surface  is  zero,  it  is  easily  seen  that 

the  rate  of  change  of  AS  with  respect  to  time  is  equal  to  the  rate  at 

which  the  bounding  curve  of  A S  sweeps  out  area.  On  taking  account  of  the 
relationship  between  the  positive  normal  at  the  surface  and  the  currency 
of  this  curve  it  is  found  that 


d_ 

dt 


(AS) 


v  x  dr 


AS 


where  the  subscript  indicates  the  element  of  area  bounded  by  the  curve 
around  which  the  line  Integral  is  taken. 

Further,  since  (v)p  xF  has  continuous  first  space  derivatives,  it 
o 

follows  from  (1.9-3)  that 


(curl((v)p  xF))p  .AS  -  6  ((v)p  xF).dr  -  y 

°  °  AS 


where  the  ratio  of  y  to  the  line  integral  approaches  zero  as  AS-*0. 
Substitution  in  (1.20-15)  then  yields 

((F)p.AS)  -  (j£)  .AS  +  (v)p  (div  F)p  .AS 


(1.20-16) 


+  f  {(Fx(v)p  )  +  ((F)p  xv)}. or  +  y 
AS 


If.  for  the  typical  point  of  the  curve  bounding  AS,  we  write 


F  -  (F)p  +  A?  and  v  -  (v)p  +  Av 
o  o 


v 
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then  the  line  integral  in  the  above  equation  becomes 


i  <(F)p  *(v)p  ).dr  +  f  (Fxy).dr  -  f 
AS  °°  AS  AS 


(AFxAv) .dr 


(1.20-17) 


The  first  term  of  this  expression  is  zero  since  (F)p  x(v)  is  constant, 

00  _  _ 

and  the  ratio  of  the  third  term  to  the  second  approaches  zero  as  AS+0. 
On  substituting  this  in  (1.20-16)  and  summing  over  all  elements  of  area. 


the  term  0  (Fxv).dr  is  replaced  by  I  (Fxv).dr  because  of  cancellation 

as  Jr 

of  the  line  integral  over  internal  contours.  If,  now,  limits  are  taken 
as  the  number  of  elements  is  Increased  indefinitely  while  the  size  of 
each  approaches  zero,  we  obtain 


ft  p-ds  ■ 


V  div  F.dS  + 


(Fxv).dr 


EXERCISES 

1-74.  Show  that  the  rate  of  change  of  density  at  a  fixed  point  in  a  field  of 
fluid  flow  is  given  by 


| *  -  div(pv) 


Hence  show  that  the  rate  of  change  of  density  at  a  point  which  moves 
with  the  fluid  is  given  by 


•  -  p  div  v 

1-75.  Derive  from  first  principles  an  expression  for  the  rate  of  change  of  the 

line  Integral  of  a  time-dependent  field  F  along  a  straight  line  PQ,  when 
PQ  is  stretched  without  change  of  orientation.  Confirm  this  by  making 
the  appropriate  substitutions  in  (1.20-7). 

1-76.  Show  from  first  principles  that  the  rate  of  change  of  the  flux  of  the 

time-dependent  field  F  through  a  plane  surface  S,  which  is  stretched 
smoothly  while  remaining  plane,  is  given  by 

~  f  F.dS  -  | -  f  F.dS  -  6  (vxF) . dr 

•*s  ■'s  r 

and  confirm  this  by  substitution  in  (1.20-12). 
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1-77.  Write  down  (1.20-9)  in  terns  of  some  vector  point  function  C  (rather 
than  F)  and  so  derive  (1.20-12)  from  (1.20-9)  for  the  particular  case: 
div  F  -  0. 

1-78.  In  the  analysis  which  follows  (1.20-10)  confirm  that 


El/((v)p  .AF)+0  as  Ar+0 


ez/A(v.F)-K> 


as  Ar-*0 


Show  that  the  third  term  of  (1.20-17)  is  one  order  smaller  than  the 
second,  and  that  the  ratio  of  the  third  to  the  second  consequently  tends 

to  zero  as  AS-K). 

1-79.  Prove  (1.20-7)  for  movement  of  a  rigid  contour  in  the  following  way. 
Since  the  movement  may  be  reduced  to  one  of  translation  through  some 

point  0  and  rotation  with  angular  velocity  w  about  an  axis  through  0  we 
may  define  a  velocity  field  both  on  and  off  the  contour  by 


v  ■  v  +  (w  x  r) 
o 

where  vq  is  the  velocity  at  0  and  r  is  the  position  vector  of  the  point 
In  question  relative  to  0. 

By  combining  (1.20-2)  and  (1.16-5),  with  G  replaced  by  v,  show  that  at 
each  point  of  the  contour 


dt  "  3t  +  7(^‘F)  “  <F*7)  v  "  (v  *  curl  F)  -  (F  *  curl  v) 


-  -g-  +  V(v.F)  -  (w  x  p)  -  (v  *  curl  F)  -  (F  *  2«) 
Show  further  that 


.  dr  +  (F.w  *  dr) 


Tt 


d| 

dt 


Sec. 1.21] 


THE  DIFFERENTIAL  AND  INTEGRAL  CALCULUS  OF  VECTORS 


101 


and  combine  these  results  to  obtain 

~  (F.d7)  -  ||  .  dr  +  (V(v.F)).dT  -  (v  *  curl  F).d7 

whence  derive  (1.20-7)  by  integration. 

1-80.  Make  use  of  (1.17-15)  to  show  that 


f  v  di  ■  J  (-div  v)r  dt  +  |  r  v.dS 
J  t  t  J  s 

where  v  is  a  well  behaved  vector  point  function  and  r  is  the  position 
vector  measured  from  an  Internal  or  external  origin. 

Hence  deduce  that  if  a  homogeneous  incompressible  fluid  has  no  normal 
component  of  velocity  upon  a  bounding  surface  the  linear  momentum  of  the 
enclosed  fluid  Is  zero. 

1.21  Time  Rates  of  Change  of  a  Vector  Quantity  Referred  to  Coordinate  Systems 
in  Relative  Motion 

Let  S  and  Sf  represent  two  rectangular  systems  of  coordinates^  whose 
unit  vectors  are  T,  j,  k  and  i' ,  J* ,  k'  respectively. 

A  vector  quantity  F,  observed  in  both  systems,  may  be  expressed  as 


F  -  lFx+JFy+kF2 


or 


(1.21-1) 


F 


i,Fx,  +  j ' F 


y* 


+  k’F  , 
z 


If  differentiation  with  respect  to  time  is  denoted  by  in  system  S  and 
by  (-jr)  in  system  Sf,  then,  because  i,  j  and  k  are  fixed  in  S  and  i ' ,  j ' 
and  kf  are  fixed  in  S', 


dF 

dt 


dFx  _  dFv  _  dFz 


dt 


(1.21-3) 


34.  The  use  of  S  to  denote  both  a  surface  and  a  coordinate  system 
should  not  lead  to  any  confusion. 
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and 


(1.21-4) 


Since  the  tine  derivative  of  a  scalar  is  the 


same  In  both  cystems 


etc. 


(1.21-5) 


Suppose  now  that  S  and  S'  are  In  relative  motion  with  the  corresponding 
coordinates  axes  maintained  parallel.  Then  1'  -  i  and  F^,  -  Fx  etc  hence 
\dt)  "  dp  This  continues  to  hold  for  a  random  orientation  of  the  two 

systems  so  long  as  the  relative  motion  is  one  of  pure  translation.  In 
this  case  the  direction  cosines  of  the  axes,  taken  in  pairs,  remain 
constant  in  time,  and  (1.21-4)  may  be  transformed  into  (1.21-3)  by  means 
of  the  formulae  developed  in  Sec.  1.19. 

The  most  general  form  of  relative  motion  of  S  and  S'  involves  rotation 
about  some  common  instantaneous  axis  in  addition  to  motion  of  trans¬ 
lation.  Suppose  that,  relative  to  S,  S'  has  an  angular  velocity  u.  Then 
it  is  easily  shown  that 


£  ■  £ 


“"i"  3t 


-  (D  X  k’ 


hence,  from  (1.21-2), 


-2>*vl  -GW 


3?'  <“  *f)  +  (sf)' 


(1.21-6) 


Alternatively,  from  (i.21-1) 
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S’ ,  hence 


-  u>  x  i  because  the  angular  velocity  of  S  Is  -  u  relative  to 


L 


(-<oxlFx)  + 


or 


-OoxF)  +j£- 


and  this  is  identical  with  (1.21-6) 

A  relationship  between  the  second  time  derivatives  of  F  in  the  two 
systems  may  be  found  by  differentiating  (1.21-6). 


The  last  two  terms  derive  from  the 
equation  (1.21-6)  since  this  equation 
It  follows  that 


substitution  of 
is  unrestricted. 


dF  V 

dt 


for  F  in 


+  (w  x 


(uxF))  + 


where 


d2F 


-fix 

j  di^ 


_  d2? 
k^r- 


(1.21-7) 


and 


Correspondingly , 


*  (dt  *  f) +  <■  *  (“,<F>)  *  (^ x  +  ^ 


(1.21-8) 
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EXERCISES 


1-81.  By_  means_  of  the  transformation  formulae  of  Sec.  1.19  show  that 
if  the  relative  motion  of  the  coordinate  systems,  S  and  S’, 
is  one  of  pure  translation  with  random  orientation  of  axes. 

1-82.  If  the  rectangular  coordinate  system  S'  has  an  angular  velocity  w 
relative  to  S,  show  that  ■  w  *  if. 

1-83.  Let  0  and  O'  be  the  origins  of  the  rectangular  coordinate  systems  S  and 
S',  and  let  P  be  a  moving  point  whose  position  vectors  relative  to  0  and 

O'  are  r  and  r' .  Then  if  00'  -  rQ  we  may  write 

r  -  rQ  +  r*  -  tq  +  i'x'  +  j’y'  +  k'z' 

where  (x',y*,z*)  are  the  coordinates  of  P  in  S'.  By  successive 
differentiation  of  this  equation  with  respect  to  time  in  system  S,  show 
that. 


and 


dr 

dt 


^fo 

dt 


+  (w  *  r') 


d2r 


+  |2u  X 

V 


+ 


i 


These  equations  describe  the  relationships  between  the  velocities  and 
the  accelerations  of  P  in  the  two  coordinate  systems.  The  second 
equation  is  known  as  the  Theorem  of  Coriolis. 

1-84.  Derive  the  results  of  Ex. 1-83.  by  the  substitution  of  an  appropriate 
vector  quantity  in  (1.21-6)  and  (1.21-7). 


1.22  Complex  Scalar  and  Vector  Fields 

Our  considerations  to  date  have  been  restricted  to  those  scalar  and 
vector  fields  vhlch  are  characterised  by  print  functions  having  real 

magnitudes.  If  ft  and  {2  and  Fi  and  F2  are  such  scalar  and  vector  point 

functions  and  j  •  /-l,  then  fj  +  jf2  and  !?i  +  jF2  represent  complex 

fields.  When  Fi  and  F2  are  collinear  Fi  +  JF2  has  a  definite  direction 

and  a  complex  magnitude;  when  non-collinear  It  may  be  treated  as  the  sum 
of  fields  having  real  and  Imaginary  magnitudes. 


It  Is  evident  that 
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fl  +  i  ~  f2  for  n  -  1,  2,  3 - 

3x"  3x“  3x° 

and 

gD  —  *—  3^  3® 

—  (Fi+jF2)  -  —  Fi  +  j  —  F2  for  n  -  1,  2,  3 - 

3x  3x  3x 

with  similar  equations  for  differentiation  with  respect  to  y,  z  and  t. 

It  follows  that 

grad(f j+jf2)  -  grad  fi  +  j  grad  f2 
div(Fi+jF2)  -  div  Fi  +  j  dlv  F2 
curl(?i+jF2)  -  curl  ?!  +  j  curl  ?2 

whence 

div  grad(f !+jf2)  -  dlv  grad  fx  +  j  dlv  grad  f2 

grad  div(?i+j?2)  -  grad  div  ?t  +  j  grad  div  ?2 

curl  curl(?i+j?2)  -  curl  curl  ?!  +  J  curl  curl  ?2 
We  have  also 

grad  £i  +  jt2  '  '  (f1+jf2)2  <grad  fl+3  grad  Ci) 

If  we  write 

fl  +  J*2  -  ?  81  +  jgz  -  g 

_  _  ~  ~ 

Fl  +  JF2  -  F  G!  +  JGj  -  G 


then  we  may  show  that 
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curl  curl  F  *  grad  div  F  -  V2F 


r\j 


grad(fg)  *  f  grad  g  +  g  grad  f 


#V»  'V*  *\j  f\a 


div(F*G)  -  G.curl  F  -  F.curl  G 


^ 


grad(F.G)  -  (F.V)G  +  (G.V)F  +  F  x  curl  G  +  G  x  curl  F 


f\,  Oj  'V#  '"Si 


curl(FxG)  -  (G.V)F  -  (F.V)G  +  F  div  G  -  G  div  F 


f\4  rs^f  r\j  r\j 


Further, 


F. { (G. V)H}  -  G. { (F. V)H}  +  (GxF).curl  H 


curl  V  F  -  V  curl  F  +  (grad  V)  x  F 


div  V  F 


-  V  div  F  +  (grad  V) ,F 


div(V  grad  U)  ■  V  V2U  +  grad  V  .  grad  U 

Each  of  the  volume/surface/llne  Integral  relationships  developed 
previously  continues  to  hold  for  complex  fields.  Thus,  in  addition  to 
the  complex  forms  of  Stokes's  theorem,  the  divergence  theorem  and 
Ostrogradsky's  theorem,  we  have,  inter  alia, 


dS  x  grad  V  -  H  dr 


&  ■ 


Zt  f  F*dr  “  h  I  F-d* + 1  h  (**F)  ds  -  / v  x  curl  F-dr 


dr  x  F  -  (dS.V)F  -  div  F  dS  +  dS  x  curl  F 


If  the  notation  Re  {>  is  employed  to  denote  t*ae  real  part  of  a  complex 
expression  within  the  brackets,  then  it  is  seen  that 
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Re  (grad(f1+jf2)}  -  grad  Re  {fi+jf2} 

Re  (div(Fj+jF2) }  -  dlv  Re  {F1+j?2} 

Re  (curl(F1+jF2) }  -  curl  Re  {Fi+jF2} 

and 

Re  {div  grad(f j+jf2) }  -  dlv  grad  Re  { £ j+j f2 > 

Re  {grad  dlv(FI+j?2)>  -  grad  dlv  Re  {Fi+jF2> 

Re  (curl  curl(F1+jF2) }  -  curl  curl  Re  {F1+j?2} 

Since  the  products  of  both  complex  scalars  and  complex  vectors  can  be 
expressed  as  the  sum  of  real  and  Imaginary  components,  we  have.  In 
addition,  such  relationships  as 


/"Sj 

Re  {dlv(FxG)J  -  dlv  Re  {?*G} 

and 


r\j  ,m\j 

Re  { f >  Re  {g}  *  Re  { f g} 

Re  {?}  x  r«  {g}  *  Re  {FxG} 

Re  (div  F>  Re  {dlv  ?}  *  Re  {dlv?  dlv?} 


Clearly,  these  inequalities  do  not  conform  to  the  basic  relationships 
from  which  the  previous  equalities  were  derived,  vis 
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Re  {p(f 3+j f 4 ) >  -  p  Re  {f3+jf4} 

and 

Re  {p(F3+jF4)}  -  p  Re  {F3+jF4} 

where  p  is  a  linear  operator. 

It  should  also  be  borne  In  mind  that  the  trigonometric  functions  are  not 
linear  operators.  Thus  it  is  easily  shown  by  expansion  in  exponential 
form  that 

sin  (f+jg)  ■  sin  f  cos  jg  +  cos  f  sin  jg 

»  sin  f  cosh  g  +  j  cos  f  sinh  g 


CHAPTER  2 


CURVILINEAR  COORDINATE  SYSTEMS 


2.1  Curvilinear  Coordinates 


If  three  single-valued  scalar  point  functions  u,  v  and  w  are  defined 
throughout  a  region  of  space  R,  and  have  level  surfaces  (u  ■  constant, 
v  »  constant,  w  ■  constant)  which  nowhere  meet  in  a  common  curve  or 
coincide,  then  we  may  associate  with  each  point  of  R  a  triplet  of  values 
known  as  its  curvilinear  coordinates.  These  are  the  values  assumed  by  u, 

v  and  w  on  the  particular  level  surfaces  which  pass  through  the  point*. 

The  level  surfaces  need  not  be  planar,  and  in  this  respect  the 
curvilinear  system  differs  from  the  familiar  Cartesian  system  of 
coordinates  where  the  level  surfaces  of  x,  y  and  z  are  composed  of  planes 
which  lie  parallel  to  the  yz»  xz  and  xy  coordinate  planes  through  the 
origin. 


1.  For  a  detailed  analysis  of  the  relationship  between  Cartesian  and 
curvilinear  coordinates,  see  I.S.  Sokolnlkoff,  "Advanced  Calculus",  Ch.I2, 
McGraw-Hill,  New  York  (1939) . 
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In  Fig.  2*1  the  point  P  Is  shown  as  the  Intersection  of  level  surfaces  of 

u,  v  and  v.  These  surfaces  are  known  as  the  u,  v  and  w  coordinate 

surfaces  through  P.  They  meet  pair-wise  in  coordinate  curves.  Thus  the 
v  and  w  surfaces  meet  In  a  curve  along  which  v  and  w  are  constant  and  u 
varies.  This  is  called  a  u  curve.  Similarly,  the  u  and  w  coordinate 
surfaces  meet  in  a  v  coordinate  curve,  and  the  v  and  u  surfaces  in  a  w 
curve. 

The  tangents  to  the  coordinate  curves  through  P  define  the  coordinate 
axes  at  P.  The  unit  vectors  lying  in  the  coordinate  axes  and  directed 

A.  A. 

towards  increasing  values  of  u,  v  and  w  are  denoted  by  u,  v  and  w. 

—  —  —  A  ±  *. 

Unlike  the  unit  vectors  i,  j  and  k,  the  vectors  u,  v  and  w  are,  in 

general,  functions  of  position  because  of  variation  of  orientation. 


w  =  w 

o 


Fig.  2.2 

In  Fig.  2.2  the  point  P  has  been  assigned  the  coordinates  (u  ,  v  ,  w  ) 

o  o  o 

and  the  point  Q  the  coordinates  (u  +  Au,  v  t  Av,  w  +  Aw) .  The  six 

0  0  0 

associated  level  surfaces  have  been  drawn  and  are  seen  to  enclose  a 
curvilinear  volume  element. 

The  curve  PT  is  the  intersection  of  the  level  surfaces  v  -  v  and  w  -  w  . 

o  o 

It  is  consequently  a  u  coordinate  curve,  the  increment  of  u  between  P  and 
T  being  Au. 
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If  we  denote  PT  by  (Ar)  where  r  is  the  position  vector  relative  to,  say, 
the  origin  of  rectangular  coordinates,  then  we  see  that  as  &u+0  the 
direction  of  (Ar>u  approaches  that  of  the  coordinate  axis  at  P. 

Thus 


Lim 

Au>0  Au 


»  u  h. 


where  ht  is  some  positive  scalar  quantity. 


3  r 

On  writing  the  above  limit  as  and  extending  the  notation  to  motion 


along  PU  and  PR,  we  get 


3r  —  . 
r-  •  u  h. 


v  h. 


s  JL  .  t 

3w 


(2.1-1) 


ds  ds  ds 

du  *  dv  ^2  »  Aw  ^3 


(2.1-2) 


where  su»  sy  and  s^  represent  distance  measured  along  the  u,  v  and  w 
curves . 

hi ,  h2  and  h3  are  known  as  metrical  coefficients.  In  the  most  general 
case  each  is  a  function  of  position. 

It  follows  that 


(Ar), 

-  PT 

u  hx 

Au 

r 

_A 

(a7)v 

-  PU 

v  h2 

Av 

A 

(Ar)w 

-  PR 

w  h3 

Aw 

The  vector  displacement  between  P  and  Q  la  given  by 

Ar  -  PQ  -  PR  +  RS  +  SQ  as  PR  +  PU  +  PT 
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The  substitution  of  PU  for  RS  and  of  PT  for  SQ  may  involve  approximations 

2 

both  of  magnitude  and  direction  .  However,  as  the  dimensions  of  the 
volume  element  approach  zero  the  curvilinear  coordinate  surfaces 
approximate  to  a  plane  parallel  system,  so  that  we  may  write 

A  A  _ 

Ar  *  u  hjAu  +  v  l^Av  +  w  I13AW  +  e 

where  |e|/|Ar|-*0  as  Au,  Av,  Aw*0 
whence  the  differential  form  becomes 


__  A_ 

dr  *  u  hi  du  +  v  h2  dv  +  w  ha  dw 


(2.1-3) 


The  scalar  distance  associated  with  this  element  of  displacement  is  found 
from 


ds2 


dr.  dr  ■  hf 


A  A 

+  2  u.v  hih2 


A  A 

+  2  v.w  h2h3 


du2  +  h£  dv2  +  h§  dw2 
A  A 

du  dv  +  2  u.w  hih3  du  dw 

dv  dw 


(2.1-4) 


It  may  be  shown  in  a  similar  manner  that  the  differential  form  of  the 
scalar  area  of  a  surface  element  which  lies  within  the  u  coordinate 

surface  and  is  bounded  by  v  and  w  coordinate  curves  Is  given  by3 


ldsul 


|(vxw)h2h3  dv  dw| 


Corresponding  expressions  hold  for  |dS  |  and  jdS 


(2.1-5) 


2.  No  such  approximations  are  Involved  in  the  case  of  a  rectangular  or 
oblique  Cartesian  system. 


3.  The  sign  of  dS  will  depend  upon  the  sense  of  the  positive  normal  at  the 
element  relative  to  u. 
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The  magnitude  of  the  volume  element  is  likewise  given  by 

^  A 

dt  ■  ( (uxv.w)  hih2h3  du  dv  dw| 


dT  -  (Ux  !^)du  dv  dw 


(2.1-6) 


Since  r  ■  lx  +  jy  +  kz  It  may  also  be  expressed  as  a  determinant; 


3x 

iz 

3z 

3u 

3u 

3u 

3x 

iz 

3z 

3v 

3v 

3v 

3x 

Iz 

3z 

3w 

dw 

3w 

du  dv  dv 


(2.1-7) 


(2.1-7)  is  often  written  as  Jf .V?*2  )[du  dv  dwl  where  J(  X*^*-Z  )  is  known  as 

\U,V,wy'  '  \u,v,wj 

the  Jacobian  of  the  functions  x  *  x(u,v,w);  y  -  y(u,v,w);  z  -  z(u,v,w). 

When  the  coordinate  axes  are  mutually  perpendicular  at  all  points  the 
coordinates  are  said  to  be  orthogonal.  For  a  right-handed  orthogonal 
system 


A_  A  _A 

u.v  ■  u.w 

A  A  A 

w  ;  v  x  v 


—  — 

v.w  -  0 


in  which  case 


ds2  «  hf  du2  +  h$  dv2  +  h§  dw2 


|dSu|  -  h2h3  I  dr  dw| 


dr  -  hjh2h3  | du  dv  dwj 


(2.1-8) 

(2.1-9) 

(2.1-10) 


The  considerations  of  this  section  are  best  illustrated  by  reference  to 
the  two  most  commonly  employed  systems  of  curvilinear  coordinates,  viz 

4 

cylindrical  and  spherical  coordinates  . 


4.  For  more  complex  systems  of  curvilinear  coordinates  see  J.A.  Stratton 
"Electromagnetic  Theory",  Sec.  1.18,  McGraw-Hill,  New  York  (1941). 


114 


FIELD  ANALYSIS  AND  POTENTIAL  THEORY 


[Sec. 2.2 


2.2  Cylindrical  Coordinates 


2 


Let  Q  be  the  projection  of  the  point  P  on  the  xy  coordinate  plane  through 
0  (Elg.  2.3).  If  pi  is  the  length  of  OQ,  and  if  $i  is  the  angle  made  by 

OQ  with  the  positive  x  axis  when  measuring  right-handedly  about  the  z 
axis,  and  if  zi  is  the  distance  QP,  then  (pi,  *i,  zi)  are  said  to  be  the 

(circular)  cylindrical  coordinates  of  the  point  P. 

By  stipulating  that  Pi  >  0  and  that  0  £  t]  <  2ir  the  coordinates  of  P  are 
uniquely  defined^. 

P  is  seen  to  be  the  point  of  intersection  of  the  level  surfaces  p  ■  Pi, 
#  •  *1 ,  z  •  zj.  The  surface  p  ■  pi  comprises  a  circular  cylinder  of 
radius  pi  centred  on  the  z  axis.  The  surface  ♦  ■  $i  is  a  half-plane 
whose  edge  is  the  z  axis.  It  makes  an  angle  *i  with  OX.  The  surface 
z  "  z\  is  a  plane  normal  to  the  z  axis  and  at  a  distance  zi  (measuring 
in  the  positive  z  direction)  from  the  xy  plane  through  0. 

The  coordinate  curve  defined  by  the  p  and  z  surfaces  is  a  circle  through 
P  centred  on  the  z  axis  and  normal  to  it.  It  is  the  curve  traced  out 
when  +  alone  varies*  and  is  known  as  the  *  curve  through  P.  It  will  be 
seen  that  the  p  curve  is  RP  produced,  and  the  z  curve  QP  produced  in  both 
directions. 


5«  Points  on  the  z  axis  (p  ■  0)  will  be  excluded  from  the  following 
analyses.  The  z  axis  is  said  to  comprise  a  singular  line. 
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The  coordinate  axes  through  P  are  mutually  perpendicular;  cylindrical 

A_  A  A_ 

coordinates  are  consequently  orthogonal.  The  unit  vectors  p,  z  taken 
in  that  order  form  a  right-handed  set. 

The  relations  between  rectangular  Cartesian  and  cylindrical  coordinates 
may  be  written  down  by  Inspection. 

x  -  p  cos  *  ;  y  -  p  sin  ♦  ;  z  -  z  (2.2-1) 


p  ■  (x2^2)^  ;  *  -  tan'1  ^  ;  z  -  z  (2.2-2) 

In  this  representation  each  coordinate  of  one  set  has  been  expressed 
entirely  In  terms  of  the  coordinates  of  the  other  set  (with  the  exception 
of  the  common  z  coordinate) . 

The  position  vector  from  0  is  given  by 


r  -  ix  +  jy  +  kz  »  ip  cos  t  +  J  p  sin  *  +  kz 


hence 


3r 

3p 

3r 

3* 


9r 

3z 


whence 


i  cos  ♦  +  j  sin  *  ■  p  hj 

A 

-i  p  sin  t  +  j  p  cos  *  ■  ♦  h2 


^  -  k  -  z  ha 


(2.2-3) 


hj,  ■  1  ;  h2  -  p  ;  h3  -  1 


(2.2-4) 


6.  It  should  be  particularly  noted  that  when  partial  differentiation  is 
carried  out  with  respect  to  a  variable  of  one  s't,  the  remaining  variables 

Thus  whereas  is  the  rate  of  change 


of  the  same  sat  are  held  constant. 


of  x  with  respect  to  p  while  4  and  t  remain  constant,  is  the  rate  of 

dX 

change  of  p  with  respect  to  x  while  y  and  z  remain  constant.  The  readily- 
demonstrated  equality  of  and  does  not,  therefore,  constitute  an 

Inconsistency. 
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and 


{f  -  i  cos  ♦  +  j  sin  * 


*  -  -i  sin  *  +  j  cos  ♦ 


(2.2-5) 


L 

t  -  k 


£  A 

The  mutually  perpendicular  nature  of  p,  ♦  and  z  is  confirmed  by  the  fact 
that  the  scalar  products,  taken  two  at  a  time,  are  zero. 


2.3  Spherical  Coordinates 


2  * 


Fig.  2. A 

Let  Q  be  the  projection  of  the  point  P  on  the  xy  plane  through  0 
(Fig.  2.4).  If  r\  Is  the  length  of  OP  and  if  is  the  angle  made  by  OP 
with  the  positive  z  axis  and  if  is  the  angle  made  by  OQ  with  the 
positive  x  axis  when  measuring  right-handedly  about  the  z  axis,  then 
(rj,  0i,  *i)  are  said  to  be  the  spherical  polar  coordinates  of  P.  By 
stipulating  chat  rj  >  0,  0  <  0j  <  w,  0  S  *i  '  2»  the  coordinates  of  P 
are  uniquely  defined^. 


7.  Points  on  the  c  axis  (r  ■  0,  or  0  ■  0,  w)  will  be  excluded  from  the 
following  analyses. 
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The  coordinate  surfaces  through  P  are  seen  to  be 

(a)  a  sphere  of  radius  ri  centred  upon  0 

(b)  a  circular  cone  of  half-angle  0j  (or  t  -  0i  if  0^  >  —j  whose  axis 
coincides  with  the  z  axis  and  whose  vertex  is  at  0 

(c)  a  half-plane  whose  edge  is  the  z  axis  and  which  makes  an  angle  ♦  ; 
with  OX. 

The  coordinate  curves  are 

(a)  OP  produced  (r  curve) 

(b)  a  semi-circle  of  radius  rj  centred  upon  0  and  lying  in  the  half¬ 
plane  *  ■  #i  (6  curve) 

(c)  a  circle  of  radius  ri  sin  0*  normal  to  the  z  axis  and  passing 
through  P  (#  curve) . 

_A 

The  coordinates  are  clearly  orthogonal;  r,  0,  4  in  that  order  are  seen 
to  form  a  right-handed  set. 

For  points  beyond  the  z  axis 

x  -  r  sin  0  cos  *  ;  y  -  r  sin  0  sin  *  ;  z  -  r  cos  0  (2.3-1) 

r  -  (x2+y2+z2)^  ;  0  -  cos”1  - - - r  ;  *  -  tan”1—  (2.3-2) 

(x2+y2+z2)i  X 

Further , 

r  *  i  r  sin  0  cos  *  +  j  r  sin  0  sin  ♦  +  k  r  cos  0 

hence 


lx 

3  r 


—  —  —  i 

i  sin  0  cos  *  +  j  sin  0  sin  $  +  k  cos  0  »  r  h* 


lx 

00 


i  r  cos  0  cos  ♦  +  j  r  cos  0  sin  *  -  k  r  sin  0 


0  hj,  l 


(2.3-3) 


3r 

3« 


^  A 

-i  r  sin  0  sin  *  +  j  r  sin  0  cos  *  ■'  ♦  h3 
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vhence 

hi 

and 

A 

r 

A_ 

0 


♦ 

2.4  Line,  Surface 
Coordinates 

2.4a  Line  integration  in  cylindrical  and  spherical  coordinates 

It  follows  from  (2.2-3)  and  (2.2-4)  that  the  differential  form  of  the 
vector  line  element  in  cylindrical  coordinates  is  given  by 

A  A 

dr  ■  p  hjdp  +  ♦  h2d4  +  z  h3dz 

or  (2.4-1) 

A  A- 

dr  ■  p  dp  +  ♦  p  d#  +  z  dz 

4 

Hence 

ds  -  (dpZ+pZd^dz2)*  (2.4-2) 

(2.4-2)  also  follows  from  substitution  of  (2.2-4)  in  (2.1-8). 

The  scalar  line  integral  of  a  point  function  V  along  a  curve  r  is 
consequently  given  by 

I  V  ds  -  f  V  (dp2+ pZdfZ+dz2)*  (2.4-3) 

r  r 

For  the  purpose  of  computation  this  is  replaced  by 


8.  The  metrical  coefficients  for  cylindrical  and  spherical  coordinates  may 
be  derived  quite  simply  by  the  use  of  (2.1-2)  and  an  appeal  to  the 
appropriate  diagram.  In  more  complicated  systems  the  formal  approach 
developed  above  may  be  required. 


-  1  ;  h2  •  r  ;  h3  *  r  sin  6  (2.3-4) 

■  i  sin  6  cos  ♦  +  j  sin  0  sin  ♦  +  k  cos  8 

■  i  cos  0  cos  +  j  cos  0  sin  #  -  k  sin  0  >  (2.3-5) 

-  -1  sin  ♦  +  j  cos  * 

and  Volume  Integration  in  Cylindrical  and  Spherical 
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when  V  and  the  coordinates  of  the  curve  can  be  expressed  in  terms  of  some 
parameter  t.  Alternatively, 


V  ds 


(2.4-3 (b) ) 


when,  for  example,  V,  p  and  z  are  known  functions  of  4>. 

The  corresponding  expressions  for  the  tangential  line  integral  of  F  are 


l  F.dr  -  j  (Fpdp+pF^d*+Fzdz)  (2.4-4) 

r  r 

/  F-d?  -  /  [F„  a£ +  o',  ft +  F*  as] dt  c2.4.4Ca)) 

r  r 


F.dr  - 


41  + 


p  d*  T  pF*  + 


dz 
z  d* 


d* 


(2.4-4(b)) 


Equations  (2.4-3)  to  (2.4~4b)  reduce  to  their  plane  polar  equivalents 
when  the  tenns  containing  z  are  deleted. 


In  spherical  coordinates 


dr  ■  r  dr  +  0  r  dfl  +  t  r  sin  e  d$ 


ds  »  (dr2+r2de2+r2sin26  d*2)^ 


The  basic  forms  of  /  V  ds  and  /  F.dr  are  ser«n  to  be 

Jr  Jr 


f  V  (dr2+r2d02+r2sin20  d*2)^ 


(2.4-5) 

(2,4-6) 


(2.4-7) 
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(F  dr  +  rFAde  +  r  sin  6  F  dt)  (2.4-8) 

T  d  V 

JT 

whence  the  alternative  forms  follow  directly. 

2.4b  Surface  integration  in  cylindrical  spherical,  and  general  surface 
curvilinear  coordinates 


The  scalar  area  of  a  surface  element  which  lies  within  a  coordinate 
surface  and  is  bounded  by  coordinate  curves  may  be  found  by  substitution 
of  the  appropriate  coordinates  and  metrical  coefficients  in  equations 
such  as  (2.1-9).  For  a  cylindrical  coordinate  system  this  yields 

|dSp|  -  p|d*  da |  ;  | dS# |  »  | dp  dz|  ;  ldSz|  “  p|dp  d*j  (2.4-9) 

There  is,  therefore,  no  difficulty  in  setting  up  any  required  form  of 
integral  when  the  surface  of  Integration  coincides  with  a  coordinate 
surface.  When  this  is  not  the  case,  but  one  coordinate  upon  the  surface 
is  a  known  function  of  the  other  two,  we  may  proceed  as  follows. 


Z 


Fig.  2.5 

Suppose  that  the  equation  of  the  surface  of  integration,  S,  takes  the 
form  p  -  f(*,z).  Fig.  2.5  shows  the  part  of  the  surface  intercepted  by 
the  coordinate  planes  $  •  +  A*,  s  -  clt  z  ■  tj  +  Ac,  where  At 

and  Ac  are  positive  Increments  of  ♦  and  c.  The  line  ab  is  the 
intersection  of  S  with  the  surface  t  •  c1#  while  ad  is  the  intersection 

of  S  with  ♦  ■  ♦j.  If  the  end  point  of  r  -  Ip  cos  *  +  J  p  sin  ♦  +  k*  is 

maintained  within  S,  then 
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dr 

d« 


1  j-|£  cos  *  -  p  sin  *]  +  j  -|£  sin  $  +  p  cos  $ 


39 


(The  total  derivative  sign  is  used  here  to  distinguish  the  operation  from 

/ov\  9 

in  (2.2-3)  where  p,  9  and  z  are  Independent  variables  .) 

It  will  be  seen  from  the  figure  that  since  ~  is  the  rate  of  change  of  r 
with  *  while  z  remains  constant,  the  vector  a£  is  given  approximately  by 
(af)  A*-  Similarly , 


dr 

dz 


i  cos  9  +  j  -|~  sin  $  +  k 


and  ad 


*<D. 


Az 


It  follows  that  in  the  limit  as  A*,  Az+0  the  element  of  area  Intercepted 
by  the  planes  becomes 


(dS) 


♦l ,9j+A9 
z\  ,zi+Az 


d9  dz 


where^the  postlve  normal  at  the  element  makes  an  angle  of  less  than  90° 
with  p . 

On  expanding  the  vector  product  and  dropping  the  subscripts  we  obtain  the 
general  form 


dS 


[3ds 


sin  9  +  p  cos  4 


cos  9  +  p  sin  9  )  -  k  p  , 
dZJ 


d9  dz 


or,  from  (2.2-5), 


dS  -  p  -  ?  |£  -  *  p  |fij  |  d#  ds| 


The  scalar  magnitude  of  the  surface  element  Is 


9.  Since  F  is  also  a  function  of  z  the  notation  is  not  a  happy  one.  But  we 
do  not  here  consider  the  case  In  which  9  and  z  vary  simultaneously. 
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and  Che  scalar  surface  Integrals  are  given  by 


f  V  dS  - 
J  S 


(2.4-10) 


/  F'dS  '  JJ  l°VFt  it  l£i  dZ|  (2-4-U) 

s  s 

(2.4-11)  represents  the  flux  of  F  through  S  directed  away  from  the  z 
axis. 

Corresponding  expressions  obtain  when  the  surface  is  defined  by 
$  *  g(p,z)  or  by  z  -  h(p,$). 


Surface  Integration  in  spherical  coordinates  may  be  carried  out  in  a 
similar  manner. 

The  elements  of  area  which  lie  within  the  coordinate  surfaces  and  are 
bounded  by  coordinate  curves  are  seen  to  be 

idSrl  -  r2  sin  6  |d0  d*|  ;  |dS0|  -  r  sin  0  | dr  d*|  ;  | dS$ |  -  r  | dr  d6 | 

(2.4-12) 


When  the  surface  of  integration  is  not  a  coordinate  surface  but  r  is  a 
known  function  of  (0,*),  the  associated  vector  surface  element  is  given 
by 

d5  *  [df  X  4*J  ldS  d*> 

where^ the  positive  normal  at  the  surface  makes  an  angle  of  less  than  90° 
with  r. 


sin2  0  r  | d0  d«|  (2.4-13) 


F*KLjr|ded*l  (2.4-14) 


The  surface  Integrals  are  then  found  to  be 


V  dS  • 
s  JJs 


v  1  (if)2  +  (if)2  sln2  6  +  12 


F.dS 


rrr  .in  e-Fe  .in  6 
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(2.4-14)  represents  the  flux  of  F  through  S  directed  away  from  the  origin 
of  cooordinates. 

Similar  expressions  hold  when  0  is  a  known  function  of  (r,$),  or  9  is  a 
known  function  of  (r,9). 


Equations  (2.4-10,  11,  13,  14)  may  be  shown  to  be  particular 

configurations  of  two  scalar  Integrals  which  are  based  upon  a  parametric 
description  of  the  surface  of  integration. 

In  general,  the  set  of  equations 

x  -  fi(£,C)  y  -  f2(S.O  z  -  f3(C,C) 


represents  a  surface,  the  parameters  £  and  ?  being  known  as  surface 
curvilinear  coordinates.  Variation  of  £,  with  £  held  constant, 
corresponds  to  movement  over  the  surface  along  a  £  curve,  while  variation 
of  C,  with  £  held  constant,  relates  to  motion  along  a  £  curve.  These 
coordinate  curves  may  or  may  not  be  orthogonal. 

_A 

If  £  and  £  are  unit  vectors,  tangential  to  the  £  and  £  curves  at  each 
point,  then 


it  .  4  .  3r 

3£  n£  4  *  3£ 

where 


ds£  ds 

hE  -  55-  and  h?  '  af 

The  vector  element  of  area  bounded  by  such  curves  is  given  by 


dS  "  (if  **ff)  dCl  *  (£*C)  h?h?  |d£  del 

^  A.  _A 

where  £,  £  and  n  form  a  right-handed  set,  n  being  the  unit  positive 
normal  at  the  surface  element,  whence  the  surface  integral  of  V  and  the 

normal  surface  Integral  of  F  are  seen  to  be 


(2.4-15) 


The  connection  between  this  treatment  and  that  given  previously  in  terms 
of,  aay,  spherical  coordinates  Is  made  clear  by  a  consideration  of  the 
particular  functional  relationships*. 
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x 


y 


z 


f2(C.O 

f3(C,C) 


f(C»0  Sin  e  cos  C 
f(C.O  sin  t  sin  C 
f(C.O  cos  K 


In  this  case 

cos  5  -  - - -  ,  ;  tan  ?  -  Z  •  f(C,C)  -  (x2+y2+z2)* 

(x2+y2+z2 ) *  X 


so  that  £  and  C  correspond  with  the  6  and  ♦  coordinates  of  the  point 
vhlch  they  specify,  and  f(£,C)  ■  r. 

It  follows  that  the  spherical  coordinate  analysis  is  Identical  with  that 
based  upon  surface  curvilinear  coordinates  when  the  Cartesian  coordinates 
of  the  surface  are  related  to  these  parameters  by  the  equations  set  out 
above  and  0  <  C  <  ir,  0  S  C  <  2». 

2.4c  Volume  Integration  in  cylindrical  and  spherical  coordinates 

The  magnitude  of  an  element  of  volume,  which  is  bounded  by  coordinate 
surfaces,  may  be  found  from  the  substitution  of  (2.2-4)  and  (2.3-4)  in 
(2.1-10). 

For  cylindrical  coordinates 


dr  -  p  (dp  d*  dz| 

and  for  spherical  coordinates 

dx  -  r2  sin  6  |dr  d0  d*| 


The  process  of  volume  integration  does  not  require  that  the  shape  of  the 
volume  element  be  matched  with  that  of  the  bounding  surface  of  the 

of  the  integration  region  hence  the  complications  of  the  previous 
section,  associated  with  the  introduction  of  non-coordinate  surfaces,  do 
not  arise.  The  scalar  integrals  are  simply 


I  V  dr  - 

[[[  v  p  IdP  d*  dz  | 

(2.4-16) 

T 

x 

10.  See  footnote  to  p.  50 
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and 


HI  V  r2  sin  6  |dr  d0  d»| 


(2.4-17) 


In  the  vector  integrals,  F  replaces  V. 


EXERCISES 


2-1.  Confirm  equation  (2.1-5)  for  a  plane  or  warped  coordinate  surface.  (See 
Ex. 1-27.,  p.  24). 

2-2.  Express  the  acceleration  of  a  point  in  cylindrical  coordinates. 


2-3.  A  conical  helix  is  defined  in  cylindrical  coordinates  by 

p  *  az  ,  ♦  ■  bz 

where  a  and  b  are  constants. 

Find  the  length  of  the  helix  between  z  *  0  and  z  ■  z. 

.  ab  f  f a2+l  a2+l  .  ab  1 

r  tz  +  *)  *  pp  8lnh  (—  i  ZJ 

A 

2-4.  Compute  the  value  of  the  closed  tangential  line  integral  of  F  -  Tp 
around  the  cardioid  p  ■  a( 1-cos  4)  by  direct  integration  in  plane  polar 
coordinates.  Confirm  this  by  applying  Stokes's  theorem. 

Ans:  3ira2 

2-5.  Determine  the  surface  area  of  an  ellipsoid  of  revolution  defined  by 


£*$  -  1 


where  a  and  b  are  constants. 


Ans:  2ffS2  + 


2irab 


1  - 


b* 


sin”1  (l  -  *2"]  for  b  >  a 


2*a2  +  -^ab — j  sinh”1  for  a  >  b 


b*  *  1 
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2-6.  The  axis  of  a  cylinder  of  height  h  and  radius  a  coincides  with  the  z 
axis  of  coordinates,  while  the  lover  edge  of  the  cylinder  lies  in  the  xy 

plane  through  the  origin.  A  vector  point  function  F  is  defined  in 
spherical  coordinates  at  points  beyond  the  origin  by 


F 


r 


legs  6 

r3 


0 


Use  (2.4-14)  to  determine  the  outward  flux  of  F  through  the  cylindrical 
surface. 


Ans: 


a3 

<a2+h2) 


2-7.  Given  that  F  -  r/r3  where  r  -  ix  +  jy  +  kz,  show  that  the  flux  of  F 
through  the  surface  of  the  ellipsoid  of  revolution 


is  equal  to  4x.  Carry  this  out  both  in  cylindrical  and  spherical 
coordinates  using  (2.4-11)  and  (2.4-14),  and  notice  how  the  choice  of  an 
appropriate  coordinate  system  simplifies  the  calculation. 

It  should  be  appreciated  that  for  this  particular  vector  field  the 
surface  integral  is  independent  of  the  shape  of  the  enclosing  surface  - 
See  Sec.  1.14. 

2-8.  A  surface  defined  by  4  -  f(r,0)  is  intercepted  by  the  coordinate 
surfaces  r-r,  r  «  r  +  dr,  0-0,  0-0+  d0.  Derive  an  expression  for 
the  element  of  area  so  intercepted  when  the  positive  sense  of  the  normal 

at  the  surface  makes  an  angle  of  less  than  90°  with  4,  and  determine  the 

A  A 

values  of  the  projections  of  this  element  upon  planes  normal  to  r,  0  and 

4.  Confirm  these  values  by  working  directly  from  a  diagram,  and  show 

why  dS  and  dSfl  are  negative  when  “  and  tt  are  positive, 
r  u  or  on 

Ans:  dSr  -  -r2  sin  6  |-  |dr  de ]  ;  dSfl  -  -r  sin  0  ||  |dr  d©|  j  dS^  -  r  |dr  dO | 


CURVILINEAR  COORDINATE  SYSTEMS 


127 


2-9.  A  sphere  of  radius  a  is  centred  upon  a  point  whose  Cartesian  coordinates 
are  (l,m,n).  Write  down  the  equation  of  the  sphere  in  terms  of  two 
parameters*  £  and  £,  determine  the  magnitude  of  the  associated  element 
of  area,  and  integrate  this  to  obtain  the  surface  area  of  the  sphere. 

Ans:  x  •  a  sin  £  cos  £  +  1 

y  ■  a  sin  £  sin  £  +  m 

z  ■  a  cos  £  +  n 

dS  -  a2  sin  £  [d£  del 

|  dS  -  4ira2 

2-10.  A  torus  is  generated  by  rotating  a  circle  of  radius  a  about  the  z  axis 
in  such  a  way  that  its  plane  contains  the  axis  at  all  times.  The  circle 
initially  lies  in  the  xz  plane  with  its  centre  at  the  point  x  -  R, 
z  -  Z,  where  R  >  a. 

Set  up  parametric  equations  for  the  surface  of  the  torus,  determine  the 
magnitude  of  the  element  of  area,  and  integrate  to  find  the  total 
surface  area. 

Ans:  x  -  (R  +  a  cos  £)  cos  £ 

y  ■  (R  +  a  cos  £)  sin  £ 

z  ■  a  sin  £  +  Z 

dS  -  a(R  +  a  cos  0|dC  d£  | 

l  dS  -  Ax2  a  R 
x2  v2 

2-11.  Find  the  area  enclosed  by  the  ellipse  o  +  “  1  by  making  use  of  the 

11  an 

parametric  equations 

x  -  a  cos  £  ;  y  -  b  sin  £ 


11.  The  use  of  common  symbols  for  the  parameters  of  the  different 
exercises  does  not  imply  that  they  are  related. 
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[Hint:  The  equations  x  -  a  a  cos  £  and  y  -  a  b  sin  £,  where  0  <  a  S  1* 
define  a  system  of  concentric  ellipses  of  which  the  outermost  is  the 

ellipse  under  consideration.  Bearing  in  mind  that  tan  £  ■  —*  tan  ♦  , 

where  $  is  the  angle  of  plane  polar  coordinates,  show  that  -jp  is 


ellipse  while  — 


tangential  to  the  typical 
Determine  the  value  of  the  element  of  area 
that  the  area  enclosed  by 


3r 


and 

show 

2ir  1 

f  [ 

III  x 

j  J 

lat 

0  0 

3C 

collinear_  with  r. 

fii  x  i £) 

9<xJ 

the  ellipse  is  given  by 


is 

defined  by 


da  d£ 


3r 

da 


Evaluate  this.] 


Ans:  irab 


2  2  2 

2-12.  The  parametric  equations  of  the  ellipsoid  ^5  +  ^5  +  *  1  are 


x  »  a  sin  £  cos  £ 


y  ■  b  sin  £  sin  5 


2  •  c  cos  £ 


Find  the  volume  enclosed  by  the  ellipsoid  by  utilising  a  three- 
dimensional  equivalent  of  the  procedure  employed  in  the  previous 
exercise. 


Ans: 


4_ 

3 


irabc 


2.5  Grad  V,  Curl  F,  Div  F  and  V2V  in  Orthogonal  Curvilinear  Coordinates 

Let  Ar  represent  a  small  displacement  at  a  point  where  u,  v  and  w  have 
continuous  first  derivatives.  Then 

Ar.Vu  Au  ;  Ar.Vv  »  Av  ;  Ar.Vw  *s.  Aw 

where  Au,  Av  and  Aw  are  the  Increments  of  u,  v  and  w  corresponding  to  the 
displacement  Ar. 

It  follows  that 


Ar 

Au 


Vu  1 


1 


Ar 

Aw 


Vw  as  1 


provided  that  Au  *  0  ;  Av  *  0  ;  Aw  *  0 

In  particular,  if  Ar  is  directed  along  the  u,  v  and  w  coordinate  axes  in 
turn  and  limits  are  taken  as  Ar*0,  the  above  approximations  reduce  to 


il 

3u  * 


3r 

av  * 


Vv 


il 

aw  * 


Vw 


Vu  -  1 


1 


1 


(2.5-1) 
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JV  A_  £ 

ie  hju  .  Vu  ■  1  ;  h2v  .  W  ■  1  ;  h3w  .  Vw  «  1  (2.5-2) 

These  results  hold  whether  or  not  the  coordinate  system  is  orthogonal. 
Some  consideration  will  i3how  that,  _  for  the  particular  case  of 
3r  3r  3r 

orthogonality,  —  and  Vu,  —  and  Vv,  —  and  Vw  have  the  same  directions 

oU  dV  3W 

(and  senses)  taken  In  pairs,  whence  it  follows  from  (2.5-2)  that 


A 


(2.5-3) 


2.5a  Gradient  in  orthogonal  curvilinear  coordinates 

Let  V  be  a  scalar  point  function  having  continuous  first  derivatives 
throughout  a  region  of  space  which  includes  the  curvilinear  volume 
element  shown  in  Fig.  2.2.  Then  it  follows  that 

V(Q)  -  V(P)  «  V(u  +Au,v  +Av,w  +Aw)  -  V(u  ,v  ,w  ) 
o  o  o  o  o  o 


or 


AV  -  V(u  +Au,v  +Av»w  +Av)  -  V(u  ,v  +Av,w  +Aw) 
o  o  o  o  o  o 

+  V(u-»v  +Av,w  +Aw)  -  V(u  ,v  ,*  +Aw) 
o  o  o  o  o  o 

+  v(u  .v  ,w  +Aw)  ■  V(u  »v  ,w  ) 
o  o  o  o  o  o 


If  we  relate  the  component  parts  of  this  expression  to  motion  along  the  u 
curve  from  S  to  Q,  along  the  v  curve  from  R  to  S  and  along  the  w  curve 
from  P  to  R,  then  we  may  replace  the  expression  by 


AV  - 


Au  + 


where  u  <  u*  <  u  +  Au 
o  o 


w. 

v  +Av 

0 

f 

o 

o 

V 

V 

w  +A 

w  +Aw 

o 

o 

o 

w' 

1  S  v„ 

<  V*  <  V  + 

n 

Av  ;  w 

Aw 


(2.5-4) 


<  w'  <  w  +  Aw 
o  o 


The  anlaysis  to  this  point  is  virtually  identical  with  that  presented  in 
Sac.  1.2  for  rectangular  Cartesian  coordinates,  although  in  the  present 
Instance  the  partial  derivatives  represent  limits  associated  with 
non-rect ilinear  motion. 


Suppose  now  that  Q  has  been  so  chosen  as  to  have  the  same  y  and  z 
coordinates  as  P,  snd  let  x(Q)  -  x(P)  ■  Ax.  On  dividing  (2.5-4)  by  ax 
and  taking  limits  as  Ax+0  we  obtain 


31)  - 

VL 

to  s 

i.  av 

ax «. 

ax 

WP 

\8u 

3x 

3v 

3x 

3w  8*/ 
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whence ,  In  general. 


Similarly 


and 


3V 

3  V 

3u 

3V 

3v 

3V 

3w 

3x 

3u 

3x 

r 

3v 

3x 

T 

3v 

3x 

3V 

3V 

3u 

X. 

3  V 

3v 

3  V 

3w 

3y 

3u 

3y 

T* 

3v 

3y 

T 

3w 

3y 

3V 

3V 

3u 

3  V 

3v 

L 

3  V 

3v 

3z 

3u 

3z 

3v 

3z 

3v 

3z 

>  (2.5-5) 


On  multiplying  these  equations  respectively  by  i,  j  and  k,  and  adding,  we 
find  that 


gradV  -  +  + 


(2.5-6) 


This  is  the  general  curvilinear  expression  for  gradient. 

For  orthogonal  coordinates  it  follows  from  (2.5-3)  and  (2.5-6)  that 


,  „  u  3V  v  3V  v_  3V 
®Ta  "  hj  3u  h2  3v  h3  3w 


(2.5-7) 


2. 5b  Curl  In  orthogonal  curvilinear  coordinates 
Since 


F  -  uF  +  v  F  +  w  F 
U  V  w 


it  follows  from  (1.16-1)  and  (1.16-3)  that 


curl  F  ■  F  curl  u  +  grad  F  *  u 
u  *  u 


+  F  curl  v  +  grad  F  x  v 
v  v 


+  F  curl  w  +  grad  F  *  w 
w  w 


>  (2.5-8) 


To  evaluate  curl  u  for  orthogonal  coordinates  we  apply  (2.5-3)  to  the 
identity  curl  grad  u  =  0. 

Since  curl  grad  u  •  curl  ~ 

hl 


1  -  i  * 

curl  u  +  grad  ^  *  u 
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A  1  A 

curl  u  -  -h,  grad  ,  x  u 

hi 


But  from  (2.5-7) 


grad  ^ 


ft 

3hi 

A 

8A .  t 

Ui 

h2 

3v  h3  3w j 

Similarly 


curl  u 


curl  v  “ 


A 

V 

3hx 

A 

w 

3hL 

h3hi 

3w 

hlh2 

3v 

_A 

W 

3h2 

u 

3h2 

hlh2 

3u 

h2h3 

3w 

_A 

3h3 

V 

3h3 

h2h3 

3v 

h3hl 

3u 

(2.5-9) 


On  substituting  (2.5-9)  in  (2.5-8),  expanding  grad  etc  in  accordance 
with  (2.5-7)  and  collecting  terms,  we  get 


ifc  [fc  <"3V  -  h  <h*y 


+  {T7T  b  0*1F  )  -  T“  (h3F  ) 
h,h,  3w  1  u  3u  3  w 


(2.5-10) 


+  \k  <h*V  ■  h  (hiV] 


This  may  be  written  in  determinantal  form: 


curl  F  - 


_A 

Ai 

£ 

u 

V 

V 

h2h3 

h3hl 

hlh2 

3 

3__ 

3 

3u 

3v 

3w 

hiF 

1  u 

h2Fv 

h3F 

3  w 

(2.5-11) 
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2.5c  Divergence  in  orthogonal  curvilinear  coordinates 
From  (1 . 16-2)  and  (1.16-4) 

__  A  A  A 

div  F  ■  div(u  F  +  v  F  +wF) 
u  v  w 

A  A 

«  F  div  u  +  grad  F  ,  u 
u  °  u 

—  £. 

+  F  div  v  +  grad  F  .  v 
v  v 

— 

+  F  div  w  +  grad  F  .  « 
v  v 

Since  the  coordinates  are  orthogonal 

—  —  L 

U  -  V  x  W 

hence  from  (1.16-7) 

_A  A  _A  _A  ^A 

div  u  ■  w  .  curl  v  -  v  .  curl  w 
whence,  by  (2.5-9), 


a  ,3^2  ,  3h3 


div  u 

A 

hjh2  3u 

-  + 

h3hi  3u 

le 

A 

div  u 

1 

(h2h3) 

hi h2h3 

3u 

Similarly 

A 

1 

3 

(h3hi ) 

01V  V 

hih2h3 

3v 

and 

A 

div  w 

_J _ 

hih2h3 

3 

3v 

(h2h2) 

On  substituting  (2.5-13)  In  (2.5-12)  and  expanding  grad  Fi 
accordance  with  (2.5-6)  and  collecting  terms,  we  get 

"T  ?  '  hlfej  \k  <**"»'„>  ♦  h  <MlV  ♦  h  <h>h2 V 


(2.5-12) 


(2.5-13) 


etc  in 


(2.5-14) 
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2. 5d  V2V  in  orthogonal  curvilinear  coordinates 

Since  V2V  -  div  grad  V  it  follows  from  (2.5-7)  and  (2.5-14)  that 


V2V 


1  f3 

/  h2h3  av\ 

+  i_/— 

3V\ 

,  _L 

^hih2 

Ml 

hih2h3  1^3 

u\  hi  3u/ 

3v  \  h2 

3V; 

+  3w 

^  h3 

3»/| 

(2.5-15) 


2.6  Grad  V,  Curl  F,  Div  F  and  V2V  in  Cylindrical  and  Spherical  Coordinates 

These  expressions  are  readily  obtained  by  substitution  of  the  appropriate 
values  of  the  metrical  coefficients  in  the  formulae  established  above. 

For  cylindrical  coordinates 


u-p  ;  v-4>  ;  v»z 

hi  -  1  ;  h2  -  p  ;  h3  -  1 


hence 


curl  F  -  p 


.2  a  i  a  i  a 

grad  v  -  p  L  +  ♦  i  +  .  L 


.  a  .  3F.  3F 

div  F  -  i  (pF  )  +—  +  r-5 

p  8p  p  p  3$  3z 


(2.6-1) 


(2.6-2) 


(2.6-3) 


V2V  .  1  J_  L  1  3_£v 

p  3p  \p  3py  +  p2  a?2  az2 

For  spherical  coordinates 

u-r  ;  v  -  9  ;  v  -  $ 

hl  ■  1  !  h2  ■  r  ;  h3  -  r  sin  0 

hence 


(2.6-4) 


grad  V  -  122  +  $  ...  -L  ^ 

8  r  3r  r  30  +  ’  r  gin  6 


(2.6-5) 
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curl  F 


*rrar-.{h  (F.  8lne)-3T} 

+  U{arsir-lr<rv} 

+  *;(h<rV  -*r} 


9F 


(2.6-6) 


div  f  -  fj  (r*Fr)  +  r-^9  Jy  (Fe  sin  6)  ♦  7^75  (2.6-7) 


»2v  -  fr*  |i)  +  -5-1—  §-  (to  Sin  e)  ♦  (2.6-8) 

rz  3r  V  dr  J  r2  sin  6  30  V30  J  r2  sin2  e  3$2  v  ' 


2.7  Derivation  of  Grad  V,  Div  F  and  Curl  F  in  Cylindrical  Coordinates  by 
Transformation  of  Axes 


Although  the  substitution  of  appropriate  metrical  coefficients  in  the 
general  curv ' linear  expressions  leads  rapidly  to  the  formulation  of  grad, 
div  and  curl  in  specific  coordinate  systems,  there  are  several  other 
methods  whereby  the  formulae  may  be  derived  and  which  provide  a  deeper 
insight  into  the  relationships  existing  within  a  given  system.  Two  such 
methods  will  now  be  considered. 

(1)  Reference  to  the  equations  comprising  (2.5-5)  of  which  the  first 
is 


3V  m  3V  3u  3V  3v  3V  3w 

3x  "  3u  3x  3v  3x  3w  3x 

reveals  that  when  the  analytical  relationships  between  u,  v,  w 
and  x,  y,  z  are  known,  it  is  possible  to  express  the  partial 
3 V  a v  3V 

derivatives  — ,  r—  and  —  wholly  in  terms  of  curvilinear 
oX  dy  oZ 

coordinates.  If,  in  addition,  the  unit  vectors  i,  j,  k  can  be 

expressed  in  terms  of  u,  v,  w,  it  is  seen  that  the  curvilinear 

form  of  grad  V  may  be  developed.  Further,  since  F^,  and  F^ 

may  be  substituted  for  V,  the  expression  of  each  of  these 

rectangular  components  as  the  sum  of  curvilinear  components 

enables  us  to  derive  the  curvilinear  forms  of  div  F  and  curl  F  as 
well. 

In  the  case  of  a  cylindrical  system 
p  -  (x2+y2 )  ^  ;  »  -  tan"1  |  ;  z  -  z 
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grad 


hence 


3p  x 

~  -  —  -  cos  4 

3x  p 


f*  -  -  I  sin  * 

3x  p 


-jp-  »  -  -  sin  <j> 

3y  p 


3* 

3y 


-  cos 
p 


3p  _ 
3z 


3* 

3z 


F  -  o 


(2.7-1) 


Further,  from  Fig.  2.3 


F  •  F  cos  4  -  F.  sin  4 
x  p  4 


F  sin  4  +  F.  cos  4 
p  4 


(2.7-2) 


Then  from  (2.5-5) 


3V  3V  .  3V  l  .  . 

—  -  ~  cos  4  -  —  -  sin  4 

3x  dp  34  p 


3V  3V  .  .  .  3V  1 

—  -  —  sin  4  +  rr  '  cos  4 

3y  3p  34  p 


3V  _  3V 
9  z  "  3z 


(2.7-3) 


hence 


V  •  (i  cos  4  +  j  sin  4)  +  -  f-j-  (-i  sin  4  +  j  cos  4)  +  k 

3p  p  34  o  z 


whence,  from  (2.2-5), 


.  „  -  3V  .  7  1  3V  .  -  3V 

gr8<i  v  -  p  _  +  *  -  _  +  .  _ 


Upon  substituting  F^  for  V  in  the  first  line  of  (2.7-3)  we  get 


3Fx 

8Fx 

3F 

v 

3x 

•  iTc°8*- 

Jv 

34 

-  sin  4 


whence,  from  (2.7-2) 
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3FX  f^o  aF*  \ 

_  -  cos  $  sin  4J  cos  « 


/3F  3F  \  1 

-  (  — ^  cos  4  -  F  sin  *  -  - —  sin  $  -  F.  cos  4  /  —  sin  4 
\34  p  34  4  /  p 


Similarly, 


3Fv  3F4 

— —  m  i  — — ^  sin  4  +  - —  cos  4  )  sin  4 
3y  \3p  9p 


3F  3F4  \  1 
+  l  rr^  sin  4  +  F  cos  4  +  rr—  cos  4  -  sin  4  j  —  cos  4 


^34 
so  that 


34 


la  ,  3F  3F* 

div  F  -  -  |-  (pF  )  .+  ~  — i  +  — = - 

p  3p  p  p  34  3z 


In  like  manner  it  may  be  shown  that 


3F  3F  J  /3F  3F  \  /.  3F,  3FA 

—5  -  -  {(-£  -  5-t)  sin  «  +  U  — !  -  r-*;  cos  « 

3y  3z  ( \3p  3z  J  \p  34  3z  1 

Similarly 


3F 

3F 

1/1  3F 

3F  N 

/  3F 

3F  N 

_ X 

_ z 

i(p— *  - 

_JL 

)  sin  4  +  1 

— £ 

z 

3z 

3x 

[\P  34 

3z  / 

\3z 

"  3p  > 

3F 

3F 

-  1 

3F  ) 

_2T  - 

X 

j  _♦  +  _i 

_ e 

3x 

3y 

[  3p  p 

~  7 

34  | 

cos  4 


whence 


/,  3F  3F 

curl  F  -  (i  cos  4  +  j  sin  4)  -  —  -  ^ 

\p  34  3z 


+  (-i  sin  4  +  j  cos 


/3F  3F 

♦  )  (_E - * 

'  \3z  3p 


/3F  Fa  JF 

+  k  (-±  +  -1  -  L 

\3p  P  p  34 
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or,  from  (2.2-5). 


curl  F  - 


<pV  - 


(2)  In  view  of  the  invariance  of  grad,  div  and  curl  with  respect  to 
choice  of  rectangular  axes,  we  may  write 


where  i',  j',  k'  and  x',  y1,  z*  refer  to  a  right-handed  system  of 

A_  A_ 

fixed  rectangular  axes  which  coincide  with  p,  z  at  the  point 
where  the  transformation  is  to  be  effected. 

It  will  be  seen  from  Fig.  2.3  that  if  the  systems  are  coincident 
at  P,  then  movement  in  the  i*  or  k’  directions  at  P  leaves  the 

_A  _rt 

orientation  of  p,  *  and  z  unaltered;  in  addition.  Ax'  -  Ap  and 
Azf  »  Az. 

Hence 


3V 

3V 

3Fx’ 

3F* 

3Fz’ 

.  21*1 

3x* 

ap 

’  3x*  “ 

aP 

*  3x* 

ap  ; 

3x’ 

ap 

i 

►  (2.7-5) 

3V 

-  P 

3F  , 

3F 

3F  , 

aF* 

3F  , 

3F 

.  x 

__e 

.  —2. 

* 

z' 

m  z 

3z’ 

3z 

•  3zf  “ 

3z 

*  3z* 

3z  ; 

3zf 

3z 

Fig. 

2.6  is  drawn 

in  a 

plane  through  P  normal 

to  the 

z  axis. 

The 

cylindrical  coordinates  of  P  are  p},  ,  zj  and  those  of  Q,  the 

typical  point  on  the  y'  axis  through  P,  are  p,  *,  zj .  PQ  -  yf. 
Because  both  p  and  *  vary  with  y ’ 


av  _  av  ag  av  a* 

3y'  "  3p  3y'  3*  3y* 
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But  p2  •  p?  +  y'2,  whence  -  £  ■  sin($-4>i) 

oy  p 

and  ♦  -  4>i  -  tan  1  •£- ,  whence  *~f  »  - 

Pi  3y  Pi 

so  that  for  any  point  on  tha  y'  axis  through  P 


IV.  „  3V  (  3V 

3y ’  3p  8ln  +  30  p, 


Since  ♦  -  #x  -  0  at  P  it  follows12  that 


av_\  _  i_  /3v\ 

3yf/p  Pi  \3*/p 


Further , 

Fx,  -  Fp  cos  (♦-*!)  -  Ff  sin  (*-4x) 
Fy *  -  Fp  sin  (*-4x)  +  cos  (p-^) 


[Sec. 2.7 


(2.7-6) 


(2.7-7) 


(2.7-8) 


12.  The  reader  who  considers  that  unnecessary  effort  has  been  expended  in 
establishing  a  result  which  is  intuitively  obvious  should  exercise  caution 
when  approaching  higher-order  derivatives.  (See  equation  (2.10-4).) 
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On  substituting  F^,  and  Fyl  for  V  in  (2.7-6)  and  putting 
(*-$!>  -  0  after  differentiation,  we  find  that 


Pi 


(2.7-9) 


Equations  (2.7-7)  and  (2.7-9)  with  subscripts  deleted,  together 
with  (2.7-5),  furnish  the  curvilinear  equivalents  of  all 
rectangular  partial  derivatives.  Substitution  in  (2.7-4),  with 
______  AAA 

i' ,  j1,  k'  replaced  by  p,  *,  z ,  yields  the  required  cylindrical 
forms  of  grad,  div  and  curl. 

2.8  Derivation  of  Grad  V,  Piv  F  and  Curl  F  in  Spherical  Coordinates  by 
Transformation  of  Axes 


(1)  The  background  relationships  required  for  the  first  type  of 
transformation  are  derived  from  (2.3-1)  and  (2.3-2). 


Since 

x  •  r  sin  0  cos  *  ;  y  *  r  sin  0  sin  * 


z  -  r  cos  0  (2.3-1) 


r  -  (x2+y2+z2)*  ; 


0  -  cos 


1 


(x2+y2+z2) * 


*  -  tan"1  (2.3-2) 


It  follows  that 


— ■  *  sin  0 
3x 

cos  4 

5 

3r 

3y 

30  1 

0  cos  ♦ 

30 

—  -  -  cos 
3x  r 

5 

3y 

3*  1_  sin 

« 

3* 

3x  r  sin 

0 

• 

3y 

ii  .  1  cos  » 
3y  "  r  sin  0 


3r  a 

sT  '  cos  6 


36  1  ,  „ 

8i  *  -  t  8ln  6 


£-<> 


>  (2.8-1) 


Fro*  Fig.  2.4 


F  sin  0  cos  *  +  cos  0  cos  ♦  -  F.  sin  ♦ 
r  0  9 


F  sin  0  sin  *  +  Ffl  cos  0  sin  *  +  FA  cos  ♦ 
r  u  v 


>  (2.8-2) 


F  •  F  cos  0  -  F  sin  0 

Z  X  0 

^  A  £  _ 

The  relationships  between  r,  0,  *  and  i,  j,  k  have  already  been 
expressed  in  (2.3-5). 
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The  detailed  treatment  will  not  be  pursued  here.  Is  Is  formally 
analogous  to  that  developed  for  cylindrical  coordinates  and  is 
straightforward*  but  extremely  tedious. 

(2)  The  second  type  of  transformation,  involving  a  set  of  fixed 
__  _  _  A  A  A 

rectangular  axes  i',  j ' ,  k'  coincident  with  r,  e,  «  at  P,  is 

carried  out  as  follows. 

—  -i 

It  will  be  seen  from  Fig.  2.4  that  the  r,  e  and  $  axes  maintain 

their  orientation  in  space  with  movement  in  the  i'  direction 
at  P,  so  that  the  following  relationships  may  be  written  down 
immediately. 


3V 

ax' 


av 

3r 


3F  ,  3F  3F  ,  3F  3F  ,  3F 

.  - 2L  _  - 5.  .  _ 2  _  _ 2  .  _ 5  „  _ $  (0  a  o\ 

•  3x’  ar  *  ax'  3r  *  ax'  ar  J) 

Movement  in  the  j'  direction  at  P,  ie  along  the  y*  axis,  involves 
variation  of  both  r  and  6.  This  is  shown  in  Fig.  2.7  which  is 
drawn  in  the  plane  4  -  ,  the  coordinates  of  P  being  rx ,  0j ,  4^ 

and  those  of  Q  -  the  typical  point  on  the  y'  axis  through  P  - 
being  r,  e ,  4j .  PQ  -  y' . 


z 


Fig.  2.7 

Proceeding  as  in  the  case  of  cylindrical  coordinates  we  may  show 
that 


ain  (0-0! )  + 


cos2  (e-Qj  ) 


iv.  .  iZ 

3y'  3r 


Fig.  2.8 

It  will  be  seen  from  Fig.  2,8  that  movement  in  k’  direction  at  P, 
ie  along  the  z’  axis,  is  accompanied  by  variation  of  each 
curvilinear  coordinate,  hence  we  must  write 


.  avir_  ayae_  ayat_ 

3zf  3r  3z'  30  *z*  3zf 
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On  taking  the  coordinates  of  Q  as  r,  8,  t  and  putting  PQ  -  z’  it 
follows  from  the  trigonometry  of  the  figure  that 


3r  _  z' 
3z’  r 


96 

3z’ 


z'rt  cos  0J 
sin  9 


3z ' 


cos2(*-^1 ) 
rj  sin  0j 


whence 


'nS  .  _i _ fax} 

3*7 P  rl  sin  9l  \3*/P 


(2.8-6) 


X 


Fig.  2.9 

Fig.  2.9  is  drawn  in  the  plane  through  P  normal  to  the  z  axis.  It 
contains  the  unit  vectors  ♦  and  k'  but  no  other.  The  remaining  arrows  of 
the  figure  show  the  directions  of  the  vector  projections  of  r,  1' ,  0  and 
J*  in  this  plane. 

To  derive  curvilinear  expressions  for  F^,,  ?yt  and  F^,  at  Q  we  may 

resolve  F  and  F  into  a  vertical  component  (perpendicular  to  the  plane 
r  o 

of  the  figure)  and  a  horizontal  component  along  QS.  The  latter  component 
together  with  F^  may  be  replaced  by  horizontal  components  In  the  k'  and 
QT  directions,  where  QT  Is  parallel  to  PU. 

The  I'  vector  at  P  makes  an  angle  “  01  wlth  Pu»  hence  this  18  the  angle 
between  QT  and  I' .  The  component  along  QT,  together  with  the  vertical 

component  at  Q,  may  be  resolved  accordingly  along  I*  and  J' .  We  find 
that 
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Fx’ 


(F  sin  0  +  F  cos  e)  cosU-*!)  Sin  0t  -  F  sinC*-^)  sin  0j 


+  (F  cos  0  -  F„  sin  0)  cos  0i 
r  0  1 


V 


-  (F  sin  0  +  F  cos  0)  cos(*-*2)  cos  02  -  F  sin(*-*2)  cos  ®1 


-  (F  cos  0  -  F„  sin  0)  sin  0i 
r  0  1 


V 


-  (Fr  sin  0  +  FQ  cos  0)  sin (*-♦!)  +  F$  cosC*-^) 


Substitution  of  these  spherical  forms  of  F  , ,  F  ,  and  F  ,  for  V  in 
(2.8-6)  yields  7 

f!!s 

\3z’ 


1  (™r 

- 7 — T  \TT-  “  F*  3  in  6 

r  sin  0  \3*  * 


3z' 


(2Izi 

\3zr 


i  ^Fe  > 

r  sin  0  \3*  “  F*  COS  6J 


3F 


i  ^  A  v . .  +  F  sin  0  +  F.  cos  0 

r  sin  0  \3*  r  0 


>  (2.8-7) 


The  required  spherical  forms  of  grad,  div  and  curl  are  then  obtained  by 
deleting  the  subscripts  and  substituting  (2.8-3)  to  (2.8-7)  in  (2.7-4) 

A  jA  A 

with  I’ ,  J* ,  k'  replaced  by  r,  0,  7. 

EXERCISES 

2-13.  If  u,  v,  w  are  general  curvilinear  coordinates,  show  that  for  all  points 
at  which  the  component  factors  are  defined 


—  .  Vv  ■  -j—  .  Vw  •  ~  .  Vu 


3u 


3u 


3v 

2-14.  Derive  V2V  -  in  cylindrical  coordinates  by  substituting 

(2.7-1)  in  (2.2-5)  with  u  «  p,  v  -  ♦,  w  -  z,  and  by  differentiating  a 
second  time  with  respect  to  x,  y  and  z. 


■  —  .Vw  •  .  V  u  •  ~  .  Vv  -  0 


3v 


3w 


3w 


2-15.  By  substituting  F  ,  F  and  F  for  V  in  (2.5-5),  show  that  in  general 

x  y  z 

curvilinear  coordinates 


div  F  - 


VU.|I+7».|I  +  7W.|S 
3u  3v  3w 


curl  F  -  Fu  +  Fv  x|£  +  Fv  «|£ 
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2-16.  It  follows  from  (2.5-6)  that,  in  general  curvilinear  coordinates. 


TV  -  Vu  ft  +  Tv  *1  +  7w  fV 
3u  3v  3w 

where  VV-i|^  +  j|^+k|^  (V-  V(u,v,w)) 

hence,  for  operation  upon  a  scalar  field. 


Tuf-+Tv!~+Tv*-  I 


3u 


3v 


3z 


Show  from  the  results  of  the  previous  exercise  that  this  continues  to 
hold  for  operations  upon  a  vector  field. 


2-17.  Use  the  results  of  Ex. 2-15.  to  show  that,  in  the  case  of  orthogonal 

coordinates,  div  F  and  curl  F  may  be  expressed  as  three-line  expansions 
whose  first  lines  are  respectively 


1_ 

hi 


3F 
_ u 

3u 


{  —  F 


F 


and 


Ist  F  +  f*F  +  Is-  F 

3u  u  3u  v  3u  w 


3F 


v 


3u 


hj  3u 


Determine  the  values  of  the  partial  derivatives  of  the  unit  vectors  for 
cylindrical  and  spherical  coordinates  by  an  appeal  to  appropriate 
diagrams  or  analytical  functions  (eg  (2.3-5)),  and  so  express  divergence 
and  curl  in  these  coordinates. 


Ans:  In  cylindrical  coordinates  u»p,  v  ■  ♦,  w  ■  z.  All  partial 
derivatives  are  zero  except 


ii 

3« 


_A 


3* 

3« 


-P 


In  spherical  coordinates  u«r,  v-6,  w  »  *.  All  partial 
derivatives  are  zero  except 


A 


-r 


|f  -  ♦  sin  6  ;  ||  -  ♦  cos  0 


3? 

3* 


_A  _A 

-(r  sin  0+6  cos  0) 
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2-18.  Substitution  in  (2,6-4)  reveals  that,  for  cylindrical  coordinates  and 
finite  values  of  p, 

V2*  -  V2z  -  V2  In  p  -  0 


It  follows  that  grad  grad  z  and  grad  In  p  may  be  expressed  at  points 
beyond  the  z  axis  as  the  curls  of  certain  vector  point  functions. 


Determine  some  of  these  functions  by  expressing  the  gradients  in 
cylindrical  coordinates,  and  by  making  an  appropriate  choice  of  F  ,  F 
and  Fz  in  (2.6-2).  p  * 


Ans: 


grad  *  « 
grad  z  * 
grad  In  p 


£ 

curl  p  z/p 
curl  *  p/2 

A* 

-  curl  z  ♦ 


-  curl  z  In  p 

A, 

-  curl  p  p$ 

A 


-  curl  *  z/p 


2-19.  Given  that  G  -  (kxr)/r3  where  k  is  the  unit  vector  in  the  positive  z 
direction,  r  is  the  position  vector  from  the  origin  of  coordinates  and 
r  -  | r ] ,  express  G  in  cylindrical  coordinates  and  determine  two 

expressions  for  F  which  satisfy  the  relationship  G  -  curl  F.  Compare 
the  result  of  Ex. 1-48,  p.  64. 


Ans:  G  -  $  9 — 

(p2+z2)3/2 


F  - 


pz 


jCp^z2)* 


(p2+z2) 


i 


Jc 

r 


2-20.  It  follows  from  the  expression  for  V2  V  in  spherical  coordinates  (2.6-8) 
that  div  grad  j*  is  zero  at  all  points  other  than  the  origin,  where  it  is 

r  i 

undefined,  (v2  —  is  also  undefined  along  the  axis,  sin  e  -  0,  but  this 

axis  may  be  chosen  arbitrarily  for  a  given  origin.)  Express 

1  r  _  ± 

grad  —  -  -  £3  as  curl  F,  where  F  has  a  «  component  only,  and  by 

transforming  this  into  rectangular  coordinates  derive  an  alternative 
solution  of  Ex. 1-45.,  p.  64.  Notice  the  greater  ease  of  interpret ion  of 
the  polar  expression. 


Ans:  F  - 


-  i 


— +  7  +  k  o 

(x2+y2)r  (x2+y2)r 


beyond  the  z  axis, 
(sin  0-0) 


2-21.  If 


[u  V  w] 


W  X 


[u  V  w] 


_A  A_ 

[u  V  w] 
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show  that 

a. dr  ■  hjdu  b.dr  •  h2dv  c.dr  ■  h3dw 

and  hence  derive  the  general  curvilinear  forms  of  grad,  div  and  curl  as 
shown  below. 


«,ra<J  V  -  t,  l I  +  LLME 

grad  V  h:  3u  +  h2  3v  +  h3  3w 


divF  -  •.  jitb  |J  +  c|F 
hj  3u  h2  3v  h3  3w 


curl  F 


£  +  k  X3F  +  c  X3F 

hj  3u  h2  3v  h3  3w 


2-22.  Derive  the  general  relationship 


h  (h*v)  -  3v  (hl“> 


by  applying  the  identity  Q  dr  =  0  to  the  closed  curve  lying  within  a  w 

coordinate  surface  and  bounded  by  the  coordinate  lines  u,  u  +  du,  v, 
v  +  dv. 

Note  the  corresponding  equalities 

Iv  (h3w>  "  h  (h^)  1  h *  h  (h3^ 

A  _  A  _  A 

2-23.  For  orthogonal  curvilinear  coordinates  in  Ex. 2-21.,  a  -  u,  b  -  v,  c  -  w. 

Transform  the  resulting  expressions  for  div  F  and  curl  F,  into  (2.5-14) 
and  (2.5-10)  respectively. 

[Hint:  Make  use  of  the  relationships  derived  by  expanding  the 

equalities  in  Ex. 2-22.  and  forming  scalar  products  with  u,  v  or  w  as 
required. ] 
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2-24.  By  writing  (F.v)  and  G  in  spherical  coordinates  show  that  (F.V)G 


r  IF 


+  e  If. 


+  4 


3G 

F  3G 

F.G. 

f  r 

+ 

6  r  6  0  . 

r  3r 

r  30 

r 

3G„ 

F  G 

F  3G 

r  6 

j 

l  6  r 

_9  _ 0 

r  3r 

1 

p  I 

r 

r  30 

3G 

r  _ $ 

_L. 

Fe  3G«  . 

F.G 

u  JL_E  . 

r  3r 

T 

r  30 

r 

:  Curl 

F 

and  Div 

F  in  i 

F,  3Gr  y, 

r  sin  0  34  r 


3G, 


_  F,G,  COS  9] 

r  sin  0  J 


Line  and  Surface  Integration 
2.9a  Derivation  of  curl  F 


j13 


Fig.  2.10  represents  a  curvilinear  parallelepiped  formed  by  the 
coordinate  surfaces  u  •  uq,  u  ■  ul#  v  -  vq,  v  -  Vj ,  w  •  wq,  w  *  wj . 

F  is  a  vector  point  function  which,  together  with  its  first  derivatives, 
is  continuous  throughout  a  region  of  space  which  includes  the 
parallelepiped. 

To  determine  the  tangential  line  integral  of  F  around  the  closed  contour 
PCDEP,  we  note  that,  in  virtue  of  the  orthogonal  nature  of  the 
A  A 

coordinates,  u  and  w  are  normal  to  PC  and  DE  at  every  point  of  these 

_A  _A 

curves,  and  that  u  and  v  and  similarly  normal  to  CD  and  EP. 
Consequently, 


F.dr  - 


F  dr  + 
v  v 


F  dr  + 
w  w 


F  dr  + 
V  v 


F  dr 
w  w 


PCDEP 


PC 


CD 


DE 


EP 


Suppose  that  the  parallelepiped  is  divided  by  closely-spaced  u,  v  and  w 
surfaces.  The  v  and  w  surfaces  intersect  the  face  PCDE  in  a  set  of 
curvilinear  quadrilaterals.  Those  quadrilaterals  lying  between  the  J-lth 
and  jth  v  surfaces  (which  cut  PCDE  in  aa'  and  bb')  are  shown  In  the 
figure.  The  typical  quadrilateral  lies  between  the  k-lth  and  kth  w 
surfaces  (which  cut  PCDE  in  cc*  and  dd').  The  coordinate  spacing  between 
aa'  and  bbf  is  dv^;  that  between  cc'  and  dd’  is  dw^. 


13.  Perhaps  'curvilinear  hexahedron'  would  be  a  more  appropriate 
description,  since  It  Is  supposed  that  opposite  faces  may  be  unequal. 
However,  the  meaning  is  clear. 
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E 


Fig.  2.10 

The  contribution  of  the  line  elements  ab  and  a’ b '  to  the  Integral  over  PC 
and  DE  is  given  approximately  by 

(h2Fv)b  Avj  "  <h2FvV  6vj 

A  negative  sign  precedes  the  second  term  because  Av^  is  taken  as 
intrinsically  positive,  but  the  associated  vector  element,  Ar,  points  in 
the  negative  v  direction,  le  towards  decreasing  values  of  v. 

The  mean-value  theorem  permits  of  the  replacement  of  this  expression  by 


-Av 


j 


Av, 


where  the  subscript  jk'  indicates  that  the  derivative  is  to  be  evaluated 
at  a  point  between  8  and  y  in  the  element  shown.  In  this  notation  the 
zeroth  w  surface  is  PGHC  and  the  pth  is  EFJD. 

The  corresponding  approximation  for  the  sum  of  the  line  integrals  over  PC 
and  DE  therefore  becomes 
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-  L  Z  &  °*v) 


a*  2  vyjk-  u"k 

j-1  k-1 

where  the  zeroth  v  surface  is  PEFG  and  the  mth  is  CDJH. 

If  AS.,  represents  the  scalar  area  of  the  typical  surface  element  and 

3 

(hjhg)^  denotes  the  value  of  the  product  h2h3  at  some  particular  point 
of  the  element,  then  it  follows  from  the  considerations  of  Sec.  2.1  that 


(h2h9)jk  4vj4wk  -  4SJk  +  Ejk 


where  (ejk/ASjk)-*-0  as  Av^ ,  Avk-*-0 

The  above  summation  may  therefore  be  written  in  the  form 
m  p 


-El 

j-1  k-1 


.  (h2F  )  (AS „+£..) 

h2h3/jk\3w  V/jk'  jk 


If,  now,  limits  are  taken  as  Av,,  Avk+0  and  m,  p**»,  we  immediately  arrive 
at  the  relationship  J 


PC 


CD 


+  J 

Fvdr 

DE 

shows 

that 

*/ 

F  dr 

W  1 

EP 


PCDE 


7-4-  r-  (h?F  )  ds 

h2h3  gw  2  v 


PCDE 


r-4-  (h3F  )  dS 
h2h3  3v  ^  w' 


On  combining  these  equations  we  get 


F.dr 


PCDEP 


PCDE 


[b  (h3  V  -  b  (h^v> 


dS 
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This  is  the  orthogonal  curvilinear  equivalent  of  Stokes's  theorem  in  two 

14 

dimensions  for  a  coordinate  surface 
Since 

j  l.dr 
PCDEP 

then 

l  (curl  F)n  dS  - 
PCDE  PCDE 

Now  let  Ui+uq,  v^v^  wi^Wq  .  In  view  of  the  continuity  of  the 
integrands,  it  follows  from  the  mean-value  theorem  for  Integrals  that 

((curl  F)n)p  -  ((curl  F)u>p  -  <h3Fw>  -  ^  (h2Fvj)j  ? 

This  is  in  agreement  with  equation  (2.5-10). 

The  remaining  components  of  curl  F  are  found  by  equivalent  subdivision  of 
the  v  and  w  surfaces  through  P. 

2.9b  Derivation  of  div  F 

Fig.  2.11  is  a  further  view  of  the  curvilinear  parallelepiped  of 

Fig.  2.10.  As  in  the  previous  analysis,  F  and  its  first  derivatives  are 
continuous  throughout  a  region  of  space  which  Includes  the 
parallelepiped. 


(curl  F)  dS 
n 


PCDE 


i  i  a 


T  r —  -r -  (h,F  )  -  7-  (h2F 
h2h3  (3v  3  w  9w  2  x 


)  dS 


14.  For  a  surface  described  by  the  orthogonal  surface  curvilinear 
coordinates  £  and  the  corresponding  relationship  is 
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UoVoW! 


Fig.  2.11 


To  determine  the  surface  integral  of  F  over  the  faces 
note  that  u  is  normal  to  these  surfaces  at  every  point 
and  w  are  tangential. 


PCDE  and  GHJF  we 

A_ 

of  them,  while  v 


Hence 


• 

F.dS  + 

• 

F.dS  - 

f 

F  dS 

+ 

F  dS 

J  * 

u 

u  j 

u  u 

PCDE  GHJF  PCDE  GHJF 


The  enclosure  formed  by  the  j-lth  and  jth  v  surfaces  together  with  the 
k-Ith  and  kth  w  surfaces  is  shown  in  the  figure.  This  cuts  the  face  GHJF 
in  the  curvilinear  quadrilateral  a *y ’6  ' .  The  enclosure  is  Intersected 
by  u  coordinate  surfaces,  the  typical  volume  element  so  formed  lying 
between  Che  i-lth  and  1th  u  surfaces  and  being  designated  At  ,  .  The 


coordinate  spacing  between  the  1-lth  and  ith  u  surfaces  is  Au^. 


lijk* 


The  contribution  of  the  elementary  quadrilaterals  a6y6  and  ol'B'y'A'  to 

the  normal  surface  integral  of  F  over  the  faces  PCDE  and  GHJF  is  given 
approximately  by 


(h2h3Fu)Yf  AvjAwlt  -  (h2h3Fu)Y  AVjAwfc 
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A  negative  sign  precedes  the  second  term  because  the  positive  normal  over 
PCDE,  being  directed  outwards  from  the  parallelepiped,  points  in  the 

negative  u  direction,  and  so  makes  dS^  negative. 

This  expression  may  be  replaced  by 

n 

"Y'k  7  (h  <wu>)iIjk  ‘-I 

i-1 

where  the  subscript  lfjk  Indicates  that  the  derivative  is  to  be  evaluated 
on  yy*  between  the  i-lth  and  ith  u  surface. 

In  this  notation  the  zeroth  u  surface  is  PCDE  and  the  nth  is  GHJF. 

The  corresponding  approximation  for  the  sum  of  the  surface  Integrals  over 
PCDE  and  GHJF  therefore  becomes 

m  p  n 

j-i  k-i  i-i 

If  (hjl^hj)^^  denotes  the  value  of  the  product  hjh^  at  some  particular 
point  of  the  element  At^^,  and  if  the  volume  of  this  element  is  also 
represented  by  At^^*  then 

<hlh2h3>ljk  AWBk  '  Atijk  +  eijk 

where  (t1jk/ATijk)-»-0  as  Au^  Av^,  Aw^O. 

The  above  summation  may  therefore  be  written  as 

n  m  p 

III  fofeXkfc^'^i.jk 

i-1  J-l  k-l 

If,  now,  limits  are  taken  as  Au.,  Av  ,  A w,+  0  and  n,  m,  p*<®,  we  see  at 
once  that  1  * 

f  F  dS  +  I  F  dS  -  [  r-T-r-  f-  (h2h,F  )  dT 

J  u  u  J  u  u  J  h!h2h3  3u  2  3  u 

PCDE  GHJF  T 

The  same  system  of  subdivision  may  be  used  to  determine  the  remaining 
surface  integrals.  It  la  found  that  the  total  surface  Integral  Is  given 
by 
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f  ?-d?-  /  hi^h [is  <h*hsV  <h3»iV  *h  w;]  * 

S  T 

This  is  the  orthogonal  curvilinear  form  of  the  divergence  theorem. 
Since 


then 


div  F  dt 


S 


T 


/  *  *  -  /  hT^hT  [is  <h^3F»>  +  Is  (h3"iV  +  Is  »i**v]  dT 


By  invoking  the  mean-value  theorem  for  Integrals  and  taking  limits  as 
ui+u^,  vj+v^,  we  see  that 

<dlv  ?)p  ■  fefe*  [Is  (h3h3fu>  +  Is  <h3hiFv>  +  i«  (hih*vD  p 


This  is  in  agreement  with  (2.5-14). 

2.10  V2F  in  General  Orthogonal,  Cylindrical  and  Spherical  Coordinates 

It  was  pointed  out  in  Sec.  1.18  that  It  is  possible  to  derive  general  or 

specific  curvilinear  expressions  for  V2F  by  substitution  of  appropriate 
curvilinear  forms  of  grad*  curl  and  div  in  the  relationship 


V2F  -  grad  div  F  -  curl  curl  F 


(1.18-5) 


Before  proceeding  with  this,  however,  an  example  will  be  given  of  a 
direct  transformation  from  the  basic  Cartesian  form  to  the  curvilinear. 
This  will  be  carried  out  for  the  particular  case  of  cylindrical 
coordinates. 

Since  V2  is  invariant  with  respect  to  choice  of  rectangular  axes, 
equation  (1.18-3)  may  be  replaced  by 


V2F  -  i'Vt2F  ,  +  J'V,2F  f  +  k*V,2F  f  (2.10-1) 

x  y  z 

_  AAA 

where  i* ,  k'  are  fixed  rectangular  unit  axes  coincident  with  p,  ?,  7 
at  the  point  P(pi»*j,*i)  where  the  transformation  is  to  be  made. 
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(V2?)  p 


A  /32Fx,  a2Fx,  32Fx,^ 

7l  W2  +TT7"  +  3^/p 


(2.10-2) 


a  /32Fz>  32F?t  32F  A 

+  21  V^72"  + 


The  considerations  leading  to  equation  (2.7-5)  allow  us,  in  addition,  to 
write  down 


32FxI 

32F 

32F  f 

32F 

32Fz, 

32F 

3x'2 

- 

H* 

-  - J- 

3p2 

;  3x'2 

’  1?* 

1 

32F  , 

32F 

32F  , 

32F^ 

32F  , 

/ 

32F 

iT7^ 

"  lz^ 

77* 

"  7I2 

z* 

’  3z'2 

_  _ £ 

3z2  1 

The  derivatives  with  respect  to  y*  remain  to  be  transformed. 
It  follows  from  equation  (2.7-6)  that 


sin  (#-$!)  + 


cos2  ($-<&!> 
Pi 


so  that 


1 

Pi 


P 


But 


3-f &JL 


3* 


X. 

3* 


sin($-$i ) 


J_  /jv  cos2 
+  3*  01 


whence 


1  /Vv  1  32V\ 
Pi  \3P  Pi  3*Vp 


(2.10-4) 


Upon  substituting  the  cylindrical  forms  F  , ,  F  ,  and  F  ,  for  V  in 

x  y  z 

equation  (2.10-4)  in  accordance  with  equation  (2.7-8)  it  is  found  that 
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1 

Pi 


3F  /32F 

_J ?  +  L  ( 

3p  Pl 


-  F 


P 


1_ 

Pl 


+ 


l  n2** 

Pi\W~ 


(2.10-5) 


(2.10-6) 


1_ 

Pl 


(2.10-7) 


Substitution  of  equations  (2.10-5)  to  (2.10-7)  (with  subscripts  deleted) 
and  equation  (2.10-3)  in  equation  (2.10-2)  then  yields 

a  j32F  .  3F  32F  32F  F  ,  3F  1 

,2F  '  p  {iT®  +  l  *  Ji  *  i?9  -  -  ?  aTJ 

l  »F.  l  s2f«  »2f.  f. 

+  l  ST  +  J5  ii5"  +  '  p-7 


+  ♦ 


+  Z 


9  3F 

+  ?  if 


} 


>  (2.10-8) 


32F 

ip 


9F_ 


32F 


_  i  o*_  i  32F 1 

Z  ,  1  2  ,  1  Z  .  _ Z  > 

p  3p  p5  3*2  3z2  j 


On  replacing  V  in  (2.6-4)  by  F  ,  F  and  F  in  turn,  it  will  be  seen  that 

p  9  z 

(2.10-8)  is  equivalent  to 

72?  *  p  f2(V  -  S  -  P  S*}  +  *  j72"*5  '  S  +  ?  3^}  +  *  v2(V 


(2.10-9) 


Comparison  of  equations  (2.10-9)  and  (2.10-1)  reveals  that  the  simplicity 
of  the  basic  Cartesian  expansion  is  retained  only  for  the  z  component  of 
cylindrical  coordinates,  ie 


(v2f)  *  v2 (f  )  ;  (v2F)  *  v2 (F  )  ;  (v2f)  -  v2(f  ) 

p  p  $  ♦  z  z 

(2.10-10) 


To  derive  the  general  orthogonal  curvilinear  form  of  v2F  we  will  adopt 
the  method  cited  at  the  beginning  of  this  section.  This  requires  the 
substitution  of  equations  (2.5-7),  (2.5-10)  and  (2.5-14)  in 
equation  (1.18-5).  The  working  is  straightforward  and  leads  to  the 
following  expressions. 
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The  spherical  coordinate  fora  of  V2F  then  follows  from  substitution  for 
u,  v,  w,  hj,  h2p  h3  in  the  above  expression. 

It  is  found  that 


(?2F>r 


32F  _  3F  ,  32F  „  3F  .  32F 

S?1  *  ;  if  *  h  iff  *  ^  if  *  ti?  e  M*1 
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or 


3F 

(*2f>r  ■  7^Fr>  -  ?  Fr  -  JTrtTi  55  (F0  sla  9)  *  if 


(2.10-14) 


m2,,  .  !!l»  *  «oj  !!»  * _ i _ ilia 

w  F)e  *  an  +  ?  ar  +  P  ae*  +  ^  39  +  ra  sln2  9  a«2 


a  3ii  _  2  cps  a  !£i  _ _ I _  p 

r2  30  r2  8 in2  6  3$  r2  sin2  6  r0 


3F 


3F. 


(V2F,9  .  V2(F9)  +jj^-  ^  -  r2  -±2  9  F,  (2.10-15) 


32F.  .  3F  .  32F.  _  _  3F.  .  32F. 

(v2r)«  ‘  ^+?ar  +  ?a5^  +  ^al^  +  ^  sl^l  5P1 


_ _ i _ _  _2._fifla.a_  !!s  i  !!i 

r2  sin2  0  r$  r2  sin2  0  3$  r2  sin  0  3$ 


or 


(*2F), 


•  72<f.)  -  . 

9  r 


2  sin2  9  F«  +  r: 


cos  iL 


!!a 


_2_ 


3F 


sin2  0  3*  r2  sin  0  3$ 


(2.10-16) 


EXERCISES 


2-25.  Derive  the  cylindrical  forms  of  curl  and  divergence  by  applying  Stokes's 
theorem  and  the  divergence  theorem  to  the  appropriate  coordinate 
surfaces  and  enclosure. 


Repeat  this  for  spherical  coordinates. 
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2-26.  Derive  an  expression  for  6  V  dS  where  V  is  a  well-behaved  scalar  point 

J  S 

function  and  S  is  the  surface  of  an  orthogonal  curvilinear 
parallelepiped.  Then  employ  equation  (1.17-6)  to  show  that 


grad  V 


AAA 

u_  3V  +  v_  3V+w_3V 
hj  3u  h2  3v  h3  3w 


»  A 


3  A 


1  /A 


+  h^h3  j Tu  (uh2h3>  +  3v  (vh3hl)  +  ^  <whlh2)J 


The  second  line  of  this  expression  must  be  zero  since  grad  V  cannot 
involve  the  absolute  value  of  V.  Prove  this  independently  by  means  of 

the  identity  ^  dS  =  0. 

2-27.  If  r  «  ix  +  jy  +  kz  and  r  -  |r|  prove  that 

V2(rn  r)  -  n(n+3)  r11”2  r 

by  (a)  expansion  in  rectangular  coordinates 

(b)  substitution  in  equations  (2.10-14,  15,  16). 

2-28.  Derive  V2F  •  i  V2F  +  j  V2F  +  k  V2F  in  cylindrical  coordinates  by 

x  y  z  _ 

substituting  the  curvilinear  forms  of  the  Cartesian  components  of  F, 

equation  (2.7-2),  in  the  cylindrical  expression  for  V2V,  equation 
(2.6-4),  and  by  subsequently  employing  equation  (2.2-5)  to  relate  the 
rectilinear  to  the  curvilinear  unit  vectors. 

2-29.  Derive  V2F  in  cylindrical  coordinates  by  substituting  the  cylindrical 
forms  of  grad,  div  and  curl  in  the  equation 


72F  -  grad  div  F  -  curl  curl  F 

2-30.  Use  the  divergence  theorem  to  demonstrate  that  the  volume  defined  by  a 
closed  surface  is  equal  to 

(a)  J  9  (grad  R2).dS 
JS 

where  R  is  the  distance  from  a  Tixed  plane  to  the  surface 
element  dS. 


(b)  i  6  (grad  p2).dS 
J  S 

where  p  is  the  radial  distance  from  a  fixed  external  line  to  the 
surface  element  dS. 
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(c)  1 /6  6  (grad  r2).dS 

J  S 

where  r  Is  the  radial  distance  from  a  fixed  external  point  to 
the  surface  element  dS. 


2.11  Change  of  Volume  Resulting  from  Transformation  of  Coordinate  Values 


If  the  coordinates  (x,y,z)  of  any  point  of  a  region  of  space  are 
transformed  to  (x'.y'.z')  in  the  same  rectangular  system,  the  volume  of 
an  element  defined  by  a  set  of  such  points  will  be  altered  accordingly. 
Thus  consider  a  parallelepiped  Initially  defined  by  the  vector  edges 

OP  -  iAx,  OQ  »  jAy,  OR  -  kAz.  Let  0  move  to  0’ ,  P  to  P* ,  etc,  and  let 


O’P* 

-  iAxj ' 

+  J^yi  ’ 

+  kAzj' 

O^Q' 

-  iAx2 ' 

+  jAy2f 

+  kAz2 ' 

O’R* 

*  iAx3’ 

+  jAy3’ 

+  kAz3* 

Then  in  the 

limit  as  Ax, 

Ay,  Az-*-0 

AXi  * 

3x' 

“  —  Ax 

3x 

AYi'  " 

AZi ' 

-  S-'to 

Ax2r 

3xf  . 

’  37  Ay 

Ay2'  - 

Az2  * 

■  If-' Ly 

Ax  3  * 

3x'  * 

-  37  Az 

Ay3r  " 

r  - 

Az3’ 

■  sr'  Lz 

where  the  derivatives  are  evaluated  at  0  and  are  supposed  to  be 
continuous  in  a  neighbourhood  of  0. 

It  follows  that 


O’P1 


O’Q' 

O^R' 


+  7  I*' 

J  3x 


+  7|*’ 

J  3y 


+  7  I2-’ 

J  3z 


+ 


+ 


+ 


Ax 


Ay 


Az 


whence  the  volume  of  the  transformed  parallelepiped  is  given  by 
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3y’  . 

3x 

k 

3x 

>(T 

a*’  +7 
3y  J 

!z'  + 

3y 

3x* 

3x' 

3x* 

3x 

3y 

3z 

At’ 

- 

3y  ’ 
3x 

3JL' 

3y 

iz_' 

3z 

3z' 

3z* 

3z 1 

3x 

ay 

3z 

AxAyAz 


x,y,z  J 


At  (2.11-1) 


2.12  Surface  Relationships 

2.12a  Surface  gradient,  divergence  and  curl 

A  A'  A 

Let  £  and  5  be  orthogonal  surface  coordinates  and  let  5,  5,  n  form  a 

right-handed  set  where  n  Is  a  unit  normal  to  the  surface  (Sec.  2.4b). 
Then  If  P  and  Q  are  closely  spaced  points  of  the  surface  and  V  Is  a 
scalar  point  function  having  continuous  derivatives  upon  the  surface  we 
may  write 


VQ  -  VP  *  (H)p  «  +  ($\  « 


*  ^  ‘  (5VE+5hC4') 


f?  av,  c  3V_\ 

*  \\  \  ‘ 


where  Ar  •  PQ 

3V  3V 

Hence  at  all  points  of  the  surface  where  rr  and  —  are  continuous 

«s 

£  - 

where  s  is  the  unit  tangent  to  the  surface  in  the  direction  of  motion. 

For  obvious  reasons  we  define  the  second  factor  of  the  scalar  product  as 
the  surface  gradient  of  V  and  write 


I  3V  t  3V 
h^  H  3C 


grads  V 


(2.12-2) 
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Since  is  independent  of  coordinates,  the  surface  gradient  as  defined 

above  will  remain  invariant  if  the  surface  be  defined  in  terms  of 
alternative  orthogonal  coordinates.  V  may  or  may  not  be  defined  outside 
the  surface;  in  any  case  grads  V  is  directed  tangentially.  It  follows 
from  (2.12-2)  that 


grads  K 


A 


K 


grads  5 


5 


(2.12-3) 


The  surface  divergence  and  curl  are  defined  in  terms  of  orthogonal 
surface  coordinates  as  follows15 


divs  F 


I  + 

3E  h^  35 


(2.12-4) 


curls  F 


+i  X*1 

\  35  h?  35 


(2.12-5) 


It  is  easily  shown  by  substitution  in  (2.12-2),  (2.12-4)  and  (2.12-5) 
that  the  various  expansions  developed  in  Sec.  1.16  for  the  gradient, 
divergence  and  curl  of  scalar  and  vector  products  have  their  direct 

counterparts  in  surface  relationships.  Thus  if  V,  U,  F  and  G  are  scalar 
and  vector  point  functions  defined  upon  the  surface  but  not  necessarily 
outside  it,  and  with  or  without  normal  components,  then 

grads  V  U  -  V  grads  U  +  U  grads  V  (2.12-6) 


divs  V  F  -  V  divs  F  +  grads  V.F  (2.12-7) 


curls  v  F  -  V  curls  F  +  grads  V  x  F  (2.12-8) 


grads (F.G)  -  (F.grads)G  +  (G.grads)F  +  F  x  curls  G  +  G  x  curls  F 

(2.12-9) 


where 


(F.grads)G 


=  + 

-  hc  3?  *  h^  35. 


15.  Some  writers  employ  the  terms  'surface  divergence*  and  'surface  curl' 
with  completely  different  connotations. 
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curls (F*G)  -  (G. grads) F  -  (F.grads)G  +  F  dlvs  G  -  G  divs  F  (2.12-10) 


divs(F*G)  ■  G. curls  F  -  F. curls  G 


(2.12-11) 


When  V  has  continuous  derivatives  both  upon  and  beyond  the  surface  we  may 
relate  grad  V  and  grads  V  at  a  point  of  the  surface  in  the  following 

way.  Let  P  be  a  point  of  the  surface  S  and  let  PQ  *  iAx.  In  general,  Q 
will  lie  beyond  S.  The  normal  from  Q  to  S  meets  S  in  R.  Let  the 
coordinates  of  R  be  +  A£,  5  +  Ac.  Then 


fj  av  .  av  .  -  3v\ 

Vhc  H  hc  3C  n  3n,j 


(Ch^AC+Ch^Ac+nAn) 


T.  3V  3V  ,  -  By 

i  X  *  \hr  3?  h{3(  “  3n 


Then  at  all  points  of  the  surface 


(A  A 

\  35  \  3C  3n )  x 


whence 


grad  V 


L  1Y  +  L  LY  .  -  3v 

hc  iC  U  ac  3n 


or 


grad  V  ■  grade  V  +  n 

Substitution  of  F^  for  V  in  the  above  analysis  leads  to 

if*  .  L  !fs  +  L  llx  +  *  !!* 

3x  h?  3C  *  h^  3C  x  3n 


(2.12-12) 
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whence 


div  F 


I.  3F  (_  3E  -  3F 
hc*3C  +  n’3n 


since  i,  j,  k  are  independent  of  5,  5,  n 
hence 


div  F 


divs  F  +  n.jp- 
dn 


In  like  manner  it  may  be  shown  that 


(2.12-13) 


curl  F  -  curls  F  +  n  *  ~ 

3n 


(2. 12-14) 


2.12b  Integral  transformations 
From  equation  (2.12-5) 


n. curls  F  -  «§*«§£ 

H  h?  S? 


On  expansion  this  yields 


n. curls  F  -  I.gF  -  L.*S  F  +  L  !I$  _  1.  *§ 

hc  dt  Z  hc*3c  \  +  h?  3 Z  h  3; 

A  A  A  A 


(£_  3n  C.  3n\ 

hc*3c  -  hc*ac j 


It  is  easily  shown  (see  Ex. 2-22.,  p.  146)  that 


(2.12-15) 


k  <«V  -  fc  «y 


or 


3h 


\H  +  'nS  -  +  ^ 


(2.12-16) 
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whence,  upon  scalar  multiplication  by  n,  we  obtain 


A  A.  A  _A 

v°'Vo) 


(2.12-17) 


_A  _A  _A 

On  writing  n  *  C  x  C  and  expanding  the  last  term  of  (2.12-15)  accordingly 
we  obtain 


C  7  x 


A 

/§_  H 


x  C  F, 


^  A  A 

n_  H  n_  H  .  _ 

hc'3c  "  |  n 


0  by  (2.12-17) 


whence 


n. curls  F  « 


—  —  —  —  3F  3F 

I/h  rK  -  yit  V  rt  h  '  r  <2-12-18> 


Scalar  multiplication  of  (2.12-16)  by  £  and  C  In  turn  yields 


1  3C  . 

h£'H 


V*C  3; 


(2.12-19) 


and 


L.il  -  -1 

Y3C  V? H 


(2.12-20) 


a  A  ~  a  A  - 

Since  “  (?.c)  "  0  and  —  <?•£)  -  0  we  have 


||i  +  if|  -  0  and  + 


-  —  A  A  ~ 


hence  (2.12-19)  and  (2.12-20)  may  be  transformed  into 


.  C  *1 


hchc  3C 


(2.12-21) 


and 


- 

r*K 


\\  H 


(2.12-22) 


Substitution  of  (2.12-21)  and  (2.12-22)  in  (2.12-18)  then  yields 
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n. curls  F 


^  3E  35  35 


_  !!!s 

w  3C 


or 


_A  _ 

n. curls  F 


V< 


fl  <W 


1_ 

34 


<W 


(2.12-23) 


An  analysis  formally  Identical  with  that  given  In  Sec.  2.9a  then  leads  to 
Stokes’s  theorem  for  curvilinear  surface  coordinates,  viz 


(curls  F).dS  ■  (p  F.dr 
S  r 


(2.12-24) 


This  is  seen  to  hold  whether  or  not  F  is  tangential  to  S. 

The  expression  for  surface  divergence  (2.12-4)  may  be  transformed  in  a 
similar  manner.  We  obtain 


A  A  A  A 


divs  F 


s?({h  <\v +  h  (w}  + 


(2.12-25) 


It  may  also  be  shown  that 


o  h  <\V  +  k  'VS  dS  '  ♦  ?  s' ds 

's  5  c  '  ’r 


(2.12-26) 


where  □’  Is  the  outward  normal  to  r  tangential  to  the  surface,  hence  the 
curvilinear  surface  form  of  the  divergence  theorem  becomes 


divs  F  dS  -  t  F.n’  ds  ♦  (divs  n)  F.dS  (2.12-27) 

'  S  '  r  's 

When  the  surface  is  planar,  or  F  is  everywhere  tangential  to  it,  we  have 


f  _  _  1 

diva  F  dS  •  *  F.o  ds 

s  '  r 


( 2 . 1 2-27a) 


The  Integral  transformations  expressed  by  equations  (1.17-1),  (1.17-3) 

and  (1.17-5)  have  the  following  surface  counterparts: 
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dS  *  grads  V  ■  |  V  dr 

s  r 


(2 . 12-28) 


curls  F  dS  - 


(n'xF)  ds  +  j  divs  n  (dS*F) 

r  s 


(2.12-29) 


grads  V  dS  -  /  V  n'  ds  +  J  (divs  n)  V  dS 

s  r  S 


(2.12-30) 


Equation  (2.12-28)  is  most  easily  verified  by  expanding  curls  V  a  in 

accordance  with  (2.12-8),  where  a  is  a  constant  vector,  and  applying 
(2.12-24).  (c.f.  the  alternative  proof  of  (1.17-1)). 

Equation  (2.12-29)  represents  the  surface  form  of  Ostrogradsky 's  theorem. 

It  is  readily  demonstrated  by  the  expansion  of  divs(a*F)  in  accordance 
with  (2.12-11)  and  a  subsequent  application  of  (2.12-27). 

To  obtain  (2.12-30)  expand  divs  V  a  in  accordance  with  (2.12-7)  and  apply 
(2.12-27). 


EXERCISES 


2-31.  Prove  (2.12-10)  and 
* 

2-32.  Show  that  curls  n  - 
2-33.  Develop  a  proof  of 


(2.12-14). 

A  A  A 

0  by  considering  the  S,  C  and  n  components  in  turn. 


M  dr  «  j  dS  *  grads  V 

'  r  s 


independently  of  Chet 


suggested  in  the  text  by  showing  chat 


—  IT  3  3  —  ! 

0  V  dr  -  j  j  (Vhc<dO  dC  -  (Vh^Cdt) 

Jr  s 


and  noting  subsequently  that 


r  _su  x 
-s  \\  Is' 


i. 


A  > 

)j  dS  - 


0 
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2-34.  Show  that 


dlvs  F  ■  [h  (W  *  k  (\V]  +  <dlvs  ”>  F« 


2-35.  Show  that 


sx[h  <bcV*«  <h<v1“  '  *  fi’ ds 

's  u  '  *  r 


2-36.  Develop  a  proof  of  (2.12-30)  in  the  following  way. 
Show  by  direct  Integration  that 


grads  V  dS 
S 


<j)  V  n'  ds 

j 

r 


f  l 

.  W  <•« 


<*V  +  ^  60 


V  dS 


*  —  t- 

and  by  consideration  of  the  £  and  n  components  in  turn  demonstrate 
that 


3_ 


(ChC)  + 


3_ 

3C 


A  — 
-n  dlvs  n 


A 

2-37.  Employ  (2.12-30)  to  show  that  diva  n  Is  Invariant  with  respect  to  change 
of  orthogonal  coordinates  and  apply  this  result  to  (2.12-27)  and 

(2.12-29)  to  show  that  dlvs  F  and  curls  F  are  likewise  Invariant. 


2-3 8.  Derive  Green's  theorem  for  surface  coordinates,  viz 


j  (V  v2gu  -  U  V2gV)  dS 
S 


f 


A 

(V  VCU  -  U  V  V) .n'  ds 

s  s 


where  Vg  ■  grads  and  V2g  -  dlvs  grads 


2-39.  If  V  Is  well-behaved  upon  a  closed  surface  show  that 
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GREEN’S  THEOREM  AND  ALLIED  TOPICS 


3 . 1  Green’s  Theorem 


The  symmetrical  and  asymmetrical  forms  of  Green's  theorem  have  been 
stated  and  proved  in  Sec.  1.17.  They  are  re-introduced  here  in  rather 
more  general  terms  as  follows. 

Let  Sj,  S2  -  be  closed  regular  surfaces  which  neither  intersect  nor 

enclose  one  another,  and  let  E  be  a  closed  regular  surface  which  encloses 
all  of  these  (Fig.  3.1).  The  simply  connected  region  of  space  bounded  by 
the  surfaces  is  designated  R  (or  t,  for  the  purpose  of  volume 
integration) . 


Fig.  3.1 

If  V  and  U  are  single-valued  scalar  point  functions  with  continuous 
second  derivatives  in  R,  then 


j  V  grad  U.dS  -  J  V  V2U  dt  +  J  grad  V.grad  U  dt 


Sl..nZ 


1.17-10" 

3.1-1 
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and 


(V  grad  U  -  U  grad  V).dS 


S.  I 
1 .  .n 


f 

J 


(V  V2U  -  U  V2V)  dT 


T 


Substitution  of  grad  V  for  F  in  (1.17-9)  yields 


1.17-11/ 

3. I-2  J 


f 


V  grad  V.dS 


S.  Z 
1 .  ,n 


V  V2V  dT  + 


grad  V.grad  V  dT 


T 


T 


or 


j  V  V2v  dT  +  j  | grad  v|2  dT 


T 


T 


(3.1-3) 


where  n  is  distance  measured  along  the  outward  normal*. 

Since  (V-U)  is  single-valued  with  continuous  second  derivatives  in  R,  it 
may  replace  V  in  equation  (3.1-3),  in  which  case 


(V-U)  -(V-U)dS  -  [ 


r 


Sl..nE 


(V-U)  V2(V-U)dT  +  ;  [ grad(V-U) | 2  dt  (3.1-4) 

T  T 


We  will  have  occasion  to  use  both  of  these  modified  forms  of  Green's 
theorem,  equations  (3.1-3)  and  (3.1-4),  in  the  next  section. 

Because  V  and  U  are  required  to  be  well-behaved  functions  within  R  it  is 
necessary  to  exclude  discontinuities  by  means  of  closed  surfaces.  Such 
surfaces,  however,  may  be  invoked  in  the  absence  of  discontinuities,  and 
the  related  surface  Integrals  then  replace  the  volume  Integrals  taken 
over  the  regions  enclosed  by  these  surfaces.  Thus,  if  Si  represents  such 

a  surface.  Green's  theorem  may  be  applied  to  the  region  Ri  (t t )  enclosed 

by  Si.  Upon  adding  the  associated  equation  to  that  obtaining  for  the 

region  R  the  two  surface  Integrals  over  S[  cancel  because  of  the  reversal 

of  the  positive  sense  of  the  normal  on  passing  through  the  surface,  so 
that  we  arc  left  with  surface  Integrals  over  S^  QI  and  an  Integration 

volume  t  +  tj.  This  expression  could,  of  coarse,  have  been  written  down 

directly. 


1.  It  Is  usual  to  write  the  derivative  in  partial  form.  There  are 
arguments  for  and  against  this. 
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It  is  often  necessary  to  apply  Green's  theorem  to  an  unbounded  region 
comprising  all  space  outside  the  set  of  local  surfaces  Sj  n .  In  this 

case  the  I  surface  is  moved  out  tc  infinity  in  all  directions.  The  value 
of  the  surface  integral  over  I  then  depends  upon  the  manner  in  which  the 
scalar  integrand  behaves  at  infinite  distance.  If  R  is  distance  measured 
from  a  local  origin,  then  the  function  V  is  said  to  be  regular  at 
infinity  if 

(a)  RV  is  bounded  as  R-*» 

(b)  R2VV  is  bounded  as  R-*» 

ie  V  is  regular  at  infinity  if  V  vanishes  at  least  as  ^  and  grad  V 
vanishes  at  least  as  £5  for  sufficiently  large  values  of  R. 

When  V  and  U  are  both  regular  at  infinity  it  is  seen  that  the  surface 
Integrals  over  £  vanish  at  infinite  distance  (surface  area  Increases  only 

as  R2),  so  that  equations  (3.1-1)  to  (3.1-4)  hold  with  Z  deleted,  while  r 

Includes  all  space  outside  S, 

1 .  .n 

3.2  The  Harmonic  Function 


A  scalar  point  function  V  la  said  to  be  harmonic  at  a  point  if  it  has 
continuous  second  derivatives  and  satisfies  Laplace's  equation  (V2V-0) 

throughout  some  neighbourhood^  of  that  point.  Correspondingly,  s 
function  la  harmonic  in  an  open  region  if  it  is  harmonic  at  every  point 
of  that  region.  Whan  the  region  la  closed  we  will  suppose,  in  addition, 
that  the  second  derivatives  of  the  function  are  continuous  at  all  points 

4 

of  the  boundary  .  Any  function  which  is  stated  to  be  harmonic  In  an 
unbounded  region  is,  by  implication,  regular  at  infinity. 

The  following  theorems  relate  to  functions  which  are  (a)  harmonic  in  the 
closed  region  R  bounded  by  the  surfaces  I,  where  all  surfaces  are  at 

finite  distance,  or  (b)  harmonic  everywhere  outside  the  surfaces  Sj 

all  of  which  are  at  finite  distance. 

Theorem  3.2-1 


If  V  is  harmonic  in  the  closed  region  bounded  by  the  surfaces  S ^  ^Z, 

then  the  total  surface  Integral  of  the  normal  derivative  of  V  is  zero. 


2.  A  region  is  bounded  or  finite  if  all  of  Its  points  lie  within  a  sphere 
of  finite  radius;  otherwise  it  is  unbounded  or  infinite.  It  is  seen 
that  the  term  'unbounded'  does  not  necessarily  imply  'devoid  of  all 
boundaries'  but  rather  'devoid  of  a  closed  exterior  boundary'. 

3.  The  word  'neighbourhood'  has  been  used  in  a  colloquial  sense  in 
earlier  pages  to  refer  to  the  vicinity  of  a  point  or  line.  Strictly,  a 
neighbourhood  of  a  point  is  any  open  region  which  contains  that  point. 
The  word  will  be  used  in  this  sense  from  now  on. 

4.  This  limitation  may  be  unnecessarily  restrictive.  See  Kellogg, 

pp.  211-2. 
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Proof:  Interchange  V  and  U  in  equation  (3.1-1)  and  put  U  -  1.  Since 
V2V  -  0  and  grad  U  -  0  it  follows  that 


S 


1 


.n 


E 


0 


Alternatively,  we  have  from  the  divergence  theorem 


f>  • 

Sl..n£ 


grad  V.dS  - 


Sl..u* 


V2V  dr  -  0 


[When  V  is  harmonic  everywhere  outside  S^  n  the  surface  integral  over 

E  remains  equal  and  opposite  to  that  over  ^  as  E  recedes  to 

infinity.  This  does  not  preclude  the  possibility  that  V  is  regular  at 
3  V  1 

infinity  because  may  decrease  only  as  rj  while  the  area  of  surface 

K  3V 

integration  increases  as  R2 .  However,  should  —  decrease  at  a  greater 
1  Sn 

rate,  eg  ss  the  surface  Integral  over  E  will  vanish  at  infinity 

and  the  Integral  over  R  must  then  also  vanish.] 

Theorem  3.2-2 

If  V  is  harmonic  in  the  closed  region  R  bounded  by  Sj  qE  and  has  the 

same  value  at  all  points  of  the  surfaces,  then  V  is  constant 
throughout  R  and  equal  to  its  value  on  the  surfaces. 

Proof:  If  V  -  V'  upon  the  surfaces,  then  from  equation  (3.1-3) 

V’  0  ~  dS  -  f  | grad  V|2  dT 

„  dn  J 


But 


|!  dS 
in 


Sl..„£ 


0  from  Theorem  3.2-1 


hence 


t 


0 


Since  |grad  V|2  is  positive  or  zero  for  any  volume  element,  it  must  be 
zero  for  all  volume  elements  if  the  volume  Integral  is  zero.  Hence 
grad  V  -  0  throughout  R,  and  V  is  constant  throughout  R  and  equal  to 
its  value  on  the  surf aces. 
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Theorem  3.2-3 

If  V  is  harmonic  in  the  closed  region  R  bounded  by  the  surfaces 

S,  E,  and  its  normal  derivative  is  zero  at  all  points  of  the 

1 .  .n 

surfaces,  then  V  is  constant  within  R. 

3  V 

Proof:  Since  t—  is  zero  at  „  all  points  of  the  surfaces,  it  follows 
dn  r 

from  equation  (3.1.3)  that  I  |grad  V[2  dt  “  0,  whence,  for  reasons 

^  T 

given  above,  V  is  constant  as  stated. 

Theorem  3.2-3a 

If  V  is  harmonic  everywhere  outside  the  surfaces  S.  ,  and  if  its 

i » •  n 

normal  derivative  is  zero  at  all  points  of  these  surfaces,  then  V  is 
zero  upon  and  outside  the  surfaces. 

Proof:  If  E  is  a  closed  surface  surrounding  S,  then 

l  •  *n 

jv^dS+jvj^dS  -  I'  |grad  V|2  dx 


3  V 

The  surface  Integral  over  Q  is  zero  because  —  •  0  at  each  point. 

If  E  recedes  to  infinity  the  associated  surface  integral  disappears, 
3  V  1 

because  V  ~  vanishes  at  least  as  while  the  surface  area  Increases 
as  R2. 

Hence 


|  grad  Vj 2  dx 


0 


where  t  is  the  space  external  to  Sj  . 

V  is  consequently  constant  within  this  region  and,  being  zero  at 
infinity,  is  zero  throughout. 

Theorem  3.2-4 


If  V  is  harmonic  in  the  closed  region  R  bounded  by  the  surfaces 
Si  qE ,  and  Its  value  is  specified  at  each  point  of  the  surfaces,  then 

V  is  uniquely  determined  at  all  points  of  R^. 


5.  It  is  assumed  In  these  theorems  that,  the  function  V  exists.  See 
Sec.  3.8. 
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Proof:  Let  U  be  a  scalar  point  function,  harmonic  in  R,  which  has  the 

same  value  as  V  upon  the  surfaces  S,  Z.  Then  V  -  U  ■  0  at  each 

1.  ,n 

point  of  the  surfaces  and  V2(V-U)  ■  V2V-V2U  ■  0  in  R. 

Hence  equation  (3.1-4)  becomes 


f 


[  grad(V-U) | 2  dt 


ie 


| grad  V  -  grad  u|2  dt  -  0 


It  follows  that  grad  V  -  grad  U  at  all  points  of  R  so  that  V  and  U  can 
differ  only  by  a  constant.  But  V  -  U  upon  the  surfaces  so  that  V  and 
U  are  equal  throughout  R,  hence  V  is  uniquely  determined. 

Theorem  3.2-4a 


If  V  is  harmonic  everywhere  outside  the  surfaces  S.  and  its  value 

I  •  •  n 

is  specified  at  each  point  of  these  surfaces,  then  V  is  determined 
uniquely  at  all  points  outside  Sj 

Proof:  If  the  point  function  U  is  harmonic  outside  S.  and  has  the 

1.  .n 

same  value  as  V  at  all  points  of  these  surfaces,  and  if  I  is  a  closed 
surface  surrounding  ,  then  from  equation  (3.1-4) 


<f  (V-U)  -(V-U)dS  +  (  (V-U)  |^(V-U)dS  -  |  grad(V-U)  | 2  dt 

J  J  • 


1 .  .n 


The  surface  integral  over  r  Is  zero  because  V  -  U  *  0  at  each 
point.  As  Z  recedes  to  infinity  the  associated  surface  Integral 
disappears  because  (V-U)  ^(V-U)  vanishes  at  least  as  £3  while  the 
surface  area  Increases  as  R2. 

Hence 

f  | grad (V-U) | 2  dt  -  0 


where  t  Includes  all  space  beyond 

The  arguments  of  the  previous  theorem  then  apply. 
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Theorem  3.2-5 


If  V  is  harmonic  in  the  closed  region  R  bounded  by  the  surfaces 

and  is  constant  over  each  of  these  surfaces  in  turn,  and  if  the 
surface  integral  of  the  normal  derivative  of  V  is  specified  for  each 
surface,  then  V  is  determined  throughout  R  to  within  an  additive 
constant. 

Proof:  If  the  point  function  U  also  satisfies  the  given  conditions, 
then  from  equation  (3.1-4) 

(v-u)Si  j  -f^(V-U)dS - +  (V-U)r  ^fn(V-U)dS  -  j  |  grad(V-U)  |  2  dr 

Sj  I  T 


In  this  case  V-U  is  an 
3V  -  an« 


equality  of  ft  —  dS 
'  an 


nknown  constant  for  each  surface.  The 
for  each  surface  is  sufficient  to 


reduce  the  total  surface  Integral  to  zero,  so  that 


l  | grad (V-U) | 2  dx  -  0 

T 


Previous  arguments  then  shown  that  V  and  U  can  differ  only  by  a 
constant  within  R. 

It  should  be  noted  that  the  theorem  continues  to  hold  when  the  surface 
Integral  of  the  normal  derivative  is  specified  for  all  but  one  of  the 
surfaces;  this  is  sufficient  to  define  its  value  over  the  remaining 
surface  in  accordance  with  Theorem  3.2-1. 

Theorem  3.2-5a 


If  V  is  harmonic  everywhere  outside  the  surfaces  q  and  is  constant 

over  each  of  the  surfaces  in  turn,  and  if  the  surface  integral  of  the 
normal  derivative  of  V  is  specified  for  each  surface,  then  V  is 
uniquely  determined  on  and  outside  the  surfaces. 

Proof:  Suppose  that  U  also  satisfies  the  given  conditions  and  that  I 

is  a  closed  surface  surrounding  S.  .  Then  from  equation  (3.1-4) 

l . .  n 

(V-U)  g  ^  j  |^(V-U)dS - +  <j  (V-U)  |^(V-U)dS  -  j  |  grad  (V-U)  | 2  dx 

Si  Z  x 


As  in  the  previous  theorem  the  terms  .associated  with  the  surfaces 
^  vanish.  As  £  recedes  to  infinity  the  associated  surface 

Integral  approaches  zero  (see  Theorem  3.2-4a),  so  that 
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f  | grad(V-U) | 2  dx  -  0 

J 

T 


where  x  includes  all  space  beyond  S^ 

It  follows  that  V  and  U  can  differ  only  by  a  constant  on  and  outside 

S.  ,  but  this  constant  is  zero  since  both  V  and  U  vanish  at 
1 .  .n 

infinity. 

Theorem  3.2-6 


If  V  is  harmonic  in  the  closed  region  R  bounded  by  the  surfaces  S^  ^1 

and  its  normal  derivative  on  the  surfaces  is  a  specified  function  of 
position*  then  V  is  determined  throughout  R  and  upon  the  surfaces  to 
within  an  additive  constant. 

Theorem  3.2-6a 


If  V  is  harmonic  everywhere  outside  the  surfaces  S,  and  its  normal 

1 . .  n 

derivative  on  the  surfaces  is  a  specified  function  of  position,  then  V 
is  determined  uniquely  on  and  outside  the  surfaces. 

Theorems  3.2-6  and  3.2-6a  follows  from  equation  (3.1-4)  in  much  the 
same  way  as  the  other  uniqueness  theorems. 

Theorem  3.2-7 


If  V  is  harmonic  in  a  closed  region  R,  then  V  cannot  be  a  maximum  or  a 
minimum  at  any  interior  point  of  R . 

Proof:  Suppose  that  V  is  a  maximum  at  some  interior  point  0  of  R.  If 
S'  is  a  spherical  surface  of  radius  6  centred  upon  0  then,  for 

3V 

sufficiently  small  values  of  5,  —  must  be  negative  at  all  points  of 

o  r 

the  surface,  where  r  is  distance  measured  from  0.  The  surface 
3V 

Integral  of  over  S'  must  likewise  be  negative  and  is  given  by 

/ 1; ds  ■  f  Is dS  m  f *rad  v-d? 

S’  S’  S' 

But 


j  grad  V.dS  ■  j  V2V  dx  -  0 

S’  x’ 

where  x*  is  the  volume  enclosed  by  the  sphere,  hence  the  assumption 
that  V  Is  e  maximum  at  0  Involves  a  contradiction.  A  similar 
contradiction  appears  when  It  is  supposed  that  V  is  a  minimum  at  0. 
It  follows  that  V  can  be  neither  a  maximum  nor  a  minimum  at  an 
interior  point  of  R. 
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3.3  GreenTs  Formula 

Let  0  (x  , y  ,z  )  be  a  point  exterior  to  the  closed  region  R  in  Fig.  3.1, 
o  o  o 

ie  let  0  lie  outside  I  or  within  the  region  enclosed  by  S!  or  S2,  etc. 

If  the  point  function  U  in  equation  (3.1-2)  is  identified  with  — ,  where  r 

is  distance  measured  from  0,  then  U  will  be  harmonic  in  R.  This  is 

readily  demonstrated  by  substitution  in  equation  (2.6-8)  .  In  this  case 
equation  (3.1-2)  reduces  to 


(3.3-1) 


Now  let  0  be  an  interior  point  of  R.  Since  V2  —  undefined  at  the 

origin  or  r,  the  point  0  must  be  excluded  from  the  region  of  integration 
before  equation  (3.1-2)  is  applied.  Suppose  that  a  small  sphere  of 
radius  6  is  centred  upon  0.  Then  if  t-t6  represents  the  modified 

integration  volume  and  S^  denotes  the  surface  of  the  sphere,  equation 

(3.1-2)  becomes 

I 

T~T<5 

(3.3-2) 


Since  the  positive  normal  at  the  surface  of  the  sphere  is  directed 
radially  inwards,  the  surface  integral  over  the  sphere  is  given  by 


Now  as  <5+0,  V+Vq  at  all  points  of  Sfi,  so  that  the  first  term  of  the 
right-hand  side  of  the  above  equation  approaches  the  value 

°  ay 

Ky  v  4i t62  =  4irV  .  The  second  term  approaches  zero  because  —  is  bounded 

6^  o  i  r°  or 

over  S  and  t  0  dS+0  as  6+0.  It  then  follows  from  equation  (3.3-2) 

6  sh 

that  the  volume  integral  over  must  likewise  approach  a  limit  as  6+0. 

This  may  be  demonstrated  independently  by  integration  over  (see 

Ex. 3-1,  p.  180). 


6.  For  this  purpose  the  origin  of  spherical  coordinates  is  temporarily 
located  at  0.  Note,  however,  that  0  is  no  longer  identified  with  the 
origin  of  a  fixed  coordinate  system. 
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If  we  write 


7 


Lim 

5-K) 


T-T 


6 


V2V 

r 


dx 


T 


then 


4ttV 

o 


1  3V 
r  3n 


S 


1 


x 


(3.3-3) 


Equations  (3.3-1)  and  (3.3-3)  are  known  as  Green1 s  formula.  It  should  be 

noted  that  equation  (3.3-1)  is  not  a  particular  case  of  equation  (3.3-3) 

where  V  =0;  the  considerations  leading  to  equation  (3.3-1)  take  no 
o 

account  of  the  value  of  Vq,  since  0  lies  beyond  the  region  of 
integration. 

We  see  from  equation  (3.3-3)  that  when  V  is  harmonic  within  S^  ^2  it  may 

be  expressed  as  a  surface  integral  over  these  surfaces.  If  V  should  be 

harmonic  everywhere  beyond  S  then  only  these  surfaces  need  appear  in 

JL . .  n 

an  expression  for  V  since  the  integral  over  2  vanishes  at  infinity. 

On  the  other  hand,  if  V  is  well-behaved  throughout  all  space  and  vanishes 
at  infinity  in  such  a  way  as  to  render  the  surface  integral  over  2  zero 
at  infinite  distance,  then  V  may  be  expressed  solely  as  a  volume 
8 

integral  .  But  in  this  case  V  cannot  be  harmonic  everywhere  since  it 
must  then  vanish  at  all  points. 

The  extension  of  Green fs  formula  to  a  vector  point  function  with  the 
requisite  degree  of  continuity  is  straightforward.  By  substituting  F  , 

F  and  F  for  V  in  equations  (3.3-1)  and  (3.3-3),  multiplying  by  i,  j,  k 

y  z 

and  adding,  we  obtain 


7.  It  follows  from  a  modification  of  the  above  analysis  that  the  same 
limit  obtains  when  is  replaced  by  any  regular  closed  surface  which 

shrinks  about  0  in  such  a  way  that  its  maximum  chord  approaches  zero. 
When  this  is  the  case  the  integral  is  said  to  be  convergent.  The  matter 
is  discussed  in  greater  detail  in  Sec.  4.4. 

8.  It  is  assumed  here  that  the  point  of  evaluation  of  V  is  located  at 

finite  distance  from  S.  or  from  the  region  (supposed  bounded)  over 

i .  .n 

which  V2V  is  non-zero.  However,  this  restriction  may  be  shown  to  be 
unnecessary.  (See  Ex. 4-43.,  p.  272  and  Ex. 4-58.,  p.  288.) 
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3.4  Gauge's  Integral 
Solid  Angle 

On  putting  V  -  1  in  equations  (3.3-1)  and  (3.3-3)  we  obtain 


(3.3-4) 


dS 


(where  the  origin  of  r  is  a 
point  exterior  to  R. ) 


(3.4-1) 


Sl..nr 


4ir 


3“  (?)  “S 

Sl..n£ 


(where  the  origin  of  r  is  an  ^_2) 

interior  point  of  R.) 


For  the  case  of  a  single  closed  surface,  S,  these  equations  reduce  to 

(3. 4- la) 


0  -  - 


dS  (exterior  origin) 


4ir  -  - 


'*  a ■  - 


(interior  origin) 


(3.4-2a) 


The  integral  is  known  as  Gauss’s  integral. 

The  solid  angle  subtended  by  a  regular  surface  S  at  a  point  0  (not  lying 
upon  the  surface)  Is  defined  by 


S 


(3.4-3) 


where  r  is  the  position 
distance  measured  from  0 

Sine. 


vector 


of 

at 


the  element  dS  relative  to  0  and  r  is 
points  other  than  0, 


grad 


1 

r 


.  dS 


(3.4-4) 
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hence  from  equations  (3.4-la)  and  (3.4-2a)  the  solid  angle  subtended  at  a 
point  by  a  closed  surface  is  zero  or  4tr  according  as  the  point  lies 
beyond  or  within  the  enclosure. 

It  further  follows  that  all  open  surfaces  bounded  by  the  same  regular 
curve  subtend  equal  solid  angles  at  a  point,  provided  that  they  lie  on 
the  same  side  of  the  point,  when  the  positive  sense  of  the  normal  at  the 
surfaces  is  taken  to  correspond  to  a  particular  currency  around  the 
bounding  curve  (Ex. 1-46.,  p.  64). 


EXERCISES 


3-1.  Suppose  that  in  the  anaylsls  leading  to  equation  (3.3-3)  S^  is  enclosed 
by  a  regular  surface  S.  By  applying  (3.1-2)  with  U  •  “  to  the  region 
bounded  by  S  and  S£,  shows  that  as  S  shrinks  uniformly  about  0 

0)-i  S)- -/t’feft)  - 1 S]- 
s  s« 


(where  the  positive  normal  is  directed  towards  0)  and  so  demonstrate 

f  v2V 

that  I  — dt  is  convergent. 


3-2.  Use  Green's  formula  to  show  that  when  V  is  harmonic  in  the  closed  region 
bounded  by  a  spherical  surface,  its  value  at  the  centre  of  the  sphere  is 
equal  to  (a)  its  average  value  over  the  surface  (b)  its  average  value 
throughout  the  sphere. 

((a)  is  known  as  Gauss's  average-value  theorem.] 

3-3.  A  square  of  side  2h  and  centre  P  is  orientated  parallel  to  the  x  and  y 
axes  of  coordinates.  If  the  square  lies  within  a  region  throughout 
which  the  scalar  point  function  V  is  well-behaved,  show,  by  expansion  in 
a  Taylor  series,  that 

ft?  (V(l)  +  V(2)  +  V(3)  +  V(4)  -  4  V(P) }  -  (0  +  0) 


correct  to  the  third  order  of  smallness,  where  1,  2,  3,  4  are  the  centre 
points  of  the  sides  of  the  square. 

Extend  this  to  the  three-dimensional  case  to  show  that 

<V<1)  +  V<2> - +  V(5)  +  V(6)  -  6  V(P)}  -  (0  +  +  £t) 


to  the  same  order  of  accuracy,  where  1—6  are  the  centre  points  of  the 
faces  of  a  cube  of  edge  2h  and  centre  P. 
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Show  further  that  if  the  points  1  to  8  are  the  vertices  of  the  cube, 
then 


4-p  {V(D  +  V(2) - +  V(7)  +  V(8)  -  8  V(P)}  =  ^0  +0  +  0 

[When  V  is  harmonic  and  two-dimensional  or  planar  in  the  xy  plane,  we 
see  that 

V(l)  +  V (2)  +  V(3)  +  V(4)  =  4  V (P) 

For  the  harmonic,  three-dimensional  case 

V(l)  +  V (2) - -  +  V(5)  +  V(6)  =  6  V(P) 

and 


V(l)  +  V (2) - +  V(7)  +  V (8)  =  8  V(P) 

These  relationships  constitute  finite-difference  forms  of  Gauss’s 
average-value  theorem.  They  are  the  bases  of  the  numerical  solution  of 
harmonic  fields  with  given  boundary  values,  corresponding  to  square  and 
cubic  lattice  subdivision  of  the  region  under  consideration.] 

3-4.  Apply  Green's  theorem  in  the  form  (3.1-1)  with  V  =  1  to  a  z-aligned 
cylindrical  enclosure  in  a  two-dimensional  xy  field  (the  section  of  the 
cylinder  comprising  any  regular  closed  curve)  and  so  show  that  for  both 
two-dimensional  and  planar  xy  fields 


r  s 

z 


Note  that  appropriate  replacement  of  symbols  in  Ex.  1-43.,  p.  63  also 
leads  to  the  above  relationship. 

3-5.  Let  R  be  the  region  bounded  by  a  closed  surface  Sx  and  a  closed  surface 
S2  which  surrounds  Sj.  If  V  and  U  are  scalar  point  functions,  harmonic 
in  R  and  having  different  constant  values  over  Sx  and  S2  in  turn,  show 
that  at  all  points  of  R 


grad  V 
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[Hint:  Substitute  (V  -  <*U)  for  V  in  equation  (3.1-3)  and  choose  a  to 

eliminate  the  surface  Integrals.] 

3-6.  If  V  is  harmonic  In  the  closed  region  R  bounded  by  the  surfaces  S.  z , 

—  i .  .n 

show  that  V  is  uniquely  determined  by  R  provided  that  (a)  V  is  specified 

~  3V 

at  every  point  of  one  or  more  surfaces  (b)  —  is  specified  at  every 
point  of  certain  of  the  remaining  surfaces  (c)  V  is  constant  over  the 


rest  of  the  surfaces  and  j)  ~  dS  is  specified  for  each  of  these. 

3-7.  If  V  is  harmonic  in  the  closed  region  R  bounded  by  the  surfaces  S.  Z , 

—  1 .  ,n 

show  that  V  is  uniquely  determined  in  R  provided  that  for  all  points  of 


the  surfaces  —  +  aV  -  0,  where  a  and  $  are  specified  continuous 
functions  of  position  and  a  is  everywhere  positive. 


Extend  this  theorem  to  the  unbounded  region  outside  S, 

1  e  ell 

3-8.  If  V  is  harmonic  within  the  closed  region  R  bounded  by  the  surfaces 
S.  _E»  show  that  V  is  determined  in  R  to  within  an  additive  constant 

provided  that  the  vector  tangential  component  of  grad  V  (and  hence  the 
derivative  of  V  in  any  tangential  direction)  is  specified  at  each  point 


of  Che  surfaces*  and  J  —  dS  is  specified  for  each  surface  in  turn. 

Extend  this  theorem  to  the  unbounded  region  outside  S. 

l .  *n 

[Theorems  3.2-5  and  3.2-5a  represent  particular  cases  of  the  above  in 
which  the  tangential  derivatives  of  V  are  zero  at  all  points  of  the 
surfaces. ] 

3-9.  If  V  is  harmonic  within  the  closed  region  R  bounded  (externally)  by  a 
single  surface  S,  show  that  V  is  determined  in  R  to  within  an  additive 
constant  provided  that  the  tangential  derivatives  of  V  are  specified  at 
each  point  of  S. 

3-10.  Derive  equations  (3.4-1)  and  (3.4-2)  from  equations  (3. 4- la)  and 
(3.4-2a)  by  superposition,  remembering  thejt  the  positive  sense  of  the 
normal  at  any  one  surface  may  be  required  to  reverse  with  change  of 
position  of  the  origin  of  r. 

3-11.  Show  that  if  the  position  vectors  drawn  from  a  point  0  to  all  elements 
of  a  surface  S  cut  a  sphere  of  unit  radius  centred  upon  0  not  more  than 
once  at  any  point  of  the  sphere,  then  the  scalar  area  so  defined  upon 
the  sphere  is  equal  to  the  magnitude  of  the  solid  angle  subtended  at  0 
by  the  surface. 
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3-12.  Derive  an  expression  for  the  solid  angle  subtended  by  a  plane  disc  of 
radius  a  at  a  point  on  its  axis  at  a  distance  d.  Hence  show  that  when 
an  exterior  point  0  approaches  any  interior  point  of  a  bounded  plane 
surface  along  the  normal  on  the  positive  side,  the  limiting  value  of  the 
solid  angle  subtended  at  0  by  the  surface  is  -2x.  (cf  Ex. 1-47.,  p.  64) 

Ans:  0  -  ±  2*  \  1  -  - - - r  V 

l  (d2  +  a2)*J 

3-13.  Show  that  when  a  point  0  passes  through  an  open  regular  surface  S  at 
some  interior  point  of  S,  the  solid  angle  subtended  at  0  by  S  changes 
numerically  by  4ir. 

[Hint:  Close  the  system  with  a  second  surface  and  make  use  of 

equations  (3.4-la)  and  (3.4-2a).] 

3-14.  A  line  drawn  normally  from  a  point  to  the  edge  of  a  half-plane  makes  an 
angle  0  with  the  half -plane.  Use  the  result  of  Ex.  3-11.  to  determine 
the  magnitude  of  the  solid  angle  subtended  by  the  half-plane  at  the 
point . 


Ans:  2(ir  -  0) 

1  vr 

3-15.  By  substituting  -  eT  for  U  in  equation  (3.1-2),  where  y  is  a  real 

constant,  and  proceeding  as  in  the  development  of  Green’s  formula,  prove 
that 


4irV 

o 

0 


err  3JL.  v  i.  (i 

3n  3n  \r 


dS  - 


r  ,Yr 


Sl..nJ 


T 


(V2-y2)V  dx 


according  as  the  origin  of  r  lies  within  or  without  the  integration 
space. 

3-16.  Let  V  be  a  scalar  point  function  which  is  well-behaved  throughout  the 
region  R  bounded  by  surfaces  S1  q£,  and  let  (V2-y2)V  be  a  specified 

function  of  position  in  R,  where  y  is  a  real  constant.  Show  that  V  is 

jk  v 

uniquely  determined  in  R  provided  that  V  or  is  specified  at  all 

points  of  the  surfaces,  or  provided  that  the  boundary  conditions  of 
Ex. 3-7.  or  3-8.  are  satisfied. 

3-17.  By  substituting  i  cos  ar  end  i  sin  ar  in  turn  for  U  in  equation  (3.1-2), 
where  a  is  a  constant,  show  that 

V  In  (r  cos  ar)j  ds  “  J  |  co*  or  <V2+o2)V  dT 

T 

V  In  (r  ®ln  ar)J  dS  "  /  r  *ln  or  ^2+*2)v 

T 
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3-18.  If  V  is  harmonic  throughout  a  region  R  and  V  and  ^  are  zero  upon  a 

regular  surface  element  which  bounds  R  in  part  or  lies  within  it,  then  V 
is  zero  throughout  R. 

Prove  this  in  the  following  way: 

Let  a  sphere  of  radius  a  be  so  drawn  as  to  project  a  short  distance 
through  Che  surface  element  into  R,  the  Intercepted  portion  of  the 
element  being  designated  Sj,  the  "spherical  cap  S2  and  the  enclosed 

region  t.  If  r  Is  distance  measured  from  the  centre  of  the  sphere, 

show,  by  identification  of  ^  with  U  in  equation  (3.1-2)  that 

i*  /  v  dS  ’  /  0  - s)  t2v  «*  -  0 

S2  T 


Assuming  that  r  is  sufficiently  small  to  ensure  that  V  does  not  change 
sign  within  it,  show  that  V  must  be  zero  throughout  t,  and  hence,  by 
iteration,  throughout  R. 


3.5  Treatment  of  Surface  and  Point  Discontinuities  in  Scalar  Fields 


Suppose  that  the  scalar  point  function  V  and/or  its  derivatives  are 
discontinuous  upon  an  open  surface  S  which  lies  within  the  region  R  of 
Fig. 3.1.  We  may  exclude  S  from  the  integration  space  by  surrounding  it 
with  a  tightly-fitting  envelope  which  comprises  essentially  the  two 
surfaces  S'  and  S"  (Fig. 3. 2).  The  additional  surface  integral  which  then 
appears  in  equations  (3.3-1)  and  (3.3-3)  is 


1  M  . 

t  in  iS 


V  (- 
3n  Vr 


dS  + 


1  12 

;  is ds 


S" 


dS 


9 

where  the  positive  normal  is  directed  in  each  case  towards  S  . 

There  is  a  1:1  correspondence  of  surface  elements  in  S'  and  S"  since  they 
are  indefinitely  close  together;  in  particular,  the  same  value  of  r  may 
be  assigned  to  corresponding  elements  relative  to  any  point  outside  S, 
and  the  positive  normals  are  oppositely  directed.  The  above  Integral 
expression  may  therefore  by  brought  into  the  form 


where  the  positive  sense  of  the  normal  for  both  S'  and  S”  is  that  defined 
by  S', 


9.  It  is  assumed  that  the  contribution  to  the  surface  Integral  from  the 
strip  which  joins  S*  and  S"  at  the  boundary  of  S  approaches  sero  as  the 
envelope  shrinks  sbout  S. 
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or,  alternatively. 


where  the  positive  sense  of  the  normal  for  both  S'  and  S"  is  that  defined 
by  S". 

Each  of  these  two  expressions  is  equivalent  to 


where  AV  and  A 


(© 


3  V 

are  the  increments  of  V  and  ^  corresponding  to 
positive  motion  through  S  when  the  same  arbitrarily-defined  positive 
sense  of  the  normal  is  assigned  to  both  sides  of  the  surface,  and 
is  the  associated  normal  derivative  of  i. 

The  modified  form  of  Green's  formula  then  becomes 


(3.5-1) 


where  I  is  now  employed  to  denote  the  limiting  value  approached  by  the 
*  T 

volume  integral  as  the  S'S"  surface  shrinks  about  S  (and  the  6  sphere 
shrinks  about  0). 


This  equation  continues  to  apply  when  S  is  closed,  so  long  as  t  Includes 
the  region  embraced  by  S.  As  before,  the  right-hand  side  Is  zero  when  0 
lies  inside  S}  or  S2  etc,  or  outside  Z.  Alternatively,  we  may  write 
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**.} 


ifi  a. ,  i. 

J  |^r  3n  3n 
Sl..nr’S 


dS  - 


r 


T-T 


s 


(3.5-2) 


where  r„  Is  the  region  enclosed  by  S. 

5 

In  this  case  the  right-hand  side  is  zero  when  0  lies  inside  S,  Sj  or  S2 

etc,  or  outside  l.  Since  S  represents  a  surface  of  discontinuity,  V  and 
3V 

are  evaluated  at  points  lying  just  within  the  region  of  integration. 

Now  suppose  that  points  of  discontinuity1®  (singular  points)  are  present 
within  R.  Let  a  sphere  of  radius  e  be  centred  upon  some  such  point  P. 
If,  within  this  c  sphere,  V  takes  the  form  f(r')  +  V',  where  r*  is 
distance  measured  from  P  and  Vf  is  a  well-behaved  point  function,  then 
the  surface  Integral  over  the  sphere  is  given  by 


/[;s5 


S 

e 


V 


3_ 

3n 


dS 


/[-?  jp<f(r,)+v’>  -  Cf(r*)+v>  (i 


dS 


-  -f(c)  j  i  dS  -  j  i  $  dS  -  fit)  ft(tydS-fv'k  (?)  dS 


Since  the  origin  of  r  lies  beyond  the  e  sphere,  the  third  term  of  this 
expression  is  zero.  The  first  term  may  be  shown11  to  be  equal  to 

-f'(c)  ~ —  for  all  values  of  e  <  rp  so  long  as  the  c  sphere  does  not  cut 

other  bounding  surfaces;  In  any  case,  it  clearly  reduces  to  this  as  e 
approaches  zero.  Furthermore,  as  e+0,  the  remaining  terms  approach 


i  gr.d  r)f  •  f  k(l)" 


10.  le  discontinuity  of  V  or  its  first  or  second  derivatives. 

11.  See  Ex. 3-19.,  p.  188. 
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and  each  of  these  is  zero,  hence 


Lim 

e-0 


-f'(e) 


47T62 

r 

P 


Cases  of  particular  interest  are  those  for  which  f(r')  -  where  a  is  a 

r'n 

constant.  The  limiting  value  of  the  surface  integral  over  S£  is  then 

ne^_n.  If  n  >  1  this  expression  approaches  infinity  as  e+0;  the 

rp 

associated  volume  integral  consequently  approaches  infinity  in  the  same 

12 

way  since  the  difference  between  the  two  integrals  remains  constant 

Awd 

When  n  -  1  the  limiting  value  is  - —  and  when  n  <  1  the  limiting  value  is 

P 

zero.  Hence  for  n  -  1  and  n  <  1  Green's  formula  becomes  respectively 


AirV 


(3.5-3) 


Sl..nl 


and 


AirV 


/. 


where  j  denotes  the  limiting  value  of  the  volume  Integral  as  the  e 
sphere  shrinks  about  P  and  the  6  sphere  shrinks  about  0. 


These  formulae  may  be  extended  directly  to  cover  multiple  point 
singularities. 


Before  leaving  the  subject  it  should  be  remarked  that  while  Green's 
formula  and  Its  variants  may  be  applied  to  any  scalar  field  having  the 
requisite  degree  of  continuity,  no  useful  purpose  is  served  by  its 
application  to  a  field  whose  value  is  arbitrarily  assigned  from  point  to 
point  (within  the  limitations  imposed  by  requirements  of  continuity).  In 
this  case  its  value  at  the  point  0  is  uncorreiated  with  its  value  outside 
a  neighbourhood  of  0,  so  that  the  ability  to  express  Vq  in  terms  of  V  and 

its  derivatives  elsewhere  is  largely  illusory  Indeed,  it  is  clear  from 


12.  This,  of  course,  is  true  in  all  cases  where  the  alteration  of  a 
bounding  surface  changes  both  the  associated  surface  and  volume 
integrals,  so  long  as  discontinuities  continue  to  be  excluded  from  the 
Integration  space. 
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equation  (3.3-1),  when  one  of  the  surfaces  S^  q  is  identified  with  Sg, 

that  the  contribution  to  Vq  of  the  component  of  the  field  outside  a 

neighbourhood  of  0  is  necessarily  zero.  However,  when  the  V  field  is 
derived  by  some  mathematical  process  from  a  primary  field,  and  in  such  a 
way  that  the  value  of  V  at  any  point  is  dependent  upon  the  value  of  the 
primary  field  at  all  points,  then  V  is  determinate  and  inter-related 
everywhere  and  the  interpretation  of  Green's  formula  is  no  longer 
trivial.  It  is  in  this  context  that  Green's  formula  is  applied  in 
subsequent  pages. 


EXERCISES 

3-19.  Let  the  scalar  point  function  V  be  defined  by  V  -  -p-,  where  r*  is 

distance  measured  from  some  point  P.  If  0  is  a  point  not  coincident 
with  P  and  r  is  distance  measured  from  0,  use  Green's  formula  (3.3-3)  to 
express  Vq  in  terms  of  a  surface  integral  over  a  spherical  surface  S  of 

radius  R  centred  upon  P  for  the  case  R  <  rp,  by  showing  that  both  the 

surface  integral  at  infinity  and  the  volume  integral  outside  S  are  zero. 
Hence  prove  that 


S  S 


Confirm  this  by  applying  equation  (3.3-1)  to  the  region  bounded 

externally  by  S  and  Internally  by  a  small  auxiliary  sphere  centred  upon 
P,  or,  alternatively,  by  applying  (3.5-3)  to  the  region  bounded 

externally  by  S. 

Now  suppose  that  R  >  Tp.  Make  use  of  equation  (3.3-3)  or  ('  .  -3)  to 
show  that  in  this  case 

fr  -  s/iS  - 

S  S 

These  results  have  Important  consequences  in  potential  theory  and  its 
applications. 

3-20.  Make  use  of  equation  (2.6-8)  to  obtain  an  approximation  for  the  volume 
V2V 

Integral  of  — —  over  a  spherical  shel]  centred  upon  the  point  P, 

given  that  V  -  a/r'n  where  r'  is  distance,  measured  from  P  and  a  is  a 
constant,  e  and  e*  are  the  internal  and  external  radii  of  the  shell  and 
r  is  distance  measured  from  some  external  point  0.  Show  that  for  small 
values  of  c'  and  n  >  1  the  Integral  is  approximately  equal  to 

4v  an(l/en  1  -  l/e,n  *)/tp»  for  n  ■  1  it  is  zero  for  all  non-zero  c; 

and  for  n  <  1  it  is  given  approximately  by  Aw  an(el’tt  -  e,l~U)/r  . 

P 

Confirm  that  these  results  are  consistent  in  respect  of  limiting 
behaviour  with  the  results  obtained  for  the  surface  Integral  over  the  e 
sphere  in  the  analysis  leading  to  (3.5-3)  and  (3.5-4). 
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3-21.  A  scalar  point  function  V  is  well-behaved  throughout  the  region  bounded 
by  S^ _ nE.  Its  value  at  an  interior  point  0  is  consequently  given  by 

equation  (3.3-3). 


The  magnitude  of  V  is  now  altered  at  an  interior  point  P  by  the  addition 

of  a  component  which  takes  the  form  -^7  between  r'  -  0  and  r'  ■  r'j, 

where  r'  is  distance  measured  from  P.  Between  r'  -  r'j  and  r'  -  r'2  the 

additional  component  tapers  smoothly  to  zero.  The  value  of  V  at  0  is 
obviously  unaffected  by  the  modification  at  P,  provided  that  r^  >  r'2, 

but  equation  (3.5-3)  is  now  applicable. 


Since  V2V  has  the  same  value  as  for  the  unmodified  field  in  the  regions 
defined  by  r'  <  r'x  (r1  *  0)  and  r’  >  r*2,  and  since  the  transitional 

region  may  be  made  very  small,  how  does  one  dispose  of  the  unwanted  term 
r 

P 


y2y 

Ans:  The  volume  integral  of - —  for  the  additional  component,  when 

taken  over  the  transitional  region,  just  cancels  the  unwanted 

( Prove  this  by 


term,  irrespective  of  the  size  of  this  region. 

\ 

evaluation  of  the  integral  for  the  particular  case  in  which  the 
additional  component  takes  the  form  f(r')  between  r'  ■  r’i  and 

r*  ■  r'2»  bearing  in  mind  that  f’(r’2)  -  0 

«*< r'l)  -  .) 


and 


r  I 


2  / 


3.6  Uniqueness  Theorem  for  Scalar  Fields 

The  uniqueness  theorems  set  out  above  for  harmonic  fields  (Theorems  3.2-4 
to  3.2-6a)  are  valid  for  non-harmonic  fields  containing  surface  and  point 

13 

discontinuities  so  long  as  certain  additional  requirements  are  met  . 

Suppose  that  the  region  R  of  Fig. 3.1  contains  an  open  or  closed  surface 
of  discontinuity  S  and  an  isolated  point  of  discontinuity  P.  Let  AV  and 
3  V 

A  be  specified  functions  of  position  over  S  and  let  V  take  the  form 

f(r’)  +  V’  in  a  neighbourhood  of  P  as  discussed  in  the  previous  section. 

Let  V2V  be  a  specified  function  of  position  at  all  points  of  R  not 
coincident  with  S  or  P.  Then  the  additional  surface  specification  laid 
down  in  any  of  the  above  theorems  is  sufficient  to  ensure  that  V  (or,  at 
worst,  grad  V)  is  uniquely  determined  at  all  points  of  R  beyond  S  and  P. 
This  may  be  demonstrated  as  follows. 


13.  This  also  applies  to  the  theorems  presented  in  Ex. 3-6.  to  3-9., 

p.  182. 
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Suppose  Chat  che  scalar  point  function  U  has  the  same  specifications  as 
V.  From  equation  (3.1-4) 

0  (V-U)  (V-U)  d?  +  '  (V-U)  (V-U)  dS  +  0  (V-U)  |-(V-U)  dS 

3n  j  3n  j  on 

s,  r  s’s"  s 

L.  .n  e 

,  .  (3.6-1) 

-  !  (V-U)  V2(V-U)  dx  +  !  | grad(V-U) | 2  dx 


where  S’  and  S"  are  paired  surfaces  closely  fitting  S,  and  S£  is  a  small 

spherical  surface  of  radius  e  centred  upon  P.  The  integration  volume  x' 
comprises  R  minus  the  regions  enclosed  by  S'S"  and  S£. 

If  S  should  be  closed,  the  above  equation  is  formed  by  the  addition  of 
two  equations,  one  referring  to  the  region  within  S  and  the  other  to  that 

outside  S  and  within  S,  £. 

1 .  .n 

The  specifications  stated  in  one  or  other  of  the  uniqueness 
theorems  3.2-4  to  3.2-6a  are  sufficient  to  ensure  the  vanishing  of  the 
first  surface  integral  of  equation  (3.6-1).  The  first  volume  integral  is 
zero  because  V2V  ■  V2U  throughout  the  integration  region.  If  the 
remaining  surface  integrals  can  be  shown  to  be  zero,  then,  for  reasons 
discussed  previously,  grad  V  «  grad  U  throughout  the  region  under 
consideration. 

The  surface  integral  associated  with  S'  and  S"  may  be  written  as 

!  (V-BV  kr.<v-u)s- dS  -/  (V-UV  kr,(v'D)s" dS 

'  s  5  s  s 


where  - -  denotes  differentiation  along  the  positive  normal  as  defined 

by  S’ 

Now 


(V-U)s,  -  (V-U)s„ 

and 
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or 


<v-u)s„ 


hence  the  surface  Integrals  over  S'  and  S"  cancel. 

On  choosing  e  to  bring  S£  Into  that  neighbourhood  of  P  where 
V  »  f(r')  +  V'  and  U  -  f(r')  +  U'  the  surface  integral  over  becomes 

j>  (V’-O')  (V'-U')  dS 

s 


In  the  Holt  as  e+0  this  reduces  to 


((V'-U')  grad(V'-U'))p  .  6  dS  -  0 

■'s 


It  follows  that  all  surface  Integrals  are  zero  and  that  grad  V  »  grad  U 
everywhere  In  R  beyond  S  and  P.  Further,  If  V  be  specified  at  any  point 
of  Sj  qI,  then  V  is  uniquely  deterolned  throughout  R. 

The  analysis  continues  to  hold  in  the  absence  of  the  bounding  surface  g» 
so  long  as  V  la  regular  at  infinity.  The  extension  to  multiple  surface 
and  point  discontinuities  Is  straightforward. 

An  Important  generalisation  of  the  above  treatment  leads  to  the  following 
theorem. 

Theorem  3.6-1 


Let  the  region  R,  bounded  by  the  surfaces  ^1,  be  divided  into  a 
set  of  sub-regions  with  interfaces  Sfl,  -  such  that  a  given  point 

function  g  and  Its  first  derivatives  are  continuous  at  interior  points 
of  the  sub-regions  but  are  discontinuous  upon  the  Interfaces,  and 
let  g,  where  defined,  be  everywhere  positive  or  everywhere  negative. 
Further,  let  V  be  a  point  function  with  continuous  second  derivatives 

in  R  except  upon  S  ,  S.  - ,  and  upon  certain  surfaces  S  ,  S.  -  and 

—  a  d  op 

points  Pj,  ?2  -  lying  within  the  sub-regions. 

Then  V  is  rendered  piecewise  determinate  In  R,  at  least  to  within  the 
same  additive  constant,  by  the  specification-  of  all  of  the  following 
factors: 

(1)  dlv(g  grad  V)  at  all  Interior  points  of  the  sub-regions 

excluding  S  ,  S  — ,  P,  P2  — . 
o  P 
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(2)  V  or  ^  it  each  point  of  S t  ,  or  6  g  ~  dS  for  any  bounding 

•urfact  togathar  with  tha  tangential  derivatives  of  V  at  each 
point  of  tha  surface,  or.  In  tha  case  of  a  single  bounding 
surface,  tha  tangential  derivatives  alone.  (If  S,  I 

comprise  surfaces  of  discontinuity  the  expressions  should  be 
evaluated  Just  within  the  integration  space.) 


sb  —  V  so 


9  V 

(3)  AV  and  A  (g  yy  )  through  all  points  of  the  surfaces  S„, 


(4)  V  -  V'  +  V”  in  a  neighbourhood  of  each  of  the  points  P*, 

P2  -  where  V'  is  an  Individually  specified  discontinuous 

point  function  and  V"  is  any  continuous  point  function. 


The  proof  of  this  theorem,  which  Involves  the  expansion  of  the 
function  div( (V-U)  g  grad(V-U))  and  Its  subsequent  integration  (cf 
Ex.  1-68.,  p.  79)  Is  left  as  an  exercise  for  the  reader,  who  should 
extend  It  to  the  (externally)  unbounded  case.  When  g  «  l  at  all 
points,  the  problem  reduces  to  that  treated  above. 


The  planar  equivalent  Is  set  out  In  Ex. 3-46,  p.  215. 

3.7  Theorems  Relating  to  Vector  Fields 
Vector  Analogue  of  Green's  Theorem 

Theorem  3.7-1 


If  a  vector  point  function  F  has  continuous  first  derivatives  and 
specified  values  of  curl  and  divergence  throughout  the  closed,  simply 

connected  region  R  bounded  by  the  surfaces  rI,  then  F  Is  uniquely 
determined  In  R  provided  that  either 

(1)  the  normal  component  of  F  is  specified  at  each  point  of  the 
surfaces,  or 

(2)  J)  F.dS  Is  specified  for  each  surface  In  turn  and  n  x  F  Is 
specified  at  each  point  of  the  surfaces,  where  n  Is  the  unit 
normal  to  the  surface.  (The  specification  of  n  *  F  is 
equivalent,  for  known  values  of  n,  to  the  specification  of 
(n  x  F)  x  n  and  this  represents  the  vector  tangential 
component  of  F  upon  the  surface.) 

In  the  event  that  the  region  R  Is  bounded  (externally)  by  a  single 

surface  S,  then  (2)  above  reduces  to  th..  single  requirement  that  n  *  F 
be  specified  at  each  point  of  S. 

Both  conditions  (1)  and  (2)  are  met  by  the  more  severe  requirement 
that  F  be  specified  at  each  point  of  the  surfaces. 
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Proof:  Let  Fj  and  F2  be  vector  point  functions  having  the  specified 

values  of  curl  and  divergence  in  R.  Then  curKFj-F^  -  0  and 

div(Fj-F2)  ■  0»  whence  -  F2  -  grad  V  and  div  grad  V  -  V2V  -  0  in  R. 

—  —  —  3  V 

If  F  is  specified  over  S  E,  (F,-F2).n  •  0  or  r  •  0  at  each  point 
n  i  •  »n  dti 

of  the  surfaces.  It  then  follows  from  Theorem  3.2-3  that  V  is 
constant  and  F^  »  F2  in  R. 


If  y  F.dS  is  specified  for  each  surface  in  turn,  0  (Fi~F2).dS  -  0  or 

r  sv  —  — 

0  —  dS  ■  0  for  each  surface.  ^If,  in  addition,  n  x  F  is  specified  at 

each  point  of  the  surfaces,  n  x(Fj-F2)  -  0,  whence  the  tangential 

component  of  grad  V  is  zero  and  V  is  constant  over  each  surface  in 
turn.  It  then  follows  from  equation  (3.1-3)  that  V  is  constant  and 

F1  -  F2  in  R. 

For  the  case  of  a  single  enclosing  surface,  the  constancy  of  V  over 
this  surface  and  its  harmonic  nature  within  the  enclosure  are 


that  V  is  constant  and 


in  R 


sufficient  to  ensure  _ 

(Theorem  3.2-2). 

Theorem  3.7-2 

If  a  vector  point  function  F  has  continuous  first  derivatives  in  the 
closed,  simply  connected  region  R  bounded  by  the  surfaces  ^1,  and 

if  curl  F  and  div  F  are  zero  in  R,  then  F  is  zero  in  R  provided  that 
either 

(1)  the  normal  component  of  F  is  zero  at  each  point  of  the 
surfaces 


(2)  j)  F.dS  is  zero  for  each  surface  and  n  x  F  is  zero  at  each 
point  of  the  surfaces. 

In  the  event  that  the  region  R  is  bounded  (externally)  by  a  single 
surface  S,  then  (2)  above  reduces  to  the  single  requirement  that  the 

tangential  component  of  F  be  zero  at  each  point  of  S. 

Both  (1)  and  (2)  are  met  by  the  requirement  that  F  be  zero  at  all 
points  of  the  surfaces. 

The  proof  is  similar  to  that  of  Theorem  3.7-1. 

Theorem  3.7-3 

If  F  has  continuous  second  derivatives  in  the  closed  region  R  and  V2F 
is  a  specified  function  of  position  in  R  while  F  is  specified  at  each 

_  a? 

point  of  the  surfaces,  then  F  is  uniquely  determined  in  R.  If 
rather  than  F,  is  specified  at  each  point  of  the  surfaces,  then  F  Is 
determined  in  R  to  within  an  additive  constant  vector. 
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Theorem  3.7-4 

If  F  has  continuous  second  derivatives  in  the  closed  region  R  and 
V2F  -  0  in  R,  while  F  has  the  same  value  at  all  points  of  the  bounding 
surfaces,  then  F  is  constant  in  R. 

Theorems  3.7-3  and  3.7-4  are  easily  proved  by  the  resolution  of  F  into 
rectangular  components. 

Theorem  3.7-5 

If  the  vector  point  functions  F  and  G  are  continuously  differentiable 
throughout  all  space  and  curl  F  and  div  G  are  everywhere  zero  while 
R2|F|  and  R2|g|  are  bounded  as  R+*,  then  ^F.G  dt  is  zero  when  taken 
over  all  space. 

Proof:  Since  F  is  irrotational  we  may  write  F  »  grad  V. 

But 

div  VG  »  V  div  G  f  grad  V.G  -  F.G 

hence 


j  V  G.dS 
Z 


F.G  dr 


T 


where  t  Is  the  region  bounded  by  some  closed  surface  Z . 

The  value  of  the  surface  integral  must,  of  course,  be  independent  of 
any  constant  component  of  V  since  the  datum  for  the  latter  is 
arbitrarily  chosen,  and  this  is  confirmed  by  the  relationship 

j  V  G.dS  -  Vq  j  G.dS  +  j  AV  G.dS 

z  z  z 


-  j)  AV  G.dS  (since  G  Is  solenoidal) 

Z 

where  VQ  may  be  taken  as  the  value  of  V  at  »ome  point  of  Z. 

If,  now,  £  recedes  to  infinity,  the  Increment  of  V  over  £  will  fall 

off  at  least  as  ^  since  AV  is  proportional  to  R|grad  v| ,  and 

R2 | grad  vj  Is  bounded.  If,  In  addition,  R2|g(  la  bounded,  the  surface 
integral  over  Z  vanishes  and  the  volume  Integral  over  all  space  is 
zero. 
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This  result  continues  to  hold  when  a  finite  portion  of  space  is 

divided  into  a  system  of  sub-regions  throughout  which  F  and  G  are 
piecewise  differentiable ,  provided  that  the  vector  tangential 

component  of  F  and  the  normal  component  of  G  are  continuous  through 
the  Interfaces.  Since  V  may  be  chosen  arbitrarily  for  any  one  point 
of  a  given  sub-region,  it  is  permissible  to  choose  equal  values  for  V 
at  two  adjacent  surface  points  in  each  contiguous  pair  of  sub-regions, 
and  so  ensure  that  V  is  everywhere  continuous  through  the  interfaces. 
The  surface  Integrals  over  the  interfaces  then  cancel  in  the  sum 
leaving  only  the  Integral  over  the  exterior  bounding  surface  I,  and 
this  approaches  zero  as  Z  recedes  to  infinity. 


A  vector  analogue  of  Green's  theorem  can  be  derived  for  vector  point 
functions  which  have  continuous  first  and  second  derivatives  in  a 
closed  region. 

If  F  and  C  are  such  functions  then  from  equation  (1.16-7) 


div(F  x  curl  C)  -  curl  C.curl  F  -  F.curl  curl  C 


hence,  from  the  divergence  theorem, 


j)  (F  x  curl  C).dS  -  -  I  F.curl  curl  C  dt  +  j  curl  F.curl  C  dr 


S,  l 
l..n 


(3.7-1) 


The  symmetrical  form  of  this  equation  is  seen  to  be 


(F  x  curl  C  -  C  x  curl  F).dS 


Sl..nE 


j  (F.curl  curl  C  -  C.curl  curl  F)  dt 

T 


(3.7-2) 


When  C  -  F,  equation  (3-7.1)  becomes 


j  (F  x  curl  F).dS 


S 


1. 


z 

.n 


F.curl  curl  F  dr  +  f  (curl  F|2  dt 


(3.7-3) 


These  equations  may  be  considered  to  be  vector  equivalents  of 
equations  (3.1-1)  to  (3.1-3). 

When  grad  dlv  F  -  grad  div  C  ■  0,  curl  curl  may  be  replaced  by  -V2  In 
accordance  with  equation  (1.18-5)  and  the  formal  analogy  becomes 
complete.  Otherwise*  (3.7-2)  is  equivalent  to 
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(F  x  curl  C  -  C  x  curl  F).dS  •  -  /  (F.grad  div  C  -  C.grad  dlv  F)  dr 

T 

(3.7-4) 

+  /  (?.V2C  -  C.V2?)  dT 


S,  Z 
1 .  .n 


But 


div(F  dlv  C)  -  div  F  dlv  C  +  F.grad  dlv  C 


whence 


j  (F  div  C).dS  -  | 


S,  z 

1.  .n 


.dS  -  /  div  F  div  C  dr  +  j  F.grad  div  C  dt 

T  T 


f  (f 


Sl..n£ 


and 


(F  div  C  -  C  div  F).dS  -  J  (F.grad  div  C  -  C.grad  div  F)  dt 

hence  equation  (3.7-4)  may  be  replaced  by 
x  curl  C  -  C  x  curl  F  +  F  div  C  -  C  div  F).dS  -  J  (?.V2C  -  C.V2?)  dr 

T 

(3.7-5) 


Similarly  equation  (3.7-3)  may  be  replaced  by 


(£  (F  *  curl  F  +  F  div  F)  .dS  -  J  {(div  ?)2+|curl  F|2}  dt  +  j  F.V2?  dt 


Sl..nZ 


(3.7-6) 
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EXERCISES 

Prove  the  following  propositions. 

3-22.  If  a  vector  point  function  F  has  continuous  first  derivatives  throughout 
the  infinite  region  R  bounded  locally  by  the  surfaces  Sj  n  and  has 

specified  values  of  curl  and  divergence  in  R,  and  if  R2 | F |  is  bounded  as 

R-h»,  then  F  is  uniquely  determined  in  R,  provided  that  either 

(1)  the  normal  component  of  F  is  specified  at  each  point  of  Sj  n 
or 

(2)  ^  F.dS  is  specified  for  each  surface  in  turn  and  n  x  F  is 
specified  at  each  point  of  the  surfaces. 

[Hint:  If  ?!  and  ?2  satisfy  the  specifications,  then  ?i  -  F2  »  grad  V, 

and  V2V  ■  0  outside  S.  .  Write  down  equation  (3.1-3)  with  V  replaced 
1  •  «n 

by  V  -  Vq,  where  Vq  is  the  value  of  V  at  some  point  of  E .  Eliminate  the 
surface  integral  over  £  by  showing  that  as  I  recedes  to  infinity 
/  <v-vo)  f£dS.O.] 

3-23.  If  a  vector  point  function  F  has  continuous  first  derivatives  and  zero 
curl  and  divergence  throughout  the  infinite  region  R  bounded  locally  by 

the  surfaces  Sj  and  if  R2|f|  Is  bounded  as  R**,  then  F  is  zero  In  R, 

provided  that  either 

(1)  the  normal  component  of  F  is  zero  at  all  points  of  the  surfaces 
or 

r  _  _ 

(2)  j>  F.dS  is  zero  for  each  surface  and  n  x  F  is  zero  at  all  points 
of  the  surfaces. 

3-24.  If  a  vector  point  function  F  has  continuous  second  derivatives  in  the 
infinite  region  R  bounded  locally  by  the  surfaces  and  if  V2F  is  a 

specified  function  of  position  throughout  R  then 

(1)  F  is  uniquely  determined  in  R  if  F  is  specified  at  each  point  of 
Sj  n  and  if  R|?|  and  R2|VFx|  etc  are  bounded  as  R-*« 

—  si? 

(2)  F  Is  determined  to  within  an  additive  constant  vector  If  is 

an 

specified  at  each  point  of  the  surfaces  and  R2|?F  |  etc  are 
bounded  as  R*». 

3-25.  If  a  vector  point  function  F  has  continuous  second  derivatives  in  the 
infinite  region  R  bounded  locally  by  the  surfaces  S,  .  and  if  V2?  -  0 
in  R,  then 
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(1) 

F  is  zero  In  R  If  F  Is  zero  over  the  surfaces  and 

if  r|f| 

and 

R2  |VF  [  etc  are  bounded  as  R-*** 

(2) 

_  3F  — 

F  Is  a  constant  vector  In  R  if  ~  ■  0  at  each 

point  of 

the 

surfaces  and  R2|VFx|  etc  are  bounded  as  R-*». 

-0OO0- 


Make  use  of  equation  (3.7-3)  to  verify  the  following  propositions. 

3-26.  If  F  has  continuous  second  derivatives  In  the  region  R  bounded  by  the 

surfaces  S.  Z  and  curl  curl  F  Is  a  specified  function  of  position, 
1  • .  n 

then  curl  F  Is  uniquely  determined  In  R  by  the  specification,  at  all 
points  of  the  surfaces,  of  any  one  of  the  following  factors: 

(1)  F  (to  within  an  additive  constant  vector) 

(2)  curl  F 

(3)  n  x  F 

A  ^ 

(4)  n  x  curl  F 

_A 

A  further  sufficient  condition  is  the  specification  of  n.curl  F  over 

S,  L.  Prove  this  by  showing  that  curl(Fi-F9)  may  be  written  as 
I .  .n  ___ 

grad  V,  where  Ft  and  Fg  are  possible  fields,  and  by  demonstrating  that  V 
Is  constant  within  R.  (It  Is  supposed  that  R  is  simply  connected.) 

3-27.  If,  in  Ex. 3-26.,  curl  curl  F  is  everywhere  zero,  then  curl  F  -  0  in  R 
provided  that  F  or  curl  F  Is  everywhere  normal  to  the  surfaces,  or 
curl  F  is  zero  upon  the  surfaces,  or  F  Is  constant  upon  the  surfaces. 
Further,  if  both  curl  curl  F  and  div  F  are  zero  In  R  and  F  ■  0  upon  the 

surfaces,  then  F  is  zero  In  R.  (The  latter  proposition  is  a  particular 
case  of  Theorem  3.7-4.) 


3.8  Green’s  Function 

The  Dlrlchlet  and  Neumann  Problems 


Let  U  be  harmonic  and  let  V  have  continuous  second  derivatives  in  the 
closed  region  R  bounded  by  the  surfaces  £.  If  a  small  spherical 

surface  of  radius  6  is  centred  upon  some  interior  point  0  of  R,  then  it 
follows  from  equation  (3.1-2)  that 

/  [v  H  -  w  Is] ds  +  /  [v  Is  -  u  ] dS  /  07*v  dT  -  0 


Since  U  and  V  are  well-behaved  throughout  a  neighbourhood  of  0  the  above 
equation  leads  to 
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f  [v!s- u!£]dS  +  /  u',2vdT  ■  0 


(3.8-1) 


where  /  represents  the  limiting  value  of  the  volume  integral  as  the  6 

J  T 

sphere  shrinks  about  0. 

It  has  already  been  shown  that  if  r  is  distance  measured  from  0,  then 


4irVo 


f9 


1  3V 
r 


-  V  — 
3n  an 


Sl..nE 


(3.3-3) 


14 

where  the  volume  Integral  has  the  above  limiting  significance 
On  subtracting  equation  (3.8-1)  from  (3.3.3)  we  obtain 


(3.8-2) 


If  a  point  function  Uj  can  be  found  which  is  harmonic  in  R  and  assumes 
the  value  -  i  at  each  point  of  the  surfaces  ^Z,  and  ifGj«U1+-, 
then  equation  (3.8-2)  reduces  to 


o 


*1 


V  —  dS  -  /  Gx  V2V  dT 
Sl..nr 


(3.8-3) 


There  are  physical  grounds  for  supposing  that  Uj  must  exist  for  most 

15 

configurations  of  surfaces  and  positions  of  0  ,  and,  this  being  so,  it 

follows  from  Theorem  3.2-4  that  Uj  will  be  unique  in  each  situation. 

Correspondingly,  Gj  is  uniquely  defined  and  harmonic  except  at  the  pole 

0,  where  it  becomes  infinite  as  it  Is  known  as  a  Green's  function  for 

Laplace's  equation.  It  is  seen  from  (3.8-3)  that  by  means  of  this 
function  It  has  been  possible  to  express  the  Independent  point  function  V 


14.  The  8  sphere  may  be  replaced  by  any  regular  region  of  which  0  la 
an  Interior  point,  as  mentioned  in  the  footnote  to  p.  178. 

15.  See  Ex. 3-28.  to  3-30.,  pp.  209-10  and  Kellogg,  Ch.9 
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at  any  interior  point  of  R  in  terms  of  72V  throughout  R  and  V  upon  the 
bounding  surfaces  *  the  normal  derivative  of  V  which  appeared  in  (3.3-3) 
has  been  eliminated.  This  result  is  not  unexpected  since  the 
considerations  of  Sec.  3.6  show  that  V  is  uniquely  determined  in  R  when 

72V  Is  specified  throughout  R  and  V  is  specified  at  all  points  of  the 
surfaces.  It  will  be  appreciated  that  a  different  Green's  function  is 
required  for  the  evaluation  of  V  at  each  point  of  R. 


Now  suppose  that  a  harmonic  function  U2  can  be  found  such  that 
3Uz  3  /l\ 

»-g^-f-J  +  Cat  all  points  of  Sj^  nE,  where  C  is  a  constant. 

It  is  clear  from  Theorem  3.2-1  and  equation  (3.4-2)  that  C  -  -4ir/(  total 
area  of  Sj  rE).  Then  if  G2  *  U2  +  equation  (3.8-2)  reduces  to 


4xV 


-  j>  G2  U  dS  -  C  j  V  dS  -  j  G2  V2V  dr 


Sl..n* 


S.  E  T 
1 .  .n 


(3.8-4) 


9  3  V 

so  that  Vq  is  now  expressed  in  terms  of  VZV  throughout  R  and  —  upon  the 
bounding  surfaces,  to  within  an  additive  constant. 

It  may  be  shown  that  such  a  representation  is  generally  possible^,  and 
this  might  have  been  predicted  on  the  basis  of  Sec.  3.6.  The  functions 

3U2 

U2  and  G2  are  not  unique  since  only  " —  has  been  specified  over  S  I. 
If  required,  they  can  be  made  unique  by  the  specification 
j>  U2  dS  •  0.  A  separate  function  is  required  for  the  evaluation  of  V  at 

si..nr 

each  point  of  R.  Like  Gj ,  G2  is  known  as  a  Green's  function  for 
Laplace's  equation;  it  is  sometimes  called  a  Green's  function  of  the 
second  kind  or  a  Neumann  function. 

The  above  considerations  may  be  extended  to  the  case  where  E  recedes  to 
infinity  and  V,  which  is  taken  to  be  regular  at  infinity,  is  evaluated  at 
some  point  0  outside  the  local  surfaces  q. 

Since  it  is  still  possible  to  find  an  appropriate  point  function  Gt  , 

harmonic  outside  0,  zero  upon  ^  and  regular  at  infinity,  the  surface 

Integral  over  E  may  be  eliminated  in  equation  (3.8-2),  while  (3.8-3)  is 
replaced  by 


16. 


See  Ex. 3-31.,  p.  210. 
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4ttV 

o 


r  3G1 

?  v  IT  dS  -  I  Gi  ,2v  dT 


l..n 


(3.8-3(a) ) 


where  t  Includes  all  space  ouCslde  S^ 

Equation  (3.8-4)  is  replaced,  in  similar  circumstances,  by 


4irVQ  -  Ji  G2  |“  dS  -  j  G2  V2V  dx  (3.8-4(a)) 


1.  .n 


The  term  which  involves  C  is  missing  in  equation  (3. 8-4 (a))  because  C  -K) 
and  C  dS  ■*— 4ir  as  I  recedes  to  infinity;  as  a  consequence,  both 


C  ©  V  dS  and  C  ©  V  dS  approach  zero. 


l..n 

When  V2V  -  0  in  R,  equation  (3.8-3)  reduces  to 


4irV  -  -  0  V 


&Gj 

3n 


dS 


(3.8-3(b)) 


Sl..n£ 


This  equation  shows  how  a  point  function  V,  which  is  known  to  be  harmonic 
in  R,  may  be  computed  from  its  boundary  values  alone  (given  Gj),  as  would 

be  expected  from  Theorem  3.2-4.  We  now  enquire  whether,  corresponding  to 
some  arbitrary  smooth  distribution  of  surface  values,  there  is  a  matching 
point  function  which  is  harmonic  in  R.  This  particular  existence  problem 
is  known  as  Dlrichlet's  problem  or  the  first  boundary  problem  of 

potential  theory1^.  It  may,  in  fact,  be  shown  that  for  most 

18 

configurations  of  surfaces  the  required  function  does  exist  ,  hence  Its 
value  may  be  computed  via  equation  (3 . 8—3 (b) ) .  In  particular:  If  f 
denotes  a  point  function  which  varies  smoothly  over  each  of  the  surfaces 
Sj  nE,  and  if  (0)  is  a  Green's  function  for  Laplace’s  equation  with  a 

pole  at  0  and  vanishing  on  the  surfaces  qZ,  then  the  formula 


17.  The  specification  of  boundary  values  is  known  as  the  Dlrichlet 
condition.  When  the  boundary  value  is  everywhere  zero  the  condition  is 
said  to  be  homogeneous;  otherwise  it  is  non-homogeneous. 


18 


See  Kellogg,  Ch.ll. 
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4nu 

o 


f  Jj  G,(0)  dS 


Sl..„r 


(3.8-5) 


defines  u  at  any  point  0  of  R  in  such  a  way  as  to  make  u  harmonic  in  R 
and  take  on  the  value  f  at  every  point  of  the  bounding  surfaces. 

The  allied  problem,  associated  with  the  harmonic  form  of  (3.8-4),  may  be 
formulated  as  follows:  "To  find  a  point  function  v,  harmonic  in  R  and 

3V 

taking  on  prescribed  values  g  of  upon  S.  Z ,  given  that  g  is 

f  du  1  * • n 

continuous  upon  the  surfaces  and  <f>  g  dS  ■  0." 


This  is  the  Neumann  problem  or  the  second  boundary  problem  of  potential 
19 

theory  .  The  required  function  may,  in  general,  be  shown  to  exist,  in 
which  case  the  solution  is 


4irv 

o 


j  G2(0)  g  dS  +  const. 


Sl..nr 


(3.8-6) 


The  Dlrlchlet  and  Neumann  problems  continue  to  be  soluble  when  R 
comprises  all  space  outside  the  local  surfaces  the  solutions  being 

represented  by  equations  (3.8-5)  and  (3.8-6)  with  the  surface  integrals 


over  I  and  the  constant  deleted.  No  restriction  is  placed  upon  the  value 
of  <f  g  dS. 


S 


1 


.n 


3.9  Scalar  Fields  in  Plane  Regions 


The  earlier  sections  of  this  chapter  have  been  devoted  exclusively  to 
those  scalar  point  functions  which  are  defined  throughout  a  region  of 
space.  Similar  analyses  may  be  developed  for  point  functions  which  are 
defined  only  in  a  plane.  A  number  of  planar  formulae  may  be  derived  as 
in  Ex. 3-4.,  p.  181,  by  an  application  of  the  three-dimensional  formulae 
to  a  two-dimensional  (xy)  field  in  space  with  appropriate  bounding 
surfaces,  and  a  subsequent  cancellation  of  the  common  z  factor; 
alternatively,  the  formulae  may  be  developed  for  a  region  in  the  plane  ab 
initio,  as  in  Ex. 1-31.,  p.  45. 


19.  The  specification  of  the  normal  derivative  upon  the  boundary  is 
known  aa  the  Neumann  condition. 
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The  planar  forms  of  Green's  theorem,  (3.1-1)  and  (3.1-2),  are 


-  f 


ri..nr’ 


V  V2U  dS  +  J  grad  V.grad  U  dS 
S  S 


(3.9-1) 


and 


f  l 


,,  3U  .IV  ,  . 

V  9^  *  °  3^  !  d3  ' 


(V  72U-U  V2V)  dS 


(3.9-2) 


where  r.  are 
1 . .  n 


regular  closed  curves,  none  of  which  encloses  or  has  a 


point  in  common  with  any  other,  and  all  of  which  are  enclosed  by  the 
regular  curve  T' .  S  denotes  the  surface  of  the  multiply  connected  region 
R  of  the  plane  bounded  externally  by  V*  and  Internally  by  T 


Differentiation  along  the  outward  normal 


denoted  by  r,; 

oQ 


grad  VU 


|2  +  J|v  2 

3x  J 


to  the  contour 

_  i£v  .  32V 


1.  .n* 
element  ds  is 


3y 


3x2 


3yz 


The  theorems  relating  to  harmonic  functions  in  bounded  regions  of  space 
have  their  counterparts  for  a  region  in  the  plane.  The  correspondence 
continues  to  hold  for  unbounded  regions  so  long  as  the  line  Integral 
around  I*'  vanishes  as  T'  recedes  to  infinity.  We  can  ensure  the 

disappearance  of  an  Integral  of  the  type  <f  V  ds  in  this 


circumstance  by  stipulating  that  both  V  and  R2  grad  V  should  be  bounded 
in  absolute  value  as  R-»«»,  where  R  denotes  distance  from  a  local  origin. 
This  requirement  is  somewhat  lighter  than  that  associated  with  three- 

dimensional  regularity  at  infinity  because  ds  Increases  linearly  with  R 


f 


while  6  dS  increases  as  the  square. 


j)  d  t 
r 


The  same  requirement  also  serves  to  eliminate  the  line  integral 
<j  (V-U)  ^7  (V-U)  ds  which  appears  in  the  development  of  planar  uniqueness 

r' 

theorems,  but  it  is  unnecessarily  restrictive  in  this  context  since  we 
are  concerned  with  differences  rather  than  absolute  values.  Indeed,  a 
point  function  may  increase  without  limit  as  R-”»  and  still  submit  to  a 
demonstration  of  uniqueness.  Thus  a  planar  harmonic  function  V  may  meet 
the  specification 


V-a  In  *0  like  | 


as  R-*» 
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7i  (v-a  10  I)  *°  llke  t  as  E- 

where  a  and  3  are  constants. 

If  a  function  U  satisfies  the  same  conditions  then  it  is  clear  that  both 
R(V-U)  and  R2  (V-U)  are  bounded  at  infinity,  so  that 

(V-U)  (V-U)  ds-M)  like  as  R-*» 

T' 


despite  the  fact  that  both  functions  tend  to  a  logarithmic  infinity  as 
R*«. 


The  planar  form  of  Green's  formula  follows  from  a  substitution  of  In  - 

P 

for  U  in  equation  (3.9-2)  where  p  is  distance  measured  from  the  point  0 

20 

at  which  V  is  to  be  determined  .  When  0  lies  within  R  the  surface 
integration  is  carried  out  over  S-S^  where  S^  is  the  surface  enclosed  by 

a  small  circle^1  centred  upon  0.  On  taking  limits  as  the  circle  shrinks 
about  0  it  is  found  that 

2'vo  -  f  [(ln  ;)  &  - v  &  (ln  9]  ds  -  /  (ln  ;)  v‘v  dS  (3-9-3) 

r,  r*  s 

1 .  .n 

When  0  lies  outside  R,  ln  -  has  no  singularity  within  R  and  the  surface 

integration  is  carried  out  over  S  in  its  entirety.  The  right-hand  side 
of  equation  (3.9-3)  is  then  found  to  be  zero. 


20.  It  follows  from  equation  (2.6-4)  that  In  ^  is  harmonic  ln  the 
plana  for  non-zero  values  of  p. 

21.  The  circle  may  be  replaced  by  any  regular  closed  curve;  the 
surface  integral  in  equation  (3.9-3)  is  consequently  convergent. 
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A  substitution  of  unity  for  V  leads  directly  to  Gauss's  integral  for  the 
plane: 


(3.9-4) 


according  as  the  origin  of  p  lies  within  or  without  R. 


When  U  is  harmonic  throughout  R  the  addition  of  equations  (3.9-2) 
and  (3.9-3)  yields  the  planar  equivalent  of  equation  (3.8-2),  viz 

2*vo  .  jf  [(»  +  in  i)  -  V  ^.(u  +  in  £)]  d.  -  J  (ll  *  In  i)  ?2V  dS 
ri..nr*  S 

(3.9-5) 

If  U  can  be  so  chosen  as  to  make  U  -  -In  £  at  all  point  of  then 

U  +  In  j  defines  a  Green's  function  of  the  first  kind  in  the  plane  with  a 

pole  at  0  for  the  particular  set  of  contours  involved,  and  (3.9-5) 
reduces  to 


P  v  —  ds  -  J  Gi  V2V  dS 
ri..nr’ 


(3.9-6) 


When  V  is  harmonic  everywhere  outside  T  and  V  and  r — ,  assume 

l . .  n  an 

appropriate  limiting  forms  at  infinite  distance,  it  may  be  possible  to 
express  Vq  in  terms  of  local  line  Integrals  alone,  although  Gi  Itself 

does  not  vanish  at  infinity.  (See  Ex. 3-42.  and  3-43.  p.  213.) 

It  was  shown  in  Sec.  3.5  that  when  V  takes  the  form  ^7  +  V*  throughout  a 

neighbourhood  of  some  point  P  in  a  three-dimensional  region  (where  r'  is 
distance  from  P  and  V*  is  a  well-behaved  point  function),  the  singularity 

at  P  gives  rise  to  the  term  in  the  expression  for  V 

rP  0 

(equation  (3.5-3)).  In  the  planar  case  a  singularity  taking  the 

parallel  form  a  In  4  +  w'  gives  rise  to  the  corresponding  term 

.  in  L. 

PP 
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3.10  Minimal  Theorems 
Theorem  3.10-1 

Let  Vi  and  V2  be  scalar  point  functions,  well-behaved  in  the  closed 
region  R  bounded  by  the  surfaces  Sj  fl£.  If  Vj  •  V2  at  all  points  of 
the  surfaces  and  VI  is  harmonic  in  R  while  V2  is  not.  then 


grad  Vj|2  dr  <  /  [grad  V2 | 2  dr 


(3.10-1) 


Proof:  Let  Vj  -  V2  ■  V.  Then  from  equation  (3.1-1) 

<f  V1  dS  -  I  V’  72V!  dx  +  [  grad  V’.grad  Vj  dx 


Sl..nE 


Since  V'  •  0  on  S,  £  and  V2V,  -  0  in  R  It  follows  that 
l. .n  *  — 

grad  V’.grad  Vt  dx  -  0 


or 


f  (grad  Vx|2  dx  -  J  grad  Vl#grad  V2  dx 


Now 

grad  V* .grad  V*  ■  (grad  Vi  -  grad  V2).(grad  Vj  -  grad  V2) 


-  | grad  Vj|2  +  | grad  V2|2  -  2  grad  Vj.grad  V2 


hence 

J  fgrad  V*|2  dx  •  J  |grad  Vj  | 2  dx  +  J  |grad  V2|2  dx  -  2  f  [grad  V^2  dx 

X  T  X  X 

or 

j  [grad  Vj | 2  dx  +  j  |grad  V* | 2  dx  ■  j  |grad  V2|2  dx 

XX  X 


(3. 10-l(a)) 


Sec. 3. 10] 


green’s  theorem  and  allied  topics 


207 


Since  V2  is  not  harmonic  throughout  R  there  will  be  at  least  some 
subregion  of  R  in  which  72(Vl-V2)  *  0,  ie  div  grad(Vl-V2)  *  0. 
Grad(Vj-V2)  cannot  be  continuously  zero  in  this  subregion  hence 
its  contribution  to  J  |grad  V'|2  dr  will  be  positive.  The 

contribution  of  the  remainder  of  R  to  the  Integral  must  be  positive  or 
zero  hence  the  total  integral  is  positive.  This  being  so, 
equation  (3.10-l(a))  leads  directly  to  the  required  inequality. 

The  result  may  also  be  expressed  in  the  following  way:  If  V  has 
prescribed  values  upon  the  surfaces  S^  then 


is  a  minimum  when  V  is  the  solution  of  the  associated  Dlrlchlet 
problem. 

Theorem  3.10-2 

Let  Fj  and  F2  be  vector  point  functions  with  continuous  first 
derivatives  in  the  closed  region  R  bounded  by  the  surfaces  Sj  nE,  and 
let  div  Fj  -  div  F2  in  R  and  (Fi)q  •  (F2)q  at  a11  points  of  the 
surfaces.  If  Ft  can  be  represented  by  W(grad  V  +  u)  where  W,  V  and  u 
are  well-behaved  point  functions,  W  being  everywhere  positive,  and  if 
F1  *  f2  throughout  some  portion  of  R,  then 


[  *12  1 

*  _  j 

'  *2* 

Fj.u  dT  <  / 

w  dT 

TXT 


2  I  F2.u  dT 

T 


(3.10-2) 


where  Fj2  »  | Fj | 2  etc. 

Proof:  Since  (FrF2) .  (FrF2)  -  F12  +  F22  -  2F1.F2 


f  v  / 

'  V  f 

i  w  dT  ‘  j 

1  H  dr  +  J 

'  2  J 

T  T  T  X 


F2 . (grad  V  +  u)  dT 


Now 


div  V(FrF2)  -  V  div(F1-F2)  +  (Fj-FjJ.grad  V 
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hence 


V(Fx-F2).dS  -  V  dlv(FrF2)  dT  +  (F1-F2).grad  V  dT 


Sl-.n1 


But  (Fj)n  -  (F2)n  -  0  over  S^  ^ l  and  div(F1-F2)  »  0  In  R,  so  that 
(F1-F2).grad  V  dx  “  0 


or 


/ 


Fj .grad  V  dr 


It  then  follows  that 


.grad  V  dT 


T 


IV?*  1 2 


dx 


Fl2 


F,2 


—  dx  +  j  — dx  -  2  J  F2.u  dx  -  2  J  Fj .grad  V  dT 

T  X  X  X 


or 


Fi2  _  _  f  Ifi-f2|2 

—  dx-2  /  Fl*udT+j  — - 


F22 

dx  -  /  —  dx  -  2  j  F2.u  dx 


(3. 10-2(a)) 


^  =  r  ifi“F2i2 

But  (Fj-F2)  x  0  over  some  portion  R,  hence  I  - w  dx  is  positive; 

x 

equation  (3.10-2)  then  follows  from  (3. 10-2 (a)) 

On  putting  W  -  1  and  u  -  0,  equation  (3.10-2)  reduces  to 


j  Fx2  dx  <  |  F22  dx 


From  this  inequality  we  deduce  that  If  F  has  specified  values  of 
divergence  In  R  and  of  normal  component  upon  S ^  then  the  volume 

Integral  of  F2  over  R  Is  a  minimum  If  F  can  be  expressed  as  the 
gradient  of  a  scalar  point  function.  This  form  of  expression  Is 

certainly  possible  when  dlv  F  ■  0  since  the  required  scalar  function 
is  then  the  solution  of  the  Neumann  problem  for  the  particular  set  of 
surfaces  Involved  and  the  value  of  the  normal  derivative  corresponding 

“  V 
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EXERCISES 


3.28.  When  heat  flows  through  an  isotropic  medium  of  thermal  conductivity  k, 
the  rate  of  heat  transfer  in  the  positive  sense  through  a  geometrical 
surface  S  within  the  medium  is  given  by 


d£ 

dt 


J  k  grad  T.dS 
S 


where  T  is  the  (scalar)  temperature. 

If  q  is  a  point  function  representing  the  rate  of  heat  generation  per 
unit  volume  in  the  medium  and  p  and  c  denote  density  and  specific  heat 
respectively ,  show  that  at  interior  points  of  the  medium 

div(k  grad  T)  +  q  -  pc 


Hence  show  that  in  a  homogeneous  medium  free  from  sources  (and  sinks)  of 
22 

heat  ,  and  under  steady  state  conditions  (ie  temperature  everywhere 
independent  of  time)*  the  temperature  field  satisfies  Laplace's 
equation,  viz 


V2T  -  0 


23 

3-29.  A  point  source  of  heat  of  strength  k  is  located  at  the  point  P  in  a 
homogeneous  isotropic  medium  of  thermal  conductivity  k.  If  the  medium 
were  devoid  of  bounding  surfaces  the  heat  flow  would  exhibit  radial 
symmetry;  in  the  present  Instance,  however,  it  is  supposed  that  the 
medium  is  physically  terminated  in  the  surfaces  S1  and  that  heat  is 

extracted  through  these  surfaces  at  an  overall  rate  which  balances  the 
heat  input. 

Assuming  that  the  bounding  of  the  system  produces  only  a  finite 
perturbation  of  the  radial  flow  field  in  some  neighbourhood  of  P  (it 
being  supposed  that  P  does  not  lie  in  any  surface) ,  make  use  of  the 
arguments  leading  to  equation  (3.5-3)  to  demonstrate  that  the  steady- 
state  temperature  field  corresponding  to  some  fixed  surface  distribution 
may  be  expressed  as 


T  - 


where  r*  is  distance  measured  from  P  and  U*  is  some  harmonic  point 
function. 


22.  ie  regions  of  generation  (and  extraction)  of  heat. 

23,  A  source  of  unit  strength  is  one  which  generates  4ir  units  of 
heat  in  unit  time. 
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3*30.  Let  the  polnC  source  of  heat  In  Che  previous  exercise  be  now  placed  ac 
some  Interior  point  0.  The  steady-state  temperature  distribution 
becomes 

T  -  i  +  U 

where  r  is  distance  measured  from  0  and  U  is  harmonic  throughout  the 
medium. 

Show  that  for  the  particular  case  in  which  all  points  of  the  surfaces 
are  held  at  the  constant  temperature  T*,  the  point  function  T  -  T*  Is 
the  Green's  function  G,  appropriate  to  the  surfaces  S,  Z  and  the 
pole  0.  l**n 

3-31.  A  point  source  of  incompressible  fluid  of  unit  strength  is  located  at  an 
interior  point  0  of  a  simply  connected  region  R  bounded  by  the  surfaces 

Sj  qE.  On  the  assumption  that  curl  v  ■  0  in  R,  where  v  is  the  vector 

velocity  field  of  flow,  we  may  write  v  -  -  grad  p,  where  tf>  is  a  point 
scalar  known  as  the  velocity  potential.  If  fluid  is  extracted  through 
the  surfaces  at  the  rate  of  4ir/(total  area  of  nE)  per  unit  area  per 

unit  time,  show  that  the  velocity  potential  of  the  resulting  fluid  flow 
is  a  Green’s  function  G2,  to  within  an  additive  constant,  for  the 

surfaces  Sj  QZ  and  the  pole  0. 

[Note  that  this  continues  to  hold  when  the  Z  surface  recedes  to 
infinity,  in  which  case  the  local  surfaces  are  required  to  be  impervious 
to  the  flow.] 

3-32.  A  point  source  of  incompressible  fluid  of  strength  at  is  located  at  an 

Interior  point  of  R.  At  each  point  of  the  bounding  surfaces  S.  Z 

L . .  n 

there  is  a  prescribed  rate  of  fluid  extraction  per  unit  area  per  unit 
time  represented  by  the  continuous  scalar  point  function  <ji»  the 

overall  rate  of  extraction  corresponding  to  that  of  generation.  The 
corresponding  velocity  field,  which  is  assumed  to  be  lrrotatlonal  in  R, 

is  designated  vl# 

This  Is  repeated  for  source  strengths  e2,  a3  -  located  at  various 

interior  points  of  R  with  extraction  rates  o2»  c3  -  and  velocity 

distributions  v2,  v3  — — .  Show  that  when  ail  sources  are  present 
simultaneously,  and  the  rate  of  fluid  extraction  corresponds  with 
°1  +  a2  +  ff3  »  th#  velocity  field  is  given  by  V!  +  v2  +  v3  +  , 

3*33.  Let  S  be  the  surface  of  a  sphere  of  radius  a  and  centre  T.  If  the  point 
0  lies  within  the  sphere  at  a  distance  b  from  T,  and  if  O’  is  the  point 

Inverse  to  0  (le  if  TOO’  is  a  straight  line  and  TO. TO*  -  a2)  and  if  r  Is 
distance  measured  from  0  while  r*  is  distance  measured  from  O’,  show 

that  U  -  -  — ;  is  harmonic  throughout  the  sphere  and  has  the  value  -  • 

upon  its  surface.  Hence  show  by  means  of  equation  (3.8-3(b))  that  if 
the  point  function  V  is  harmonic  within  the  sphere. 
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Vo  *  *  ji  p  dS  (Poisson’s  integral) 

S 

Show  further  that  if  0  lies  outside  the  sphere  and  V  is  harmonic  outside 
the  sphere,  then 


dS 


whence 


V  “  r  V  when  V  -  V  ■  constant  over  S. 
o  b  a  a 

3-34.  Find  the  Green's  function  Gi  appropriate  to  a  pole  at  0  in  a  half- 
24 

space  at  a  distance  d  from  the  bounding  plane  S.  Hence  show  on  the 

basis  of  equation  (3.8-3(a)),  where  S.  is  replaced  by  S,  that  if  V  is 

l . .  n 

a  point  function  with  continuous  second  derivatives  throughout  the  half¬ 
space  and  regular  at  infinity,  its  value  at  0  is  probably  given  by 


d 

f  V 

a  n 

"  2k 

P  dS 

JS 

'*wl 

where  r  is  distance  from  0  and  rf  is  distance  from  the  image  of  0  in  S, 
and  where  the  region  of  volume  integration  extends  throughout  the  half¬ 
space  . 

Confirm  the  validity  of  this  expression  by  evaluating  the  surface 
integrals  of  equation  (3.8-2)  over  a  central  circular  disc  in  S  and  a 
matching  hemispherical  cap  which  assumes  a  constantly  increasing  radius. 
Hence  show  that  the  requirement  that  V  be  regular  at  infinity  may  be 
replaced  by  the  lighter  requirement  that  V  be  bounded  and  |grad  v(+0  as 
R~. 


Show  further  that  when  V  is  harmonic  the  above  expression  represents  the 
limiting  value  of  the  expressions  derived  for  V  in  the  previous  exercise 
as  a,  b-*»  and  |a-b|  -  d  (constant). 

3-35.  Find  the  Green's  function  G2  for  a  point  in  a  half-space,  and  so  obtain 
an  alternative  expreaslon  for  Vq  to  that  of  the  previous  exercise, 
assuming  that  V  is  regular  at  infinity. 


24.  ia  an  unbounded  region  comprising  all  points  upon  and  to  one  side 
of  an  infinite  plane. 
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Ans:  V 

o 


1_ 

2ir 


1  I! 
r  9n 


V2V  dt 


[Ic  should  be  noted  that  the  results  of  this  and  the  previous  exercise 
nay  be  derived  by  a  direct  application  of  equations  (3.3-1)  and  (3.3-3) 
to  the  point  0  and  Its  Image,  bearing  In  mind  that  these  points  lie 
respectively  within  and  without  the  Integration  region. ] 

3-36.  In  equation  (3.8-2),  and  In  those  equations  which  derive  from  it,  it  has 
been  supposed  that  V  is  continuous  throughout  the  region  under 
consideration.  Show  that  when  a  singularity  occurs  at  the  point  P  such 

that  V  ■  ^7  +  U*  In  a  neighbourhood  of  P  (where  r'  Is  distance  from  P 

and  U'  Is  a  continuous  point  function)  equations  (3.8-3)  and  (3.8-4)  are 
replaced  by 


4irV 

o 


3G1 

V^T  dS+  <giJp4** 


Gj  V2V  dT 


S 


1.  .n 


l 


T 


4vV 

o 


&V 

3n 


dS  -  C 


v  as  +  [G21p  4wa 


G2  V2V  dT 


Sl..n£ 


T 


where  the  volume  Integral  has  the  same  limiting  significance  as  In 
equation  (3.5-3). 

3-37.  Since  the  value  of  Green's  function  G!  depends,  for  a  given  set  of 

surfaces,  both  upon  the  point  of  evaluation,  say  Q,  and  the  position  of 
the  pole  0,  it  is  often  written  as  G^Q.O).  With  this  notation,  show 

that  G^O',0)  Gj  (0,0' )  ie  show  that  the  value  of  Gj  at  the  point  O' 

for  a  pole  at  0  and  a  given  set  of  bounding  surfaces  (which  need  not 
Include  £  If  Gt  Is  regular  at  infinity)  is  equal  to  Its  value  at  0  when 

the  pole  Is  at  O'. 

[Hint:  Substitute  G^Q.O)  and  Gj(Q,0*)  for  V  and  U  In  equation  (3.1-2) 

and  integrate  over  the  region  bounded  by  the  given  surfaces  and  two 
small  spherical  surfaces  centred  upon  0  and  O' ,  noting  that  Gj  Is 

harmonic  In  the  integration  region.  The  required  relationship  is 
obtained  when  the  evaluation  of  the  spherical  surface  Integrals  is 
carried  out  for  the  limiting  case  in  which  these  surfaces  shrink 
indefinitely  about  0  and  0'.] 

3-38.  Derive  equation  (3.9-1)  from  (3.1-1)  by  an  appropriate  choice  of 
bounding  surfaces  in  a  two-dimensional  field.  Obtain  the  same  result  by 
working  directly  from  the  planar  form  of  the  divergence  theorem. 

3-39.  State  and  prove  the  planar  counterparts  of  Theorems  3.2-1  to  3.2-7. 
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3-40.  Prove  equation  (3.9-3).  Extend  the  analysis  to  cover  the  case  in  which 
the  excluding  circle  is  replaced  by  a  regular  closed  curve  by  applying 

equation  (3.9-2),  with  U  *  In  i,  to  the  region  of  the  surface  bounded  by 

this  curve  and  an  Interior  circle  centred  upon  0,  and  showing  that  the 
surface  integral  approaches  zero  as  the  closed  curve  shrinks  uniformly 
about  0. 


3-41.  Let  a  circle  of  radius  a  enclose  a  plane  region  R,  and  let  0  be  an 
interior  point  of  R  at  a  distance  b  from  its  centre.  If  0*  is  the  point 
inverse  to  0  with  respect  to  the  circle  and  p  and  p*  denote  distance 

from  0  and  O'  respectively,  show  that  In  vanishes  upon  the  circle, 
bo '  aP 

Show  further  that  In  is  harmonic  in  R  except  at  0  by  successively 

locating  the  origin  of  plane  polar  coordinates  at  0  and  O'  and  making 
use  of  equation  (2.6-4)  to  evaluate  V2  In  p’  -  V2  In  p . 
bo  * 

It  is  seen  that  In  is  a  Green's  function  of  the  first  kind, 

ap 

vanishing  upon  the  circle  and  with  a  pole  at  0.  Hence  deduce  from 
equation  (3.9-6)  that  if  V  is  harmonic  in  R 


V 

o 


a2  -  b2 
2ira 


V 

p5 


where  T  represents  the  circle. 

3-42.  Let  the  point  0  of  the  previous  exercise  now  lie  outside  R.  Show  that 

In  ~  continues  to  vanish  upon  T  and  that  it  is  harmonic  outside  R 
ap  r 

except  at  0,  where  it  becomes  logarithmically  infinite.  If  V  is 
harmonic  everywhere  outside  R  derive  an  expression  for  Vq  in  terms  of 

line  Integrals  around  r  and  r',  where  T'  is  a  closed  curve  which 
embraces  both  0  and  T. 


What  limiting  behaviour  of  V  and  grad  V  ensures  that  the  line  integral 
around  f  vanishes  at  infinity  for  finite  values  of  b? 


Ans:  V 


b2  -  a2 
2  ITS 


f  ?  +  h  f  l(ln  %’) 


•  -  V  9?  (ln 


ds 


r' 


V  9V 

vanishes  when  ^  +0  and  R  ^  ■►O  as  R-*® . 


These  requirements  are  satisfied  if  V  and  R2|grad  v|  are  bounded  at 
infinity. 

3-43.  Derive  an  alternative  expression  for  Vq  to  that  of  Ex. 3-42.  by  replacing 

In  with  In  where  p"  is  distance  measured  from  the  centre  of  R. 
ap  p  p  — 

Under  what  conditions  does  the  integral  around  r*  now  vanish  at  infinity 
for  finite  values  of  b? 
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vo  ■  ds  -  dz  j  v  is  *  hf  |_(*n  £%)  '  v  af7  (ln7^p)]ds 


vanishes  when  V+O  and  (R  In  R)  —  +0  as  R-m*>. 

oK 


These  requirements  are  satisfied  if  R  V  and  R2|grad  V|  are  bounded  at 
infinity. 

3-44.  If  the  more  severe  of  the  limiting  conditions  in  Ex. 3-42.  and  3-43.  are 

3V 

Imposed  upon  V,  viz  that  V+0  and  (R  In  R)  -*>0  as  R+«>,  it  follows  that 
V  may  be  expressed  either  as 


b2  -  a*  X  V 


-= -  6  — 5  ds  or 

2ra  f  p* 


bJizr  /t2  ds  -  2^hds 


In  these  circumstances  ©  V  ds  must  be  zero. 


Give  an  independent  proof  of  this  and  show  that 


/  S’ 


ds  -  0. 


[Hint:  Evaluate  the  integrals  of  equation  (3.9-3)  for  the  particular 
case  in  which  0  is  located  at  the  centre  of  R  (and  therefore  outside  the 

region  of  integration),  bearing  in  mind  that  j)  ds  ■  -  j)  ds.] 


3-45.  Let  the  planar  point  function  V  be  defined  by  V  -  In  ^7  where  p*  is 

distance  measured  from  some  point  P.  If  0  is  a  point  not  coincident 
with  P  and  p  is  distance  measured  from  0  use  equation  (3.9-3)  to  express 
V  in  terms  of  a  line  Integral  around  a  circle  r  of  radius  a  centred 

upon  P  for  the  case  a  <  pp,  by  showing  that  both  the  line  Integral  at 

infinity  and  the  surface  Integral  outside  the  circle  are  zero. 

Hence  prove  that 


H 


ds  -  In  —  0  ds  ■  2i  a  In  — 
Pp  T  pp 
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Now  suppose  that  a  >  Pp.  By  taking  account  of  the  singularity  of  V 
which  now  lies  within  the  region  of  integration  show  that 

In  -  ds  -  In  -  0  ds  »  2*a  In  ~ 

P  a  J  a 

r  r 

(cf  Ex. 3-19.,  p.  188). 

3-46.  Let  the  region  R  of  the  plane,  bounded  by  the  closed  curves  flr '  ,  be 

divided  into  a  set  of  sub-regions  by  internal  boundaries  I^,  -  such 

that  a  given  point  function  g  and  its  first  derivatives  are  continuous 
at  interior  points  of  the  sub-regions  but  are  discontinuous  upon 

Tv  -  and  let  g,  where  defined,  be  everywhere  positive  or  everywhere 

o 

negative.  Further,  let  V  be  a  point  function  having  continuous  second 
derivatives  in  R  except  upon  I*#,  - ,  and  upon  certain  lines 

T-  -  and  points  p! ,  P2,  -  lying  within  the  sub-regions. 

Show  that  V  is  rendered  piecewise  determinate,  at  least  to  within  the 
same  additive  constant,  by  the  specification  of  all  of  the  following 
factors: 

(1) 


(2) 


(3) 

(4) 

This  theorem  also  covers  the  case  of  a  two-dimensional  field  in  space, 
whose  bounding  surfaces  and  surfaces  of  discontinuity  are  closed  and 
open  cylinders  with  parallel  axes,  which,  in  combination  with  lines  of 
discontinuity,  cut  a  transverse  plane  in  the  above  contours  and  points; 
for  in  these  circumstances  the  conditions  for  uniqueness  in  the  plane 
necessarily  lead  to  uniqueness  in  space.  However,  it  should  be  noted 
that  the  operators  grad  and  dlv  grad  in  the  above  context  are  of  an 
essentially  planar  nature,  and  that  in  th,ise  cases  where  g  and  V  are 
defined  outside  the  plane  with  other  than  two-dimensional  symmetry,  it 
is  unlikely  that  the  planar  and  spatial  operations  will  lead  to  the  same 
result.  (See  Ex. 4-29,  p.  257.) 


div(g  grad  V)  at  all  interior  points  of  the  sub-regions 

excluding  T  ,  Va  -  Pi ,  P2  — . 

n  p  1  . 

3V  J  3V 

V  or  ^7  at  each  point  of  nr',  or  ©  g  ^7  ds  for  any  of 

these  contours  together  with  the  tangential  derivative  of  V  at 
each  point  of  the  contour,  or,  in  the  case  of  a  single  bounding 
curve,  the  tangential  derivative  alone.  (If  Qr'  comprise 

lines  of  discontinuity,  the  expressions  should  be  evaluated  just 
within  R. ) 

4V  and  i  'g 

V  -  V’  +  V”  in  a  neighbourhood  of  Pj ,  P2  - — ,  where  V'  is  an 

individually  specified  discontinuous  point  function  and  V”  is 
any  continuous  point  function. 


through  all  points  of  T  ,  T,  -  T  ,  T 


B 
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3-47.  Lee  the  scalar  point  functions,  W,  Vj  and  V2  be  well-behaved  in  the 
region  R  bounded  by  the  surfaces  S^  ^E,  with  W  everywhere  positive,  and 
let  Fj  •  W  grad  and  F2  ■  W  grad  V2 . 

If  div  Fi  ■  div  F2  at  interior  points  of  R  and  j)  F^.dS  -  <£  F2.dS  over 
each  of  the  surfaces  in  turn,  show  that 

J  V | grad  Vi f 2  dx  <  '  w|grad  V2 | 2  dt 

t  '  T 


when  Vj  is  constant  over  each  of  the  surfaces  in  turn  and  V2  is  not. 

3-48.  Extend  the  result  of  Ex. 3-47.  to  the  case  where  W  is  piecewise 
continuous  in  R,  Vj  is  continuous  through  the  Interfaces  of  the 

sub-regions,  and  the  normal  components  of  Fj  and  F2  are  either 

continuous  or  equally  discontinuous  through  these  Interfaces. 

Show  that  when  the  E  surface  is  deleted  the  above  inequality  continues 
to  hold  for  integration  over  all  space  outside  Sj  ,  provided  that  Vj 

and  V2  are  regular  at  infinity  and  W  is  continuous  everywhere  outside  a 

sphere  of  finite  radius  centred  upon  some  local  origin. 


3-49.  Show  by  means  of  Theorem  3.10-2,  or  otherwise,  that  the  kinetic  energy 

of  a  mass  of  incompressible  fluid  bounded  by  the  surfaces  S.  E,  and 

1 .  .n 

having  prescribed  values  of  normal  velocity  upon  these  surfaces,  is  a 
minimum  when  the  flow  is  irrotational.  (Kelvin’s  minimum  energy 
theorem. ) 


3-50.  Let  V  be  harmonic  in  the  region  of  the  plane  outside 
3V 

^  be  zero  upon  _ ,  Show  that  if,  in  addition, 

( 3V  v\ 

and  R  i  —  In  R  +  -  )  -*-0  uniformly  in  all  directions 
zero  everywhere  outside 


r,  and  let  V  or 
1 — n 

V/ln  R  is  bounded 
as  R>® ,  then  V  is 


CHAPTER  4 


UNRETARDED  POTENTIAL  THEORY 

4.1  The  Scalar  Potential  of  Point  Sources 

Let  the  scalar  magnitudes  aj — aj^ — a^  be  allocated  respectively  to  the 
fixed  points  Pj — P ^ — Pq.  Then  with  each  position  of  a  variable  point  0, 
not  coincident  with  Pj»  P2 — ,  we  may  associate  a  scalar  potential 
defined  by1 

♦° '  ik 

i»l 

It  is  seen  that  4  represents  a  single-valued  scalar  point  function  having 
continuous  derivatives  of  all  orders  wherever  it  is  defined.  The  points 
pl»  p2 —  ar*  known  as  the  sources  of  the  potential,  and  aj,  a2 —  are  said 
to  be  the  strengths  of  the  sources. 

If  r  is  chosen  to  denote  distance  measured  from  0,  as  in  previous 
sections,  then  -  continues  to  define  a  unique  scalar  field  for  any  given 
position  of  0,  and  we  may  write 


1.  The  particular  potential  function  here  defined  for  point  sources,  and 
later  extended  to  distributed  sources,  is  known  as  a  Newtonian  potential. 
There  is  another  type  of  potential  which  is  defined  only  in  the  plane  and 
is  known  as  a  logarithmic  potential.  For  point  sources  this  is  given  by 


i-1 


It  Is  shown  in  Sec.  4.2  that  the  logarithmic  potential  of  point  sources  is 
related  to  the  Newtonian  potential  of  certain  rectilinear  source  systems  of 
Infinite  extent. 

As  used  in  this  document  the  word  'potential*,  when  unqualified,  implies 
'Newtonian  potential'. 


217 


218 


FIELD  ANALYSIS  AND  POTENTIAL  THEORY 


[Sec. 4. 1 


n 

'  £  “i  4  (4.1-l(a» 

i-1  1 

Again,  we  may  define  a  set  of  scalar  point  functions  typified  by 

ri 

where  r 1  is  distance  measured  from  P^,  so  that 

n 

♦o  -  Yai(,k)  (u'ui)) 

i-i  0 

The  fields  defined  by  -  and  ^7  are  quite  distinct,  but  have  the  common 
1  T  Ti 

value  when  evaluated  at  and  0  respectively. 

The  following  related  notation  will  also  be  adopted. 

<r)pt  ■  *  <fi>o  ■  Ti° 

A  single  point  source  is  called  a  monopole  or  singlet.  Certain 
combinations  of  monopoles  are  known  as  multipoles;  of  these  the  simplest 
is  the  dipole. 


0 


Fig.  4.1 

In  Fig.  4.1  point  sources  of  strengths 

respectively,  where  PP'  -  1  -1  1  . 

v  J  *o  o  o 

along  the  fixed  direction  -T  ,  and  if 

o 


-a  and  +a  are  located  at  P  and  P’ 
If  P'  is  allowed  to  approach  P 
the  source  strengths  are  adjusted 
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to  maintain  alQ  constant  during  the  operation ,  then  the  limiting 

configuration  as  1  -K)  and  a+«  is  said  to  constitute  a  dipole2  at  P.  The 
(1)° 

product  al  «  p  is  known  as  the  scalar  moment  of  the  dipole  and 
-  -(1)  ° 

al  ■  p  the  vector  moment, 
o 

From  equation  (4. 1-1 (a))  the  potential  at  0  of  the  point  sources  at  P  and 
P'  is  given  by 


-a 


+  a 


and  this  may  be  expressed  as 


+ a{(?)p + -} 


-  al 


(«o(0)p  +  ^!  al°2  (W  01 


where  tt  ■  spatial  rate  of  change  in  the  direction  1  . 
ax  o 

o 

The  dipole  potential  at  0  is  consequently  given  by 


<»  .  .<*> 


W-;)),  o,  •  -.“.(-ft)), 


If  the  strengths  of  the  point  sources  comprising  the  dipole  were  to  be 
reversed  in  sign  the  potential  at  0  would  likewise  be  reversed  in  sign; 
if  the  dipole  were  moved  without  change  of  orientation  to  some  point  P" 

where  PP"  ■  lj  *  lj  1 j  its  potential  at  0  would  become 


It  follows  that  a  pair  of  dipoles ,  one  with  reversed  sign  at  P  and  the 
other  translated  to  P"  without  reversal,  give  rise  to  a  potential  at  0  of 


2.  This  is  sometimes  referred  to  as  a  'point  dipole'  or  'doublet',  the  term 
'dipole*  being  reserved  for  the  non-limiting  configuration.  For  the  sake 
of  uniformity  of  nomenclature  'dipole'  will  be  used  in  this  section  with 
the  connotation  'point  dipole';  in  the  later  sections  it  will  be  replaced 
by  'doublet'. 
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-P 


(1) 


d  __d 

dii  dio 


where 


spatial  rate  of  change  in  the  direction  . 


If 


ll 


is  maintained  constant  while 


ll+O  and 


P 


(1) 


the  limiting 


source  configuration  is  said  to  comprise  a  quadrupole  at  P,  and  the 
potential  at  0  is  then 


(4.1-3) 


where  p(2)  =  2  p(1)li 

£  — 

When  li  is  normal  to  1  the  quadrupole  is  two-dimensional  and 
1  o 

rectangular;  in  general  it  is  two-dimensional  and  oblique. 


We  can  build  up  higher  order  multipoles  at  P  by  a  process  of  iteration. 
The  potential  at  0  of  the  2m  pole  is  seen  to  be 


♦ 


o 


(m) 


m! 


(  d* 

l  di  - dl 

\  m-1  o 


(4.1-4) 


where 

p(m)  =  mp(m_1)  1  ,  (4.1-5) 

m-1 

_A  A_  _A 

When  1  -  li  =  12  -  the  resulting  quadrupole,  octupole  and  higher  order 

o 

multipoles  are  said  to  be  axial  or  linear.  They  are  clearly  one¬ 
dimensional.  In  this  case  we  may  simplify  the  associated  analysis  by 
supposing  that  the  positive  sense  of  the  z  axis  of  Cartesian  coordinates 

_A 

is  aligned  with  1q.  Then  equation  (4.1-4)  reduces  to 


,  (m) 

*0  .  1 

axial 


(4.1-6) 


If  (x  ,y  ,z  )  and  (x',yf ,z’)  are  the  coordinates  of  0  and  P  respectively, 
000  £  _ 
and  if  PO  -  R  and  8  is  the  angle  between  z  and  R  (Fig.  4.2),  then  (4.1-6) 

becomes 


°axial 


1 

m! 


!  P 


(m)  ( a 


^m 


8z 


m 


{(x-x  )2  +  (y-y^)2  +  (z-z  )2}  ^ 
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The  student  of  Legendre  functions  will  recognise  the  general  tern  of  the 

sequence  as 


3.  Since  r  currently  denotes  distance  fro*  0  we  will  henceforth  represent 
spherical  coordinates  by  R,  0,  0. 
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P(m> 


P  (cos  0) 

m 

s"*1 


(4.1-9) 


where  P  (cos  0)  Is  the  mth  degree  Legendre  polynomial  In  cos  6. 
n 

These  polynomials  appear  in  the  solution  of  Laplace's  equation  in 
spherical  coordinates  and  usually  defined  by 

P  (cos  0)  -  — - - -  (cos20-l)m  (4.1-10) 

m  2mm!  d(cos  0)m 


but  the  above  treatment  leads  to  an  alternative  definition: 


P  (cos  0) 
m 


(4.1-11) 


where  r  is  distance  measured  from  an  arbitrary  point  0  and  P  is  any  point 
such  that  the  angle  between  PO  and  z  is  0. 

|p  (cos  0) |  cannot  exceed  unity.  This  is  evident  for  the  first  few 
m 

orders  when  written  out  in  the  following  way. 


P  (cos  0) 
o 

Pi  (cos  0) 
p2  (cos  0) 
P3  (cos  0) 


1 


cos  0 

I  (3  COS20-1)  -  | 

^  (5  cos30-3  cos  0) 


(4.1-12) 

(3  cos  20  +  1) 

-  g  (5  cos  30+3  cos  0) 


The  subject  of  Legendre  polynomials  will  not  be  pursued  further  within 
this  context.  For  the  general  expansions  of  non-axial  multipoles  the 

4 

Interested  reader  Is  referred  to  Stratton  . 

We  now  proceed  to  determine  the  potential  at  0  of  a  distribution  of  point 
sources  in  a  neighbourhood  of  P.  Let  be  the  position  vector  of  PA 
relative  to  P  and  let  0^  be  the  angle  between  s^  and  R  (Fig.  4.3). 


4.  "Electromagnetic  Theory",  Sec.  3.12 
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P 


Fig.  4.3 


As  before,  r  Is  identified  with  distance  measured  from  0.  Then  from 
equation  (1.2-9),  with  V  replaced  by  i  and  As  replaced  by  s^,  we  have 


+ 


and 


+ 
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The  first  term  of  (4.1-15)  is  seen  to  be  identical  with  the  potential 

n 

at  0  of  a  monopole  of  strength  ^  a^  at  P.  The  three  terms  within 

i-1 

the  first  pair  of  brackets  correspond  to  the  potentials  of  x,  y 

n  n 

and  z  -  aligned  dipoles  at  P  of  scalar  moments 


L  v  I 


ai  fii  ’ 


i-l 


i-i 


a^  .  Since  the  three  terms  may  be  replaced  by 


i-l 


•I  7  r 


u 

I 

i-l 

it  follows  from  equation  (4.1-2)  that  the  individual  dipoles'  may  be 

n 

replaced  by  a  single  dipole  of  vector  moment  a^  s^.  This  vector 

i-l 

quantity  is  said  to  be  the  dipole  moment  or  polarisation  of  the  complex 
relative  to  P. 

The  second  derivative  terms  within  the  second  pair  of  brackets  in 
equation  (4.1-15)  correspond  to  the  potentials  of  axial  quadrupoles  of  x, 

n  n 


y  and  z  alignment  at  P  and  of  moments  ^  a^  Sj2,  ^  a^^  s^2  and 

t  -V 


i-l  i-l 

The  cross  derivative  terms  correspond  to  rectangular 


i-l 

quadrupoles  in  the  xy,  zy  and  yz  planes  having  moments 


2 


and 


2 


s 


i 

z 


It  is  clear  that  further  terms  in  the  expansion  can  be  related  to  higher- 
order  multlpole8  at  P,  each  of  which  will  derive  from  a  pair  of 
multipoles  one  order  lower  and  displaced  along  one  or  other  coordinate 
axis  through  P. 

Expansion  of  equation  (4.1-14)  yields 


1* 


VB 

-Jr-  + 


2R^ 


<VR)2 

R5 
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le 


p,  •  (i r)  p. 


(4.1-16) 


The  series  Is  convergent  for  s  <R.  It  follows  that  the  associated  series 
for  viz 

n  n  n 

♦o  ’  5  Yj  ‘l  +  **  Z  *l  COS  #1  *  Z  1,1  ”l2  °  CO’29i*U  + 

1-1  1-1  1-1 

(4.1-17) 


Is  likewise  convergent  provided  that  0  is  an  exterior  point  of  some 
sphere  which  is  centred  upon  P  and  contains  all  of  the  sources. 

The  relative  magnitudes  of  the  various  terms  depends  upon  both  the 
distance  of  0  from  the  source  complex  and  the  nature  of  the  complex 
itself.  When  all  source  strengths  are  of  the  same  sign  the  first  term 
predominates  and  relative  to  this  term  the  following  terms  fall  off  at 

least  as  (Sj  /R) ,  (s^2  /R2)  -  where  st  is  the  greatest  value  of 

max  max  max 

8  ^ .  When  the  total  source  strength  is  zero  the  first  term  vanishes  and 

the  second  term  may  or  may  not  predominate.  In  this  case  the  value  of 
the  second  term  may  be  shown  to  be  Independent  of  the  position  of  the 
datum  point  P  from  which  s^  is  measured.  When  the  total  source  strength 

is  not  zero  the  second  term  may  be  made  to  vanish  by  locating  P  at  the 
source  centre  (see  Ex. 4-5.  p.  231). 

4.2  The  Scalar  Potential  of  Line  Sources 

Let  X  be  a  finite,  piecewise  continuous  scalar  function  of  length  of  arc 
s  measured  from  one  end  of  a  regular  curve  T  (or  from  some  specified 
point  of  the  curve  if  T  be  closed) .  Then  the  associated  scalar  potential 
at  any  point  0  outside  the  curve  is  defined  by 
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♦D  -  J  £  ds  (4.2-0) 

r 

where  r  Is  the  distance  of  ds  from  05. 

r  Is  said  to  comprise  a  line  source  of  potential,  whose  local  density  or 
strength  per  unit  length  is  X. 

The  simplest  form  of  line  source  is  rectilinear  and  of  constant  density. 
Consider  such  a  source  AB  of  density  X  and  length  2c,  lying  in  the  z  axis 
through  the  origin  of  coordinates  and  bisected  by  the  origin  (Fig.  4.4). 


Fig.  4.4 


5.  The  Integral  Is,  of  course,  shorthand  for 


where  is  some  point  of  that  clement  of  the  curve  whose  chord  la  of 
length  Ae^.  (See  Sec.  1.5). 
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If  the  z  coordinate  of  a  source  element  is  represented  by  t  and  the 
cylindrical  coordinates  of  0  are  p,  $,  z,  then 


♦ 


o 


1 

{P2+U-z)2}} 


dC 


-  X  [In  (U-zHCa-z^+P2)*}]^ 


or 


♦o 


X  In 


c  -  z  +  Ri 
-c  -  z  +  R2 


(4.2-1) 


where 


Rl  -  OA  and  R2  ■  OB 


Now 


Rj2  «  p2  +  (c-z)2  and  R22  •  p2  +  (c+z)2 


hence 


R22  -  Ri2  -  4  cz 


Substitution  for  z  in  equation  (4.2-1)  yields 


Rl  +  R2  +  2c 
*o  “  X  ln  Ri  +  R2  -  2c 


(4.2-2) 


A a  0  approaches  any  point  of  the  source,  Rj  +  R2+  2c  and  the  potential  at 

0  approaches  a  logarithmic  infinity.  This  is  also  seen  to  be  true  for 
the  general  case  of  a  non-rectllinear  source  of  variable  density  so  long 
as  T  is  smooth  ln  a  neighbourhood  of  0,  for  It  is  possible  to  divide  the 
curve  Into  several  portions,  one  of  which  is  a  small  element  which  is 
virtually  straight  and  of  constant  density.  Intersected  by  the  normal 
through  0  and  approached  continuously  by  0.  By  the  above  analysis  the 
potential  associated  with  this  segment  is  logarithmically  Infinite  at  the 
segment;  this  must  also  apply  to  the  potential  of  the  complete  source. 

An  immediate  consequence  of  equation  (4.2-2)  is  that  the  equlpotentlal 
surfaces  of  a  uniform  rectilinear  source  comprise  confocal  ellipsoids  of 
revolution,  since  for  such  surfaces 
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Rj  +  R2  +  2c 
Rj  +  R2  —  2c 


k  (const) 


whence 


Rj  +  R2 


2c 


(k  +  1) 
(k  -  1) 


(4.2-3) 


A  binominal  expansion  of  equations  (4.2-1)  or  (4.2-2)  for  the  particular 
case  |z|<c  and  p<c-|z|  yields 


-  A  In 


1  4(c2-z2)  +  l  +  c2  +  3z2  _  p2 


,  .  as2  zl 

1  +  "  r4 


c2  -  z2  2c2  f  1  -  *-=• 


~~  T\r '  +  — 


As  p-*0. 


*  +A  In  4 
*0  P2 


(4.2-4) 


and  as  c-*»  with  finite  values  of  p  and  z 


4c2 

4  In  2“  "  2A(ln  2c-ln  p) 

o  p* 


(4.2-5) 


It  follows  that  for  an  infinite  uniform  rectilinear  source  the  potential 

is  logarithmically  infinite  at  all  finite  distances.  Again,  for  z2<<c2 
and  p2«c2 


(4.2-6) 


hence  as  c-h*>,  the  first  and  second  axial  derivatives  of  4  approach  zero 
for  any  given  finite  values  of  z  and  p.  The  scalar  potential  field  is 
therefore  two-dimensional  at  finite  distance  from  the  origin  of 
coordinates  and  Is,  of  course,  symmetrical  about  the  axis  defined  by  the 
source. 


If  several  parallel  rectilinear  sources  of  equal  lengths  and  densities 
Aj,  *2  —  *re  present,  each  being  bisected  by  the  xy  plane  through  the 

origin  of  coordinates,  the  limiting  value  of  as  c-*»  becomes 


n 

.  In  2c  -  1  ^  Itv  pt 


i-1 


(4.2-7) 


where  is  the  normal  distance  of  0  from  the  ith  line  source. 
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n 


When 


L 


i*i 

vanishes 


Ai“ 


and 


0 


Che  logarlChmically  Infinite  component 


of  the  potential 


*  — 2Xj  In  pj  —  2A2  In  P2  - 


(4.2-8) 


The  same  result  would  have  obtained  for  any  plane  region  normal  to  the 
line  sources  had  the  points  of  intersection  of  the  line  sources  and  the 
plane  been  treated  as  point  sources  of  logarithmic  potential  of  strengths 
2Xj,  2X2  -  as  referred  to  in  the  footnote  to  p.  217. 

However,  in  the  latter  case  equation  (A. 2-8)  would  continue  to  represent 
the  potential  at  infinite  distance  whereas  in  the  three-dimensional  case 
the  expression  holds  only  at  finite  distance  from  the  sources.  Unless 
the  total  source  strength  is  zero  the  logarithmic  potential  in  the  plane 
does  not  vanish  at  Infinity  but  becomes  logarithmically  infinite. 

A  planar  uniform  rectilinear  doublet  is  the  limiting  configuration  of  two 
parallel  uniform  rectilinear  sources  of  equal  lengths  and  equal  and 
opposite  line  densities,  ±X,  whose  centres  are  displaced  transversely  by 
a  distance  d,  when  d+o  and  X-*»  in  such  a  way  as  to  maintain  Xd  constant. 


Fig.  A. 5 

In  Fig.  A. 5  uniform,  parallel  line  sources  of  strengths  -X  and  +X  are 
bisected  normally  by  the  plane  of  the  paper  in  P  and  P'.  If  the  length 
of  each  source  is  2c  and  p2<<c2  then 

*o  *  -2X  In  2c  +  2X  In  p  +  2X  In  2c  -  2X  In  p» 
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As  d+0. 


and 


p'*pfl  _i_H2 


l - 


$o**-2A  In 


l1  + 


d  cos  $ 


p  J 


whence 


x  „  2Ad  cos  * 

9  +  - 

o  p 


Hence  at  non-zero  and  finite  distance  from  an  infinite  uniform 
rectilinear  doublet  (or  at  all  non-zero  distances  in  the  plane  from  a 
doublet  pair  of  logarithmic  point  sources  of  moment  2Ad) 


2 Ad  cos  • 


(4.2-9) 


The  equlpotential  surfaces  defined  by  (cos  4)/p  -  const  comprise  circular 
cylinders  which  contain  the  source  and  are  bisected  by  the  half-plane 
*  -  0  or  #  -  ir. 

The  rectilinear  line  doublet  under  consideration  may  also  be  treated  as 
the  limiting  case  of  a  set  of  co-planar  dipoles  aligned  normally  to  their 
line  of  centres  where  the  number  of  dipoles  per  unit  length  Increases 
without  limit  while  the  individual  moments  approach  zero  in  such  a  way  as 
to  maintain  the  total  scalar  moment  per  unit  length  constant  and  equal  to 

Ad6.  This  approach  can  clearly  be  extended  to  the  more  general  type  of 
line  doublet  which  may  be  curved,  non-planar  and  of  variable  density; 
Indeed,  such  a  source  is  best  defined  in  terms  of  a  linear  distribution 
of  normally  aligned  point  doublets.  It  therefore  follows  from  (4.1-2) 
and  (4.1-7)  that  the  potential  at  0  of  any  regular  line  doublet  which 
does  not  contain  0  may  be  expressed  as 


where  L  -  L  n'  is  the  transverse  vector  dipole  moment  per  unit  length  of 
contour. 


6.  Similarly,  the  simple  line  source,  characterised  by  the  piecewise  - 
continuous  density  A,  is  equivalent,  at  exterior  points,  to  a  limiting 
configuration  of  point  sources  upon  T  of  strength  X  per  unit  length.  For 
this  reason  we  may  refer  to  it  as  a  line  singlet. 
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4-1. 


EXERCISES 

The  potential  at  0  of  a  dipole  of  vector  moment  p^  at  P  is  given  in 
equation  (4.1-2)  as 


where  r  is  distance  measured  from  0. 

If  r1  is  distance  measured  from  P  show  that 


[In  this  connection  see  Sec.  4.6.] 
4-2.  Prove  the  equivalent  relationships: 


{(x  -x’)2+(y  -y')2+(z  -z’)2}"*-  (-1)“-^-  {  (x  -x* )  2+(y  -y 1  )2+(z  -z'  )2}’* 


3z’“ 


Sz_ 


4-3. 


4-4. 


Derive  equation  (4.1-16)  by  expressing  OP^  in  terms  of  s^,  R  and  cos  8^ 
(Fig.  4.3),  and  expanding  — -  in  a  binomial  series  on  the  assumption 

that  R  is  sufficiently  large  to  make  the  series  absolutely  convergent. 


Expand  (~l\  about  ( — in  Fig.  4.3, 

Vri/o  \ri/p 

from  Pi<  Hence  show  that  when  R  <  s^ 


00 


where  r^’  is 


P  (cos  8.) 
m  l 


distance  measured 


4-5.  So  long  as  the  total  strength  of  a  system  of  point  sources  is  zero  the 
polarisation  (dipole  moment)  of  the  complex  is  independent  of  the  datum 
point  from  which  it  is  computed.  Prove  this,  and  show  further  that  when 
the  total  source  strength  is  not  zero  the  position  vector 


4 
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relative  to  the  (arbitrary)  point  P  defines  a  point  G  which  is  fixed  in 
relation  to  the  complex  and  about  which  the  polarisation  is  zero.  [G  is 
known  as  the  source  centre.  It  corresponds  with  the  centre  of  mass  in 
mechanics  except  insofar  as  charge  magnitude  may  be  positive  or 
negative. ] 

4-6.  If  the  point  0  lies  at  a  distance  R  from  the  source  centre  G  of  a  point 
source  system,  show  that 

n 

♦o  '  5  ^  al  +  2R3  <a+b+c-3I)  +  ~ 

i-1 

where  A,  B  and  C  are  the  second  moments  of  the  source  strengths  about 
three  perpendicular  axes  through  G,  and  I  is  the  second  moment  of  the 
source  strengths  about  the  axis  OG.  (MacCullagh1 s  formula.) 

4-7.  Show  that  the  terms  within  the  second  pair  of  brackets  in 

equation  (4.1-15)  are  equal  to  the  potential  at  0  of  three  oblique 
quadrupoles  located  at  P  and  lying  In  the  xy,  yz  and  zx  planes,  with 
constituent  dipoles  orientated  parallel  to  the  x,  y  and  z  axes 
respectively. 

4-8.  Use  equation  (4.1-17)  to  prove  that  the  potential  of  a  collinear  set  of 
sources  of  strengths  -a,  +3a,  -3a,  +a  and  equal  spacing  d  becomes 

(3) 

identical  with  that  of  an  axial  octupole  of  moment  p  '  -  6ad3  when  ad3 
is  held  constant  as  a+*»  and  d-*-0. 

This  demonstrates  that  an  axial  multipole  -  or  its  equivalent  -  may  be 
generated  by  a  single  limiting  process  rather  than  by  a  series  of  such 
processes.  Show  that  this  is  also  true  of  a  rectangular  quadrupole  by 
expanding  the  potential  of  an  appropriate  four-source  system  in  a  Taylor 
series. 

4-9.  The  potential  of  a  system  of  logarithmic  point  sources  in  the  plane  may 
be  expanded  about  an  arbitrary  origin  in  a  manner  similar  to  that 
developed  for  the  Newtonian  potential  in  the  corresponding  three- 
dimensional  problem.  Thus  if  Fig.  4.3  now  describes  the  relative 
positions  of  the  typical  logarithmic  source  of  strength  2X^,  the 

point  of  observation  0  and  some  point  P  in  the  vicinity  of  P^,  where 

PP^  <  PO,  show  that 

s  a2  s  3 

s  i  s.  j  s^^ 

In  -  In  R  -  —  cos  9i  "  2  R2"  c08  26i  "  3  r3~  cos  3ei - 
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and 


n  I  n  n 

^  2xi[in  * + s  y,  2>i  Si  co’  + &  2i‘  ^  co*  29‘  ~ 


i-1 


i-1 


1-1 


2s , 


[Hint:  The  factor  j  1  -  -jp  cos  0i  +  ^f~|  may  be  written  as 

j  •  /-I  so  Chat 

as  the  sub  of  two  convergent 


f -f1^}  — 

/  2si  si2\i 

In  <1 - —  cos  0^  +  ^f~r  may  be  expressed 

series  provided  that  s,  <  R. 1 


4-10.  If  a  system  of  parallel,  uniform,  rectilinear  sources  of  equal  length  2c 
and  densities  ,  X2  -  ar€  bisected  normally  in  the  points  Pt,  P2  - 

by  the  plane  of  the  previous  exercise,  show  that  4q  Is  given  by  the 


previous  expression  increased  by 

that  PO  is  finite. 


when  c**, 


provided 


4-11.  Derive  equation  (4.2-9)  fro*  (4.1-7)  by  treating  the  line  doublet  as  an 
infinite  set  of  transversely  orientated  point  doublets  of  ao«snt  Xd  per 
unit  length. 

4.3  The  Scalar  Potential  of  Surface  Sources 


Let  o  be  a  finite,  piecewise  continuous  function  of  position  upon  a 
surface  S.  Then  the  associated  scalar  potential  at  any  point  0  is 
defined  by 


♦o 


(4.3-1) 


where  r  Is  the  distance  of  dS  from  0. 

S  Is  said  to  comprise  a  surface  source  of  potential,  of  local  surface 
density  (or  strength  per  unit  area)  o. 

4  is  seen  to  be  finite  and  continuous  at  all  points  outside  a  bounded 
surface  because  r  is  non-zero  for  each  surface  element,  but  it  ia  not 
immediately  apparent  that  4  will  be  finite  upon  the  surface  itself 
because  the  Integrand  is  infinite  at  0  and  the  Integral  is  consequently 
Improper.  It  can,  nevertheless,  be  shown  that  the  potential  integral  is 
both  convergent  and  continuous  at  all  points  of  a  smooth  surface. 
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including  those  points  where  0  is  discontinuous  ;  the  treatment, 
however,  is  best  postponed  until  similar  proofs  have  been  presented  in 
connection  with  the  potential  of  a  volune  source.  (See  Ex.  4-16. 
and  4-17.,  pp.  242-3.) 

Meanwhile  we  aay  show,  by  plausible  argument ,  that  the  potential  is 
convergent  upon  the  surface  and  continuous  through  it  at  those  points 
inside  the  boundary  where  the  surface  Is  smooth  and  a  is  continuous.  For 
this  purpose  we  first  examine  the  potential  distribution  along  the  axis 
of  a  circular  disc  of  constant  density  0,  centred  upon  the  origin  of 
coordinates  end  lying  In  the  xy  plane.  If  the  radius  of  the  disc  is  a 
and  the  coordinates  of  0  are  (0,0, z)  then 


♦ 


o 


0 2wpdc 

0  Cp2-2)* 


(p2-x2+y2) 


or 


♦o  -  2*o  {(a2+z2)*-(z2)*} 


(4.3-2) 


As  z  approaches  zero  through  positive  or  negative  values,  approaches 

2*ca,  and  this  value  of  the  potential  obtains  upon  the  surface  itself, 
the  Integral  being  no  longer  Improper  for  z  -  0  when  dS  Is  written  as 
2*pdp.  The  potential  is  therefore  continuous  through  the  disc  along  the 
central  axis. 

Now  suppose  that  0  lies  close  to  a  smooth,  curved  surface  source  of 
variable  density.  If  the  normal  to  the  surface  through  0  meets  It  In 
some  interior  point  P  and  a  circle  Is  drawn  on  the  surface  about  P,  It 
will,  if  sufficiently  small,  define  a  sensibly  plane  disc  of  constant 
density.  The  potential  at  0  Is  the  sum  of  that  associated  with  the  disc 
and  that  associated  with  the  remainder  of  the  surface.  The  latter  Is 
continuous  at  0  since  the  distance  of  each  source  element  exceeds  some 
non-zero  value;  the  former  is  continuous  through  the  surface  at  P  as 
proved  above.  The  total  potential  la  therefore  continuous  through  the 
surface  at  interior  points,  and,  being  continuous  tangentially  at  points 
just  outside  the  surface.  Is  likewise  continuous  upon  the  surface  Itself. 

The  surface  source  presently  under  consideration  Is  said  to  comprise  a 

simple  layer*.  As  a  source  of  potential  It  Is  seen  to  be  equivalent,  at 
least  at  points  off  the  surface,  to  the  limiting  configuration  of  a 
smooth  distribution  of  singlets  (point  sources)  whose  number  per  unit 


7,  The  result  is  even  more  general  than  this.  For  the  continuity  of 
potential  at  a  conical  point,  a  cusp  and  a  point  of  Intersection  of  a 
finite  number  of  surfaces,  see  H.  and  B.S.  Jeffreys,  loc.  clt.,  Ch.6. 

0.  Or  'single  layer',  aa  distinct  from  the  'double  layer'  Introduced  below. 


See .4. 3] 


UNRETARDED  POTENTIAL  THEORY 


235 


area  of  the  surface  is  Increased  without  Unit,  and  whose  individual 
magnitudes  approach  zero  in  such  a  way  as  to  maintain  the  total  source 

9 

strength  per  unit  area  at  any  point  equal  to  a  . 

There  is  a  second  type  of  surface  source  known  as  a  surface  doublet, 
doublet  shell  or  double  layer.  This  comprises  the  limiting  configuration 
of  a  smooth  distribution  of  point  doublets  orientated  normally  to  a 
surface,  when  the  number  of  doublets  per  unit  area  of  the  surface  is 
Increased  without  limit  while  the  Individual  doublet  moments  approach 
zero  in  such  a  way  as  to  make  the  total  scalar  moment  per  unit  area,  y, 
some  specified,  piecewise  continuous  function  of  position  on  the  surface, 
y  is  known  as  the  surface  density,  or,  if  constant,  the  strength  of  the 

shell^.  The  term  'double  layer'  derives  from  the  equivalence  of  a  plane 
doublet  shell  and  two  plane  simple  layers  of  densities  ±o  and  spacing  d, 
when  the  product  od  is  maintained  equal  to  u  while  and  d-*0.  Although 

the  equivalence  fails  when  the  surface  is  curved  ,  we  will  continue  to 
use  the  terms  Interchangeably. 


The  potential  at  an  exterior  point  0  of  a  doublet  shell  S  may  be  written 

down  directly  by  substitution  of  ydS  for  p^  in  equations  (4.1-2)  or 
(4.1-7).  We  obtain 


o 


r 

's 


v 


3_ 

3n 


dS 


or 


♦o 


r  r  - 
I  U-^.dS 

"s 


(4.3-3) 


(4.3-4) 


where  dfl  is  the  element  of  solid  angle  subtended  at  0  by  dS. 

It  is  seen  that  u  must  be  taken  as  positive  or  negative  according  as  the 
positive  sense  of  motion  through  the  surface  corresponds  with  that  of  the 
doublet  orientation  or  not. 

When  the  shell  is  uniform  (le  of  constant  density)  these  equations  reduce 
to 


9.  For  this  reason  we  may  also  refer  to  the  source  as  a  surface 

10.  The  term  'strength'  is  more  appropriately  reserved 


sources,  where  it  signifies 

11.  See  Ex. 4-12.  and  4-13.,  p.  241. 


I  / 


o  dS,  etc. 


elnglet. 
for  simple 
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♦ 


y 


/ 


-  yfi 


(4.3-5) 


It  then  follows  from  equations  (3.4-1)  and  (3.4-2)  that  for  a  closed 
uniform  doublet  shell  the  potential  at  0  Is  zero  or  -4xy  according  as  0 
Is  an  exterior  or  Interior  point  of  the  closed  region  of  space  bounded  by 
S.  There  Is  consequently  a  discontinuity  of  potential  of  4tty  on  passing 
through  the  surface  at  any  point  in  direction  of  the  positive  normal. 

The  same  expression  holds  for  the  discontinuity  of  potential  which 
obtains  at  non-boundary  points  of  any  smooth  surface  doublet  of 
continuously  variable  density  if  u  is  identified  with  its  local  value. 
This  follows  from  a  consideration  of  the  contributions  of  a  surface 
element  to  the  potential  at  adjacent  points  on  either  side  of  the 
surface.  Suppose  that  these  points  lie  upon  the  normal  to  the  surface 
through  an  interior  point  of  the  element.  Since  the  element,  if 
sufficiently  small,  may  be  treated  as  planar  and  of  constant  density,  the 
associated  partial  potentials  are  seen  from  equation  (4.3-5)  to  approach 
±2wy.  That  component  deriving  from  the  remainder  of  the  surface  must  be 
continuous  through  the  surface  along  the  normal  since  all  elements  are 
removed  by  more  than  some  non-zero  distance;  the  limiting  values  of  the 
potential,  as  the  surface  is  approached  along  the  normal  on  either  side, 
accordingly  take  the  form  ♦  '  -  2xy  and  +  2wy,  where  y  is  the  local 
surface  density. 

4.4  The  Scalar  Potential  of  a  Volume  Source 

12 

Let  p  be  a  scalar  point  function  ,  finite  and  piecewise  continuous 
throughout  a  finite  region  of  space  t.  Then  the  associated  scalar 
potential  at  any  point  0  is  defined  by 


T 


where  r  is  the  distance  of  dt  from  0. 

t  is  said  to  comprise  a  volume  source  of  potential  whose  local  density, 
or  strength  per  unit  volume,  is  p. 

The  potential  is  clearly  finite  and  continuous  at  exterior  points  of  t , 
but  at  interior  and  boundary  points  the  integral  becomes  improper  because 
the  integrand  is  infinite  at  0.  In  this  case  the  value  of  the  integral 
is  taken  to  be 


12.  There  will  be  no  cause  to  confuse  this  with  the  cylindrical 
coordinate  p . 
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Lim 

d-0 


H  dT 


T-T! 


(4.4-2) 


where  xi  Is  a  regular  region  of  which  0  Is  an  Interior  point  and  d  Its 
maximum  chord. 

It  is  required  that  the  limit  be  independent  of  the  shape  of  tj.  To  show 

that  such  a  limit  exists  we  make  use  of  Cauchy's  criterion13,  which,  for 
the  present  purpose,  may  be  stated  in  the  following  form:  Let  x^  denote 

a  sphere  of  radius  6  centred  upon  0,  and  let  tj  and  T2  be  any  regular 

regions  contained  by  xfi  and  having  0  as  an  interior  point.  Then  the 

integral  is  convergent  if,  for  any  positive  number  c,  a  value  of  A  can  be 
found  such  that 


f  e  dx  - 

/  *dT 

<  e 

for  0  <  6  <  A 

(4.4 

J  r 

J  r 

T-X! 

t-t2 

Since  the  region  of  integration  outside  is  common  to  both  integrals, 
equation  (4.4-3)  may  be  replaced  by 


[  £  dx  - 

f  p-dr 

J  * 

J  r 

VTl 

VT2 

for  0  <  5  <  A 


(4.4-3U)) 


The  existence  of  A  may  be  demonstrated  in  the  following  way. 
Because  p  is  finite  throughout  the  closed  region  x 


/ 

VT1 


s  I  p  I 


r  i 

max  J  r 

VT* 


dx 


where  |p|  is  the  greatest  numerical  value  of  p  in  x . 
max 

If,  now,  dr  is  written  in  spherical  coordinates  as  r  sin  0  d*  r  d0  dr  the 
integral  on  the  right  hand  side  of  the  inequality  ceases  to  be  improper, 
so  that  we  have 

.  6  ir  2x 

~  dr  <  J  ^  dx  •  J  J  J  r  sin  0  d0  d0  dr  ■  2ir62 
VT1  T6  0  0  0 


13.  Kellogg,  Ch.  6 
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whence 


7  dT 


T*-TI 


2ir62 


ux 


The  same  relationship  holds  for  integration  over  t^-t2  hence 


£  dr  -  /  ^  dr 


<  4v62  J  p ] ^ 

VT*  T6“T2  S 

in  which  case  equation  (4.4~3(a))  is  satisfied  when  4 
The  integral j  •  dt  is  therefore  convergent. 


Since  it  has  not  been  required  that  p  be  continuous,  the  analysis  nay 
also  be  applied  to  boundary  points  of  t  by  treating  these  as  Interior 
points  of  an  extended  system  where  p  passes  dlscontinuously  to  zero. 


We  now  proceed  to  show  that  ♦  is  everywhere  continuous. 


Let  0  and  O'  be  interior  points  of  t  of  spacing  less  than  6  and  let 
spheres  of  radius  6  be  centred  upon  each  (Fig.  4.6).  If  the  regions 

enclosed  by  the  spheres  are  denoted  by  t.  and  r'  then  t.  -  t _  +  t., 

0  0  OLA 

t'  •  T-  +  T_  where  t_  is  the  region  conon  to  both,  and  r,  and  t_  are 
6  v  C  A  “ 

respectively  subregions  of  and  t'^  alone.  Let  r  be  distance  measured 
from  0  and  r*  distance  measured  from  O'. 


[  l4T.f 

id*  -  / 

id, -f 

-  dT 

J  r 

r  J 

r 

Then 
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At  Interior  points  of  ta,  -  >  !,  end  at  Interior  points  of 

a  r  o 


hence 


f  ^  dr  -  [  -  dr  >  0 


j  r 
X6 


*lnc*  T*  '  V 


But  from  symmetry 


r  dT 


dr 


so  that 


/  ? dT  *  I  P  dT 


If  (p  )  end  (a  ')  represent  the  potentials  at  0  and  O' 
°  T6  °  T6 

with  source  elements  within  t.>  then 

6 


i  <♦«>,. 


§  dx 


S  Mmmxf  ?  dT 


and 


/  ■tr  dT 


s  Ip 


BAX 


f  1 


P  dT  <  lpl«, 


f  i 

isx  j  r 

T. 


Hence 


l<V>  -(♦„>  !  <  2  Ip 
0  0 


'•ax  /  r  dT 


In  which  case 


0  0 


‘ 4  ‘ 


where  t  Is  any  positive  number. 


1  1 

V  r  <  6* 


(4.4-4) 


associated 


dT 


(4.4-5) 
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If  ($  )  and  (+  1 )  represent  the  potentials  at  0  and  O'  associated 
o  t-t4  o  t-t6 


with  source  elements  outside  t,»  then 

0 


‘♦o-’t-t.  - 

o  o 


hence 


dr  -  /  §  dr 


•(M 


dt 


T6 

T-T 

[l 

,i|  f 

|  F 

max 

dx 


T-T, 


Now 


1  1 


|  p  -  -  |  a8sum*s  its  greatest  value  when  the  source  element  lies  just 

lde  t.  and  Is  in  line  wl 
6 

d/6(6-d),  where  d  -  00',  so  that 


outside  t.  and  is  in  line  with  00*,  in  which  case  it  is  equal  to 
6 


whence 


I  ‘  5 


for  0  <  d  5 


1  +  3  IpW  (T“T6)/e,S 


(4.4-6) 


If,  then,  some  given  6  satisfies  equation  (4.4-5)  and,  for  this  value  of 
6,  d  satisfies  equation  (4.4-6),  the  potentials  at  0  and  0*  of  all  source 
elements  are  such  that 


<  € 


It  follows  that  4  is  continuous  at  0. 

For  reasons  discussed  previously  the  analysis  remains  valid  at  boundary 
points  of  t. 

At  exterior  points  the  result  follows  Immediately  from  the  Inequality 


t 


since  •  and  p  are  finite  for  all  source  elements  and  Jp  -  +0  as 

OO’+O. 


It  has  been  supposed  In  the  foregoing  treatment  that  the  region  of 
integration  la  bonded.  This  does  not  Imply  that  p  is  necessarily  cero 
outside  t  but  that  our  concern  Is  with  that  potential  function  which 
derives  from  sources  within  t.  The  magnitude  of  the  source  density  at 
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exterior  points  is  consequently  irrelevant  and  must  be  equated  to  zero  if 
it  is  necessary  to  extend  the  region  of  Integration  while  maintaining  the 
original  source  system  (as  in  the  above  treatment  of  boundary  points). 
We  may  equally  well  deal  with  unbounded  source  systems  so  long  as  the 
Inclusion  of  all  source  elements  does  not  lead  to  infinite  values  of  $  at 
all  finite  distances  from  some  local  origin  as  would  be  the  case,  for 
example,  if  p  were  everywhere  constant.  It  may  be  shown  that  if  R  is 
distance  measured  from  some  local  origin,  and  R'  is  finite,  then  $  is 

everywhere  finite  provided  that,  for  some  value  of  n  >  2,  | p  ( Rn  is 
bounded  for  all  R  >  R* .  While  this  is  a  sufficient  condition  it  is  not  a 
necessary  one,  and  a  patchy  distribution  of  source  density  may  admit  of  a 
lower  value  of  the  exponent. 

A  singular  point  at  which  p  becomes  Infinite  has  only  a  finite  effect  on 
the  potential  at  points  outside  a  neighbourhood  of  the  singularity 
provided  that  the  rate  at  which  p  approaches  infinity  Is  suitably 
restricted.  Thus  if  r*  is  distance  measured  from  a  point  singularity  P, 
then  the  total  source  strength  associated  with  a  neighbourhood  of  P 

remains  finite  if  |p|r,n  is  bounded  throughout  that  neighbourhood  for 
some  value  of  n  <  3.  For  a  line  (or  surface)  of  finite  extent  upon  which 

p  becomes  infinite  the  corresponding  requirement  is  that  |p|r'Q  be 
bounded  for  some  value  of  n  <  2  (or  <l)  where  rf  is  distance  measured 
normally  from  the  line  (or  surface).  Moreover,  an  additional  restriction 
upon  the  rate  of  growth  of  p  may  allow  $  to  be  both  finite  and  continuous 
at  the  singularity  itself.  (See  Ex. 4-20.,  p.  244). 


EXERCISES 


4-12.  Let  S  be  an  open  or  closed  doublet  shell  of  variable  density  y  whose 
surface  coincides  with  a  part  or  the  whole  of  a  sphere  of  radius  R,  and 
whose  vector  dipole  moment  is  directed  out  of  the  sphere.  Show  that,  in 
respect  of  potential,  the  shell  cannot  be  replaced  by  the  limiting 
configuration  of  simple  layers  on  spherical  surfaces  of  radii  R  and 
R  dR  having  equal  and  opposite  densities  along  any  radius  and  such 
that 


Lim  o  6R  -  y 

0-K» 

6R+0 

What  potential  is  associated  with  such  a  system? 

*.  ■  I .fe(S)«*i/  ¥ 

S  S 

4-13.  Show  that  the  values  of  surface  density  required  for  the  equivalence  of 
the  double  layer  and  doublet  shell  in  the  above  exercise  are 

OR  -  -  JR  “d  °R+6R  '  +  JR  -  F1  Vh«r* 
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4-14.  Make  use  of  equation  (4.3-2)  to  establish  the  value  of  the  potential 
along  the  axis  of  a  disc-shaped  double  layer  of  radius  a  and  uniform 
surface  density  p,  centred  upon  the  origin  of  coordinates  and  lying 

A. 

within  the  xy  plane  with  the  dipole  moment  directed  along  z.  Confirm 
that  +2xu  or  -2 xp  according  as  the  positive  or  negative  side  of  the 
double  layer  is  approached  along  the  axis. 


Ans:  ♦  ■  2xp 


U 


*  <a2+z2)J 


4-15.  If  f  and  g  are  point  functions  which  become  Infinite  at  some  point  0  of 
t,  but  are  piecewise  continuous  with  |f|£g  in  any  region  not  containing 


0,  then  f  f  dt  is  convergent  when  /  g  dx  is  convergent. 


Prove  this. 


[Hint:  Construct  spheres  of  radius  6  and  26  about  0  and  let  and  t2 
be  regular  regions  contained  by  the  inner  sphere.  The  region  T3  has  0 
for  an  Interior  point  and  Is  contained  by  both  and  T2. 

First  show  that 


/  *dt<f 

Vt2 


for  0  <  26  <  2A 


and  then  proceed  to  the  inequality 


f  dr  - 


f  dr 


VT‘ 


TA“T2 


<  e 


for  0  <  6  <  A  ] 


4-16.  A  tangent  plane  is  drawn  through  a  point  0  of  a  smooth  surface  S.  A 
cylinder  of  radius  a  whose  axis  coincides  with  the  normal  to  S  through  0 
cuts  S  in  the  region  Si  and  the  tangent  plane  in  the  region  Si'*  If  a 

is  sufficiently  small  the  normal  at  any  point  of  Si  makes  an  angle  6  of 

less  than  90°  with  the  normal  through  0.  Let  o’  be  a  point  function, 
defined  upon  Si',  and  equal  to  o/cos  6  where  o  is  the  source  density  at 

the  corresponding  point  (by  axial  projection)  on  Si.  Form  the  Integrals 

J  2  dS  and  J  dS* 

Si  r  Si’ 


where  r  and  r'  are  respectively  the  distances  of  dS  and  dS*  from  0 
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By  modifying  the  result  of  the  previous  exercise  to  apply  to  surface 
Integrals  show  that  f  j  dS,  and  consequently  f  ^  dS,  is  convergent  at 


0. 


Si 


s 


4-17.  Develop  the  planar  analogue  of  the  analysis  which  establishes  the 
continuity  of  the  potential  function  within  a  volume  source,  and  so 
demonstrate  that  the  potential  of  a  plane  surface  source  of  piecewise 
continuous  density  is  continuous  at  all  interior  and  boundary  points  of 
the  surface. 

4-18.  Show  (a)  by  direct  integration 

(b)  by  utilising  the  results  of  Ex. 3-19.,  p.  188,  that  the 
potential  of  a  uniform  spherical  shell  of  radius  a,  thickness 
At  and  source  density  p  is  given  by 

(1)  ^'ira^P  —  at  points  outside  the  shell 

(2)  4irapAt  at  points  inside  the  shell 
where  R  denotes  distance  from  the  centre. 


Hence  show  chat  the  potential  of  a  uniform  spherical  source  is  the  same 
at  exterior  points  as  that  of  a  central  point  source  whose  strength  is 
equal  to  the  product  of  the  volume  of  the  sphere  and  its  density.  Show 
further  that  if  the  radius  of  the  sphere  is  a  and  its  density  p  the 

potential  at  interior  points  is  given  by  2irp  (a 2  -  ^  R2^. 

Confirm  that  the  potential  is  continuous  through  the  surface  of  the 
sphere,  and  sketch  its  magnitude  as  a  function  of  distance  from  the 
source  centre. 


4-19.  If  the  density  p  of  a  volume  source  of  potential  is  everywhere  bounded, 

and  if  p  ■  a/Rn  for  R  >  R*  where  a  is  a  constant,  R  is  distance  measured 
from  some  local  origin  and  R*  is  finite,  show  that  the  potential  is 
everywhere  finite  when  n  >  2  and  is  regular  at  infinity  when  n  >  3. 

[If  d  is  the  distance  of  0  from  the  local  origin  and  is  the  contri¬ 
bution  to  the  potential  at  0  of  sources  within  a  radius  R’  of  the  origin 
then 

(a)  for  d  S  R* 


^o 


.  1 
n  -  2  g,n-2 


for 


n  >  2 


(b)  for  d  S  R* 


♦o 


+ 


Ana  /  d2~n 
n  -  3{2  -  n 


+ 


for 


n  >  2 
n  *  3 


♦o  "  V  +  d  <1+ln  d~ln  R,) 


for  n  -  3] 
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4-20.  Within  a  spherical  region  of  radius  R  about  a  fixed  point  P  the  density 

of  a  volume  source  of  potential  is  given  by  p  ■  a/r,n  where  a  is  a 
constant  and  r'  is  distance  from  P.  If  0  is  a  variable  point  show  that 
the  potential  at  0  deriving  from  sources  within  the  region  is  finite 
when  0  coincides  with  P,  provided  that  n  <  2.  Show  further  that,  for 
this  condition,  is  continuous  at  P. 


t*P 


4irg  D2-n 

_  -  K 

2  -  n 


for  n  <  2 


For  0  <  d  $  R  where  d  *  OP 


4trq  f-.2-n  d2~n 
2  -  n  1  “  3  -  n 


for  n  <  3 
n  *  2 


$  »  4ira  (1+ln  R-ln  d)  for  n  ■  2] 


4.5  The  Representation  of  a  Scalar  Point  Function  as  the  Combined  Potentials 
of  Surface  and  Volume  Sources 


If  the  scalar  point  function  V  is  well-behaved  in  the  region  of  space  t, 
bounded  by  the  surfaces  Sj  nZ,  then  its  value  at  any  interior  point  0  of 

r,  as  expressed  by  Green's  formula,  is 


V 


o 


1_ 

4ir 


(4.5-1) 


where  r  is  distance  measured  from  0. 

The  potential  at  0  of  simple  and  double  layer  surface  sources  of 
densities  a  and  u  on  S.  £,  and  of  volume  sources  of  density  p  in  t,  is 
given  by 

♦.  *  /{S  +  »!=(f)]“+/  f* 

Sl..n2 

A_ 

where  n  is  directed  out  of  i,  as  in  equation  (4.5-1),  and  y  is  positive 
for  a  corresponding  doublet  orientation. 

1  in  V  V^V 

Hence  if  we  put  a  -  ^  y  ■  -  ^  and  p  -  -  the  potential  of  these 

sources  (whose  densities  are  independent  of  the  position  of  0)  will  be 
equal  at  any  interior  point  of  t  to  the  value  of  V  obtaining  there. 

This  representation  is  not  unique  as  we  now  proceed  to  show. 

Let  Uj  be  a  scalar  point  function  which  is  well-behaved  in  the  region  ti 
bounded  externally  by  S}.  Then  the  arguments  which  led  to 
equation  (3.3-1)  lead,  in  the  present  Instance,  to 
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0 


1_ 

4* 


.  ,  i  Wl 

-  -  V 

'r  Jn' 


1  an’ 


T 1 


(4.5-3) 


where  r  continues  to  be  measured  from  0  in  t  and  the  positive  sense  of 
the  normal  nr  is  directed  into  t. 

Similar  relationships  hold  for  each  of  the  surfaces  S2  n  and  the 

associated  regions  The  functions  Ult  U2  .  will,  in  general, 

be  unrelated. 

If,  in  addition,  U  is  well-behaved  outside  £  and  is  regular  at  infinity, 
then  1 


where  t  represents  all  space  outside  E. 

2* 

On  adding  equations  (4.5-1),  (4.5-4)  and  the  set  of  equations  typified  by 
equation  (4.5-3),  we  obtain 


(4.5-5) 


This  equation  postulates  a  set  of  surface  sources  quite  different  to 
those  deriving  from  equation  (4.5-1)  and  involves  additional  volume 
sources.  Since  the  choice  of  U  is  unrestricted,  apart  from  the 
requirement  of  continuity  within  individual  regions  and,  in  the  case  of 
Uj,  behaviour  at  infinity,  there  are  an  infinite  number  of  possible 

source  configurations  whose  potential  equates  V  at  interior  points  of  t. 
This  remains  true  when  U  is  restricted  to  harmonic  functions,  in  which 
case 


v  1  L  fi  (a  + 

O  4v  j  [v  \gn 

AY 

W 

)ds'Y' 

V2v  . 

T  dT 

(4.5-6) 

Sl..n* 

T 

There  are,  however,  two 

unique  forms 

of 

equation  (4, 

.5-6). 

The  first 

emerges  when  U  is  equated  to  V  (or  to  its  limiting  value)  at  all  points 
of  S  £,  making  U  the  solutions  of  interior  Dirichlet  problems  in  T, 

and  an  exterior  Dirichlet  problem  in  This  does  not  impose  any 

restriction  on  V  and  leads  to  the  relationship 
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V 

o 


4ir 


f 


i  /av 

r  ^3n 


+ 


S.  £ 
1 .  .n 


dS 


_  i _  f  v£v 


4tr 


dr 


(4.5-7) 


so  that  Vq  is  expressed  as  the  potential  of  a  single  layer  source  on 

S.  Z  and  a  volume  source  within  t. 

1 . .  n 

3U  3V 

The  second  unique  solution  requires  that  ^7  ■  -  over  ^  ^Z  and 

consequently  identifies  U  with  the  solutions  of  interior  Neumann  problems 

in  t.  and  an  exterior  Neumann  problem  in  xr,  in  which  case 

1 . .  n  *• 


V 

o 


x_ 

4w 


(V'U)  3n  \r 


1.  .n 


T 


(4.5-8) 


so  that  Vq  is  expressed  as  the  potential  of  a  double  layer  source  on 

S,  Z  and  a  volume  within  t.  This  representation,  however,  imposes 

1 . .  n 

restrictions  on  V  because  the  interior  Neumann  problems  are  soluble  only 

if  (j  ~  dS  ■  0  for  each  of  the  surfaces  q  in  turn.  When  the  surfaces 

S,  do  not  exist,  ie  when  r  is  a  region  bounded  by  Z  alone,  the 
1 .  .n 

difficulty  does  not  arise  and  equation  (4.5-8)  is  applicable  to  all  V. 


We  have  confined  our  attention  in  the  above  analysis  to  the  description 
of  V  as  a  potential  function  in  a  bounded  portion  of  space  only.  V  may 

3V 

or  may  not  be  defined  outside  this  region.  If  it  is,  then  V  and/or 

may  or  may  not  be  continuous  across  the  bounding  surface  or  surfaces.  It 
Is  clear  that  the  potential  source  system  deriving  from  equation  (4.5-1) 
and  matching  V  at  interior  points  of  x  can  give  rise  only  to  zero 
potential  outside  x  because  the  right  hand  side  of  equation  (4.5-1)  is 
zero  when  the  origin  of  r  is  exterior  to  x.  Thus  unless  V  is  zero 
outside  x  It  cannot  be  matched  everywhere  by  this  source  system. 

Suppose  now  that  V  is  defined  everywhere,  and  that  it  is  well-behaved  in 

the  regions  x,  ,  x_.  as  well  as  in  x.  For  convenience  let  V  be 
1 .  .n  z 

designated  Vlf  V2  .  V£  in  xlf  x2  .  x^.  and  V  in  x. 

Then  on  putting  U;  •  Vj,  U2  »  V2  etc  in  the  equations  leading  to  (4.5-5) 

3V 

and  on  pairing  both  V  and  r—  on  opposite  sides  of  S.  Z  as  in  Sec.  3.5, 

tfn  I . .  n 

we  find  that  for  Interior  points  of  x 


(4.5-9) 


where  AV  and  A  are  the  increments  of  V  and  corresponding  to 

positive  motion  through  the  surface  when  the  same  arbitrarily  defined 
positive  sense  of  the  normal  Is  assigned  to  each  side  of  the  surface. 
The  volume  Integral  Is  taken  over  all  space  and  it  Is  assumed  that  V  is 
regular  at  infinity. 
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Suppose  now  that  the  origin  of  r  is  transferred  to  tj.  Then 


(4.5-10) 


where  the  positive  sense  of 


the  normal  is  directed  out  of  tj. 


We  have  also 


1  I  J  1  3V  „  3  flX)  ..  1  *  V2V  J 
4 r  J  [r  3n  3n  4w  j  r  T 


Sl. .n1 


.  _l  mL-i.  f  !!!i 

4r  j  3n2  2  3n2  (r/J  4*  j  r 


(4.5-11) 


dr  (4.5-12) 


S2 


with  similar  relationships  for 

Upon  adding  equations  (4*5-10).  (4.5-11)  and  (4.5-12)  etc.  and  pairing  as 
before,  we  obtain 


<Vl>o 

"  h 

g*«fcG)3* 

i  r  . 

d 

(4.5-13) 

m 

The  right 

hand 

side  of 

equation  (4.5-13) 

is  Identical  with 

that  of 

equation  (4.5-9)  hence  V  is  represented  both  in  t  and  Tj  by  the  same 

expression.  Similar  arguments  show  that  this  holds  also  for  the 
remaining  regions.  It  follows  that  any  point  function  V,  which  is  well- 
behaved  at  points  not  coincident  with  a  set  of  surfaces  and  is  regular  at 
infinity,  may  be  represented  at  all  points  removed  from  such  surfaces  by 
the  potential  of  simple  and  double  layer  sources  upon  these  surfaces  sad 
of  volume  sources  throughout  space,  the  respective  source  densities  being 

-  A  and  .  This  distribution  may  be  shown  to  be  unique. 

The  result  is  not  restricted  to  functions  whose  surfaces  of  discontinuity 
comprise  the  set  of  closed  surfaces  $x  qI  as  shown  in  Fig.  5.1.  It  is 

clear  that  the  surfaces  may  be  open  or  that  a  number  of  surfaces  My 
enclose  each  other  in  turn.  When  point  or  line  discontinuities  are 
present  their  exclusion  from  the  region  of  integration  gives  rise  to  the 
usual  unpaired  surface  Integrals  which,  of  course,  are  required  to 
approach  a  limit  as  the  excluding  surface  shrinks  about  the 
discontinuity,  and  which  lead,  for  non-sero  limits,  to  the  introduction 
of  point  and  line  sources  in  the  equivalent  potential  source  eystnn. 
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4.6  The  Gradient  and  Laplacian  of  the  Scalar  Potential  of  Point  Sources 
Gauss *s  Law 

4 . 6a  Gradient  of  the  potential  of  singlet  sources 

The  potential  at  0  of  singlet  sources  of  strengths  a^ — a  —  a  at 
Pi — P^ — P^  is  given  by  n 


<f> 


o 


(A. 1-1) 


If  (x  ,y  ,z  )  and  (x.,y. ,z.)  are  the  Cartesian  coordinates  of  0  and  P, 
o  o  o  l  ii  i 

respectively,  then 


0PjL  =  {(xi-Xo)2+(yi-yo)2+(zi-Zo)2}'1 

and 


JL  LL\ 
3xo  V°V 

whence 


where  r  represents  distance  measured 
measured  from  P^. 

In  addition. 


(x.-x  ) 

-fifT-  (4.6-l(a)) 


from  0  and  r!^  represents  distance 


whence 


(4.6-l(b)) 
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>o  that 


(grad  ♦) 


n 

^  ai 

(grad 

_ o 

-nr 

n 

-  -V 

/ 

1-1 

i-1 

n 

n 

grad 

V 

•  z* 

i-I 

i-1 

ifr). 


(4.6-2) 


(4.6-3) 


Th«  expreeslong 
literature  by  grad 


*r*4  “d 


»  -  and 

Pl  r 


grmd  j 
rl/o 

grad  -  . 


art  co«only  replaced  in  the 
Since  the  gradient  operator 


can  act  only  upon  a  scalar  point  function  and  since  no  such  function  la 
adequately  represented  by  the  Inverse  of  a  distance  between  points  unless 

an  origin  of  the  distance  is  specified,  the  cosnon  factor  ^  In  the  second 


pair  of  expressions  eust  be  identified 


with  either  - 
r 


—  of  the 

rI 


previous  pair.  The  use  of  a  cosmon  symbol  to  denote  two  distinct  point 
functions  is  confusing  and  for  this  reason  we  will  adhere  to  the  notation 
which  identifies  r  with  distance  measured  fron  the  point  of  evaluation  of 
the  scalar  or  vector  field,  via  0,  end  r^  with  distance  measured  from  the 
source  location  P^. 

The  above  results  have  been  obtained  by  working  within  a  single  system  of 
Cartesian  coordinates.  The  same  results  follow  from  an  application  of 
the  distributive  law 


gred(dj+*2 - )  *  grad  ♦  grad  d2  — 


where  a;,  $2  are  the  partial  potential  fields  associated  with  each  of  the 

point  sources  in  turn,  combined  with  the  known  invariance  of  the 
analytical  formulation  of  grad  #  with  respect  to  choice  of  axes  (and 
origin) .  This  invariance  has  been  demonstrated  for  systems  of  Cartesian 
ansa  and  must  also  hold  for  cylindrical  and  spherical  coordinate  systems 
since  these  duplicate  the  Cartesian  systems  in  evaluating  the  components 
of  grad  •  is  three  mutually  perpendicular  directions.  Nence ,  if 
(grad  *1^#  (frad  -  are  evaluated  in  turn  by  locating  the  origin 

of  spherical  coordinates  at  Pi,  Pj  -  and  applying  equation  (2.6-3)  to 

the  associated  spherically  symmetrical  fields,  we  may  form  [grad  ♦  ]q  by 
addition  of  the  reewltlag  vectors.  ° 

Thus,  in  terms  of  the  current  notation. 


(.red  Vo 


d 

dT? 


e 


/; 


(rj)5 


o 


o 
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whence 


(grad  $)o 


and  this  is  identical  with  equation  (4.6-2). 

Grad  $  has  continuous  derivatives  of  all  orders  at  points  not  coincident 
with  the  sources.  It  is  irrotational  for  all  closed  curves  which  do  not 
pass  through  any  source*  as  may  be  demonstrated  by  an  application  of 
Stokes's  theorem  (with  curl  grad  4  =  0)  to  a  surface  which  spans  the 
closed  curve  and  contains  no  sources. 


4.6b  Gradient  of  the  potential  of  a  doublet  source 

Let  a  point  doublet  of  moment  p^  be  located  at  the  origin  of  spherical 
coordinates  and  aligned  with  the  direction  0*0.  Then  according  to 
equation  (4.1-7)  the  potential  of  the  doublet  at  the  point  (R.8.4)  is 


* 


U> 


cos  8 
R* - 


whence  from  equation  (2. 

6-5)  the 

components  of 

grad  s 

are 

(grad  4)R  - 

2_  (*!! 

*  cos  8^  _ 

*p(I)  i 

;os  8 

SR  \ 

Rz  / 

R 

(grad  4)0  - 

i.  L  fe 

R  38  \ 

<>>  co.  s') 

pO) 

! 

sin  8 
^ - 

(grad  4)^  - 

1 

R  sin 

S  p(,>co. 

6  34  R* 

0 

(4.6-4) 


As  in  the  case  of  the  singlet  distribution  Che  gradient  field  is 
undefined  at  the  source  Itself. 


For  a  system  of  doublets  grad  4  may  be  computed  by  vector  addition  of  the 
components  associated  with  the  individual  doublets,  these  being  evaluated 
by  locating  the  origin  of  spherical  coordinates  at  each  of  the  doublets 
In  turn.  The  magnitude  of  the  gradient  field  of  a  single  doublet  is  seen 
to  fall  off  as  the  cube  of  distance,  whereas  the  field  of  the  singlet 
falls  off  as  the  square.  It  Is  evident  that  the  gradient  of  the 

potential  of  a  2*  pole  varies  as  r. 

R**2 
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4.6c  The  Laplaclan  of  the  scalar  potential  of  point  sources 

It  follows  from  equation  (4.6-l(a))  that  for  a  system  of  singlet  sources 


V  '  L  <°v 

1-1 


1  +  3 


(op^2  | 


whence 


32*„  320  32*  /32  2x  ,ZA 

+  -  \k*'+^  +  h*)  •  0  <ri*°> 


3x  2  3y  2  3z  2  Vax2^  3y 
o  7o  o  v 


le 


V20  -  dlv  grad  0-0  everywhere  outside  the  sources. 


(4.6-5) 


Alternatively,  we  may  locate  the  origin  of  spherical  coordinates  at  each 
of  the  sources  In  turn,  bearing  In  mind  that 

V2(*!+*2 - )  -  ?2  ♦!  +  V2  02  - 


and  that  V20  la  Invariant  with  respect  to  choice  of  axes  and  origin. 
Then  from  equation  (2.6-8) 


<v2<V>o 


d 


(-a. 


le 

(V2(0i))o  -  0  (r^  *  0) 

hence  V2  0  •  0  at  all  points  outside  the  sources. 


Equation  (4.6-5)  la  known  as  Laplace's  equation. 


Since  this  result  holds  for  any  finite  collection  of  singlets  we  may 
suppose  that  it  will  continue  to  hold  for  •»  multlpole.  This  Is  obviously 
true  when  the  limiting  process  which  leeda  to  the  formation  of  the 
multlpole  is  arrested  at  some  point  so  as  to  leave  the  associated 
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aonopole  nagnltudes  finite,  but  It  uy  also  b«  shown  to  b«  true  for  ths 

Halting  ease  ltsalf.  Thus  for  an  axial  2^  pole  situated  st  P  the 
potential  at  0  is  given  by 


♦ 


o 


(■) 

axial 


(4.1-6) 


or,  by  the  result  of  Ex. 4-2.,  p.  2)1, 


axial 


Then 


(V"> 

\  .>1.1 


»V>  »" 
,p  »■ 


o 


since  all  derivatives  (including  cross  derivatives)  are  continuous  at  0, 

Is 


(V,  (U) 

V  .>1.1 

o 


(a)  ,  _2  / 1  V 


*  0 


The  argument  is  readily  extended  to  noo-axlal  nultlpoles. 

Since  div  grad  #  is  sero  st  alt  points  other  than  Chose  occupied  bv 
sources ,  grad  #  is  solenoldal  in  source-free  aperlphrsctlc  regions.  It 
■ay  or  nay  not  be  solenoldal  in  perlphrectle  (non-aperlphractic)  regions. 
The  stagiest  exoapie  of  this  is  the  ease  already  treated  In  Sec.  1.14 

•here  the  vector  F  is  now  soon  to  he  Identical  with  the  negative  grsdlant 
of  the  potential  of  a  unit  source  situated  et  the  origin  of  coordinates. 

In  the  region  beyond  the  6  sphere  div  F  -  0  but  F  is  not  solenoldal. 
It  would  be  rendered  eeieneidel  if  the  singlet  at  the  origin  were 

replaced  by  e  doublet  or  other  nul t ipole  because  the  f lux  of  F  through 
the  4  sphere  would  then  hoc cue  sero.  (See  next  sub- sect  loo. ) 
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4. 6d  Gauss’s  Law 

Let  point  sources  of  potential  of  strengths  ax — a ^  be  situated  at  the 
interior  points  Pj  P^  of  a  region  of  space  R  bounded  by  the  surfaces 
S1 . .n^’  and  let  sources  of  strengths  afc — a^  be  situated  at  the  exterior 
points  Pk“Pm-  Then  the  outward  flux  of  (-  grad  <f>)  through  S1  Z  is 
equal  to  4tt  x  total  strength  of  sources  enclosed, 

ie 


jf  (-  grad  (f>)  .  dS 


.n 


I 


j 


i*l 


Proof:  The  value  of  grad  <j>  at  any  point  0  of  the  surfaces  is  given  by 

equation  (4.6-2)  as 


hence 


m 


i-1  S.  I 
1 .  .n 


But  from  equations  (3.4-1)  and  (3.4-2) 


dS 


Jr  IT  dS 


an 


s.  I 

1.  .n 


-  4tt 


(1  =  1 - j) 


a 

an 


s.  £ 

1 .  .n 


dS  =  0 


(i  =  k - m) 
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hence 


m 


(-  grad  4>).dS  = 


S,  Z 
1.  .n 


i  (r')3 


>.dS 


i-1 

S'  Z 
1 .  .n 


4tt 


i-1 


(4.6-6) 


Alternatively,  let  small  spherical  surfaces,  centred  upon  the  interior 
sources,  be  designated  S^  - — S^  ,  and  let  these  enclose  the  regions 

J 

T ~  - Tr  .  Then  the  potential  field  is  harmonic  at  those  interior 

points  of  R  not  occupied  by  the  spheres,  whence  it  follows  from 
Theorem  3.2-1  that 


(-  grad  $) ,dS 


S,  Z 
1 .  .n 


grad  <f»  -  dS 

S6i . .S6  . 


Now 


Hi 

grad  4> .  dS  -  (j)  dS  + 


m 


H< 


dn 


dS 


i=2  S 


6i 


where  (J)^  is  the  partial  potential  deriving  from  a^,  hence 


jf  grad  <j).dS  -  -  j) 


3rH4r)dS- 


m 


V2  <t>.  dT 


i=2  t 


Si 


=  4irai 


since  Vz<p .  =  0  in  Tr  for  i  =  2 - m 

i  <$i 


whence 


(-  grad  <j>)  .dS 


S.  Z 
1 .  .n 


4t t 


i=l 
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Substitution  of  Xds,  adS  and  pdT  for  a^  in  the  above  analysis  leads  to 

Gauss's  law  for  distributed  sources  for  those  cases  where  the  source 

14 

neither  intersects  nor  touches  the  bounding  surfaces  .  We  have 


(-  grad  $).dS 


Sl..nE 


Ads 


or  4-tt  J 

adS 

or  4tt  [ 

pdT 

where  the  right  hand  integrations  are  carried  out  over  interior  points  of 
R. 

For  alxed  sources  the  individual  contributions  are  additive,  since  there 
Is  no  nutual  interference.  (A  point  source  has  no  length,  a  line  source 
no  area  and  a  surface  source  no  voluae.) 


EXERCISES 


4-21.  Let  a  vector  field 


F  be  defined  by 


F 


I 

i-1 


where  a^  is  a  scalar  magnitude  associated  with  a  fixed  point  P^,  rj  is 
the  position  vector  of  any  point  relative  to  P^  and  a  Is  a  constant. 

F  is  seen  to  coaprlse  the  sua  of  a  set  of  central  vector  fields,  so 
called  because  the  component  fields  are  radially  directed  In  relation  to 

Pt,  Pi  - •  F  say  be  shown  to  be  Irrotational  for  all  closed  curves 

which  do  not  pass  through  any  of  the  points  Pi,  Pj  — ,  Irrespective  of 
the  value  of  a.  Prove  this 

(a)  by  direct  integration,  staking  use  of  the  relationships  dr{  ■  dr} 
etc,  and  r | . dr  *  -  rj  drj 

(b)  by  aeans  of  equation  (1.16-1)  and  the  result  of  Ex. 1-59.,  p.  78 

(c)  by  expressing  F  as  the  gradient  of  a  scalar  field. 


14.  A  justification  of  this  procedure  will  be  found  in  the  next  section. 
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4-22.  With  F  defined  as  above,  show  that:  div  F  is  negative,  zero,  or  positive 
at  all  points  other  than  Pj,  P2  -  according  as  a  is  greater  than, 

equal  to,  or  less  than  2. 

4-23.  A  doublet  of  vector  moment  p  is  situated  at  P.  If  the  position  vector 

of  0  relative  to  P  is  r' ,  show,  by  resolution  of  the  spherical 
components,  that  the  gradient  of  the  potential  of  the  doublet  at  0  may 
be  written  as 


grad  * 


(r')3 


3(p(1) ,r' )r* 
(r’)5 


4-24.  Extend  the  proof  of  the  harmonic  nature  of  the  potential  of  an  axial 
multipole  to  an  oblique  quadrupole. 

4-25.  State  and  prove  the  planar  form  of  Gauss's  law. 

Ans:  The  law  may  be  stated  as  follows: 

Let  a  multiply  connected  region  R  in  the  plane  be  bounded  externally  by 
the  regular  closed  curve  f'  and  internally  by  Tj  n*  Let  ?l — P^  and 

P^ — be  interior  and  exterior  points  of  R  at  which  sources  of 

logarithmic  potential  of  strengths  a^ — are  situated.  Then  if  4  is 

the  logarithmic  potential  of  the  complex 


or 


U- 


r,..nr' 


grad  *).n’  ds  -  2*  ^  a 

i-1 


4\ 


V 

L  <»i>* 


i-1 


ri..nr’ 


x 

n’  ds  -  2*  j  a 

i-1 


where  n'  is  the  unit  outward  normal  In  the  plane  to  the  contour  element 
da,  and  is  the  position  vector  of  ds  relative  to  P^. 

The  proof  parallels  that  for  the  three  dimensional  case. 


4-26.  It  follows  from  Gauss's  average-value  theorem  (theorem  of  the  arithmetic 
mean)  Ex. 3-2.,  p.  180,  and  from  the  harmonic  nature  of  the  potential 
field  outside  Its  sources  that  the  mean  value,  over  a  spherical  surface, 
of  the  potential  deriving  from  point  aources  entirely  outside  the  sphere 
Is  equal  to  the  value  of  their  potential  at  the  centra  of  the  sphere. 
Deduce  this  from  one  of  the  results  of  Ex. 3-19.,  p.  188,  and  from  the 
other  result  of  this  exercise  deduce  the  'second  average  value  theorem', 
vis.  'The  mean  value  over  a  spherical  surface  of  the  potential  of  point 
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sources  lying  entirely  within  the  sphere  is  equal  to  the  sum  of  the 
source  strengths  divided  by  the  radius  of  the  sphere.'  [The  theorem 
continues  to  hold  for  distributed  sources,  as  a  simple  extension  of  the 
analysis  will  show. ] 

4-27.  Let  the  planar  point  function  V  be  well-behaved  in  the  region  S  of  the 

plane  bounded  internally  by  the  closed  curves  T,  and  externally  by 

1 .  ,n 

T'.  Make  use  of  equation  (3.9-3)  to  show  that  V  may  be  expressed  at 
interior  points  of  S  as  the  logarithmic  potential  of  line  singlets  and 
doublets  coincident  with  T  T'  and  having  the  respective  densities 
1  3V  -V  l..n 

2^  and  ^7  (where  the  doublet  density  is  positive  if  orientation 

corresponds  with  n'),  together  with  a  surface  source  on  S  of  density 

Following  the  analysis  of  Sec.  4.5  show  that  an  infinite  number  of 
logarithmic  source  combinations  can  be  found  whose  potential  within  S  is 
equal  to  V. 

4-28.  Extend  the  analysis  of  the  previous  exercise  to  show  that  if  V  is  well- 

behaved  everywhere  in  the  plane  except  upon  n^'»  **  *)e  expressed 

at  any  point  0  in  S',  not  coincident  with  r,  r'r",  as 

l  — n 


r" 


where  r"  is  some  contour  which  encloses  T,  r',  and  S'  is  the  region  of 

1 . .  n 

the  plane  bounded  externally  by  T".  p  denotes  distance  from  0,  and  the 

3  V  3  V 

factors  A  and  AV  represent  the  increments  of  — ,  and  V  for  positive 

motion  through  a  contour  when  the  same  arbitrarily  defined  positive 
sense  of  the  normal  is  assigned  to  each  side  and  the  positive  sense  of 
doublet  alignment  conforms  with  this. 

Hence  show  that  if  R2  is  bounded  and  V-^0  at  infinity^,  V  is 

expressible  as  the  combined  potential  of  logarithmic  line  singlets  and 

doublets  coincident  with  r,  I*'  and  of  logarithmic  surface  sources  in 

i  •  ♦  n 

the  plane  wherever  V2V  is  non-zero. 

4-29.  The  results  of  Ex. 4-27.  and  4-28.  above  are  applicable  to  any  scalar 
function  which  is  well-behaved  at  most  points  of  a  bounded  or  unbounded 
region  in  a  plane,  whether  or  not  the  function  is  defined  only  in  the 
plane  or  derlvee  from  a  cut  across  a  two  or  three-dimensional  field  in 

space . 


15.  or,  more  generally,  if  the  line  integral  around  I*"  vanishes  at 
infinity. 
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It  should  therefore  be  possible  to  express  a  Newtonian  potential  at 
points  of  a  plane  as  the  potential  of  a  set  of  logarithmic  sources  in 
the  plane.  Carry  this  out  for  the  Newtonian  potential  4  of  a  uniform, 
spherical,  surface  source  of  radius  a  and  strength  q  when  the  plane 

passes  through  its  centre  T,  ie  express  ^  inside  the  circular 

section  and  ■  outside  it,  where  R  is  distance  measured  from  T J  as  the 
o  / 

combined  potential  of  a  logarithmic  line  source  around  the  circle  and  a 
logartihmic  surface  source  upon  the  plane.  Prove  that  this  expression 

reduces  to  2  and  by  evaluating  the  line  and  surface  integrals, 
a  k 

o 

[Hint:  For  R  >  a,  first  show  that  the  line  integral  around  T”  in 

Ex. 4-28.  vanishes  when  T"  recedes  to  infinity.  Then  compute 
bearing  in  mind  that  the  relevant  expression  is  not  that  associated  with 
a  three-dimensional  system  but  with  a  plane.  To  confirm  the  result, 
evaluate  the  line  integral  around  the  circle  and  the  areal  Integral 
between  R  -  a  and  R  -  Rq  by  making  use  of  the  expansion  for  In  p  given 

in  Ex. 4-9.,  p.  232.  Then  derive  an  appropriate  expansion  for  In  p  when 

R  >  R  and  complete  the  evaluation  of  the  surface  integral  out  to 
o 

infinity. ] 

Ans:  For  R  >  a 


where  the  line  Integral  is  evaluated  around  the  circle  and  the  surface 
integral  at  all  points  of  the  plane  outside  the  circle.] 

4-30.  Show  from  the  result  of  Ex. 3-15.,  p.  183  that  a  point  function  V,  which 
is  well-behaved  within  the  region  R  bounded  by  the  surfaces  Sj  ,  may 

be  expressed  within  R  as  the  sum  of  either  exponentially  enhanced  or 
exponentially  attenuated  potentials  (y  real,  and  positive  or  negative) 
deriving  from  simple  and  double  layer  sources  and  volume  sources 

in  R,  of  respective  densities  ~  ~,  -“  and  -  ~  (V2-y2)V. 

[Note  particularly  that  the  potential  associated  with  an  element  of 

3  1  v  r'1' 

double  layer  of  density  u  is  given  by  u  r-  -  e  I  dS  and  not  by 

yr  3  M  -  3n  \r  / 

lie  —  -  j  dS, where  n  is  directed  out  of  R.j 

3n  \rj 

Show  further  that  there  are  an  infinite  number  of  ways  in  which  V  may  be 
expressed  In  the  finite  region  R,  and  for  a  given  exponent,  in  terms  of 
surface  sources  upon  and  volume  sources  within  r,  T; - ,  and 

that  when  V  is  defined  everywhere  outside  n  the  surface  integral 

over  £  vanishes  as  £  recedes  to  Infinity,  provided  that  the  associated 
exponent  is  real  and  negative  and  V  and  grad  V  are  bounded  at  infinity. 
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4-31.  Show  that  chere  Is  a  unique  combination  of  simple  and  double  surface 
sources  and  of  volume  sources  whose  potential  is  everywhere  identical 
with  an  arbitrarily  specified  scalar  point  function  which  is  well- 
behaved  at  all  points  removed  from  certain  surfaces  and  which  is  regular 
at  Infinity. 

4.7  The  Gradient  and  Laplaclan  of  the  Scalar  Potential  of  Line  and  Surface 
Sources 


4.7a  The  gradient  and  Laplaclan  of  the  potential  of  line  singlets  and 
doublets 


The  gradient  of  the  potential  of  a  finite  line  singlet  (simple  line 
source)  at  points  outside  It  can  be  found  by  approximating  the  source 
with  a  set  of  point  singlets  of  strength  XAs,  and  proceeding  as  In 
Sec.  4.6a.  We  have 


n  n 


whence 


Jo 


V  <»>, 

i_  t 

1-1 


(J-\ 

\  °v 


As 


1 


since  X  Is  Independent  of  x  ,  or 
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ax 
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a 


V 

I  As 

1 J 
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(X> 


As 

Pi  (°*y 5  A 1 


i-i 


hence 


-  V 


<M.  ,5-  z 


1 

1-1 


As, 


n 

‘  1N. 

(grad  ♦)  *  \  grad  -  As 

0  r  P  1 

IVi  1 
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The  integral  form  of  this  relationship  is 


grad  <p 


A  grad  -  ds 


r 


l  X  P  ds  (4.7-1) 

r 


If  it  is  borne  in  mind  that  <p  and  grad  if)  are  always  evaluated  at  the 
variable  point  0,  which  is  the  origin  of  r,  and  that  the  components  of 
the  Integrand  are  evaluated  upon  ds,  then  the  interpretation  is 
unambiguous. 

This  allows  us  to  drop  the  subscript  0  from  grad  $  in  equation  (4.7-1) 
and  subsequent  equations***. 

The  above  treatment,  in  which  the  finite  differentiated  series  is 
ultimately  replaced  by  an  integral,  presupposes  that  the  order  of  the 
limiting  processes  associated  with  integration  and  differentiation  may  be 
reversed,  ie  differentiation  may  be  carried  out  under  the  integral  sign. 
This  procedure  can  be  shown  to  be  legitimate  provided  that  the  integrand 
is  a  continuous  function  of  the  coordinates  of  0  and  ds,  and  the  region 
of  integration  is  finite.  Since  r  is  non-zero  for  each  surface  element, 
and  A,  if  piecewise  continuous,  may  be  treated  as  the  sum  of  continuous 
density  functions,  the  required  conditions  are  fulfilled.  Higher  order 
derivatives  of  the  potential  at  exterior  points  ('points  of  free  space') 

may  be  found  by  the  same  procedure 

The  radial  and  axial  components  of  grad  $  which  obtain  for  a  uniform 
rectilinear  source  (Fig.  4.4)  may  be  determined  by  differentiation  of 
equation  (4.2-1)  with  respect  to  p  and  z,  or,  more  easily,  by  integrating 
the  components  of  grad  if>  in  accordance  with  equation  (4.7-1).  It  is 
found  that 


(grad  *)p 


It  .  -  b.  )  c--g  +  <L±S 

3p  p  Ri  R2 


(4.7-2) 


16.  The  alternative  form  of  grad  4,  which  parallels  equation  (4.6-2) 
rather  than  equation  (4.6-3),  viz  grad  $  *  J  A  ^grad  ^—7^  ds,  where  r' 

la  distance  measured  from  ds,  does  not  comprise  a  surface  Integral  in  the 
same  sense  as  equation  (4.7-1),  since  grad  ^“7)  is  not  evaluated  upon  the 
the  contour  element.  For  this  reason  we  will  make  no  use  of  it. 


17. 

In  writing 


A  r  1  .  f »  j1  ft  * 


*  n  r  ,  n  \r 

s,o  T  *r  s,o 


as  an  intermediate  step  in  the 


routine  differentiation  of  the  potential  function,  it  is,  of  course,  to  be 


that  it  is  equivalent  to  - -  (qpJ  where  P  is  a  point  of  ds. 


3  /l\ 

understood  that  -  -)  does  not  stand  alone  but  In  apposition  with  ds,  so 

3x  °  ^ 


a*. 
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for  non-zero  values  of  p,  and 


(grad  <*), 


3z 


-  X  )i-  -  i- 
1*1  *2 


(4.7-3) 


at  points  outside  the  source. 

These  expressions  may  be  written  In  terms  of  the  angles  shown  In 
Figs.  4.7a  and  4.7b. 


Fig.  4.7a 

For  non-zero  values  of  P 


Fig.  4.7b 


3p 


-  -  (sin  0i  +  sin  ©2)  (Fig.  4.7a) 


1* 

3p 


-  -  (sin  0i  -  sin  ©2)  (Fig.  4.7b) 


and 


(4.7-2(a)) 


i£ 

&z 


-  -  (cos  01  -  COS  ©2) 


(4.7-3(a)) 


It  follows  that  at  all  finite  distances  from  a  uniform  rectilinear  source 
which  extends  to  infinity  in  both  directions,  the  radial  and  axial 
components  of  grad  $  are  given  respectively  by 


(grad  ♦  ) 


2X 

P 


(4.7-4) 


(grad  4) 


0 


(4.7-5) 
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The  most  general  expression  for  the  gradient  of  the  potential  of  a  line 
doublet  follows  from  equation  (4.2-10)  by  differentiation  under  the 
integral  sign. 


grad  <f> 


+  L 


fr-Tn> 


y  9x 


+  L 


JL_ 

9x 


ds 


where  the  coordinates  of  ds  are  (x,y,z) 


3(x-x  )  L.r 
o 


ds 


ie 


grad  <j> 


3  r  L.r  l 

--r-J 


ds 


(4.7-6) 


This  duplicates  the  result  of  Ex. 4-23.,  p.  256  in  integral  form,  the 
point  doublet  moment  p  being  replaced,  by  Lds. 

The  case  of  greatest  interest  is  that  in  which  the  doublet  is 
rectilinear,  infinite,  uniform  and  planar.  While  it  is  possible  to 
evaluate  its  potential  gradient  via  equation  (4.7-6),  it  is  easier  to 
differentiate  the  potential  function  as  expressed  in  equation  (4.2-9),  or 
to  perform  a  vectorial  addition  of  the  component  gradients  associated 
with  a  pair  of  infinite,  rectilinear,  simple  sources  of  equal  and 
opposite  density  in  a  limiting  configuration.  It  is  found  that  the 
magnitude  of  the  gradient  field  falls  off  as  the  square  of  the 
perpendicular  distance  from  the  source  and  is  independent  of  the 
orientation  of  the  point  of  observation  relative  to  the  plane  defined  by 
the  doublet  moment  ($=0) .  The  field  is  directed  at  a$i  angle  2$  to  this 
plane  and  is  consequently  tangential  to  a  circular  cylinder  which 
contains  both  the  source  and  the  point  of  observation  and  is  bisected  by 

the  half-plane  $  =  ^  or  $  = 

A  formally  identical  analysis  applies  to  a  logarithmic  point  doublet  in 
the  plane,  in  which  case  the  cylinder  is  replaced  by  its  circular 
section. 

The  Laplacian  of  the  potential  of  line  singlets  and  doublets  is  undefined 
upon  the  source  itself  since  <f>  and  its  derivatives  are  undefined  there. 
At  points  outside  the  source  V2<f>  =  0.  Thus 
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since  all  partial  (and  mixed)  derivatives  are  continuous  at  ds, 
hence 


0  (r*0) 


4. 7b  The  gradient  and  Laplacian  of  the  potential  of  surface  singlets  and 
doublets 


The  gradient  of  the  potential  of  a  surface  singlet  (simple  layer)  takes  a 
form  similar  to  that  of  the  line  singlet: 


grad  <J>  =  grad 


f « JC 

f  1  f 

1  r  dS  "  - 

/  c  grad  -  ds  =  / 

S  S  S 


r 

0  —3 

rd 


dS 


(4.7-7) 


For  the  particular  case  of  a  disc-shaped  surface  source  of  constant 
density  o  and  radius  a,  lying  in  the  xy  plane  and  centred  upon  the 
origin,  the  potential  upon  the  z  axis  is  given  by 


$  **  2Tra  {  (a2+z2)  ^-(z2)  ^ } 


(4.3-2) 


so  that 


9<f) 

9z 


2ircr 


(a2+z2) ^ 


(z*0) 


(4.7-8) 


The  normal  derivative  of  <f>  consequently  approaches  -2iTa  or  +27ra  according 
as  z  approaches  zero  through  positive  or  negative  values.  This  result, 
taken  in  conjunction  with  the  known  continuity  of  the  derivative  of  the 
partial  potential  deriving  from  sources  at  a  distance,  suggests  that  for 
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any  regular  surface  source  of  plecevlae  continuous  density  the  increment 

of  In  passing  through  the  surface  at  an  interior  point  in  the 

direction  of  the  positive  nonsal  Is  -4*c,  where  o  is  the  local  surface 
density  (assumed  to  be  continuous  at  the  point  in  question).  It  may,  in 

18 

fact,  be  shown  that  this  is  the  case  ,  and  that  the  Halting  values  of 
on  the  opposite  sides  of  the  surface  are 

'H)+  ■  -2*°  +  ”•/  °  £3  ds 

s 

(4.7-9) 

(H)  ■  +2*° +  “•/  °  75 ds 

s 

_A 

where  n  is  the  unit  positive  normal  to  the  surface,  and  where  the 
Integral  is  evaluated  at  that  point  of  the  surface  cut  by  the  normal. 

Since  +  is  continuous  on  and  through  a  simple  surface  source.  It  would 
appear  that  the  derivative  of  4  in  the  direction  of  any  tangent  to  the 
surface  at  an  interior  point  P  must  have  the  same  limiting  value  when  P 
is  approached  along  the  normal  through  it  from  either  side  of  the 
surface.  This  may  be  shown  to  be  true  provided  that  a  limit  exists,  the 
required  condition  being  that 


|o(Q)-a(P)l  S  Ar“  for  r  -  PQ  S  c  (4.7-10) 

where  Q  is  a  point  of  the  surface  and  A,  a  and  c  are  positive  constants. 

This  is  known  as  a  Httlder  condition.  We  will  meet  it  again  in  connection 
with  volume  sources. 

If  the  disc-shaped  simple  layer  source  considered  above  is  replaced  by  a 
surface  doublet  (double  layer)  of  constant  density  p,  whose  moment  is 
aligned  with  the  positive  z  direction,  the  potential  upon  the  axis  is 
easily  shown  to  be  given  by 


* 


(a2+,2)* 


<»0) 


whence 


if  "  (a2+z2)3/2  (**°> 


(4.7-11) 


(4.7-12) 


18.  See  Kellogg,  Ch.  6  for  a  rigorous  treatment  of  this  and  other  aspects 
of  surface  sources. 
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Thus  the  derivative  of  <f>  upon  the  axis  in  the  direction  of  the  positive 
normal  has  the  same  value  at  points  spaced  equally  on  either  side  of  the 
disc.  It  is  possible  to  generalise  this  result  as  follows:  If  P  is  an 
interior  point  of  a  regular  surface  doublet  of  piecewise  continuous 
density  y,  and  a  normal  to  the  surface  is  drawn  through  P,  then  the 
difference  between  the  normal  derivatives  of  4  at  points  of  the  normal 
equidistant  from  P  approaches  zero  as  P  is  approached  from  both  sides, 
provided  that  y  is  continuous  at  P. 

Whereas  the  tangential  derivative  of  is  always  continuous  through  a 
simple  surface  source  at  points  where  a  Holder  condition  is  fulfilled, 
the  tangential  derivatives  on  either  side  of  a  surface  doublet  cannot 
approach  a  common  limit  as  the  surface  is  approached,  unless  y  is 
constant  in  ^  neighbourhood  of  the  point  of  evaluation.  This  is  an 
immediate  consequence  of  the  relationship 


$+  <t>_  m  4 Try 


The  gradient  of  the  potential  of  a  surface  doublet  may  be  written  down  at 
once  by  substitution  of  ydS  for  Lds  in  equation  (4.7-6).  We  have 


grad  <f> 


(4.7-13) 


When  y  is  constant  over  the  surface,  grad  admits  of  an  important  vector 
transformation  which  may  be  developed  in  the  following  way. 


(grad  <j>) 

A 


3x_ 


idS 


(x-xo) 


(y-yj 


"T  +  dS  - q 

rJ  y  rd 


+  dS 


(z_zo)l 


z  r* 


f  f  (x-x  )  (x-x  )  (x-x  )' 

P  1  dSx  ^  ~73~  +dSy^  -yr-  +  dSz  -  | 


3_  (_rz°?  .  j_  (iZo) 

3x  r3  ay  r3 


since 


etc 


2*6 
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!>*t  .  U  . 


hence 


f  _  /(*-*  )\ 

(grad  *)x  “  u  dS.V  rT<V 


and 


grad  ♦  •  u  (dS.V)  Jy 

*  S 

Rut  from  aquation  (1.17-12),  with  *y  aubstltutad  for  F,  we  hava 


(4. 7-U) 


j  (dS.V)  -£y  -  j  «■  div  Jy  dS  -  dS  *  curl  -Jy 


whara  T  la  tha  boundary  of  S, 
and,  a Inca 


div 


■Jr  •  curi  "Jr  ■  o  (r*o) 


■'«.?>  7*  - 


dr  x  r 


(A. 7-15) 


hence 


grad  ♦  ■  -  p  grad  fl  * 


r  x  dr 

-  v  y-%3  y 


(4.7-16) 


We  will  return  to  this  relationship  and  its  further  transformations 
subsequent  to  the  treatment  of  vector  potential. 

The  Laplacian  of  the  potential  of  surface  sources  is  undefined  upon  the 
surfaces  themeselves  because  ♦  and/or  its  derivatives  are  undefined 
there.  Outside  the  surfaces  V2$  -  0.  The  proofs  parallel  those  for  line 
sources. 
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EXERCISES 

4-32.  Let  an  infinite,  rectilinear  doublet  of  density  L  coincide  with  the  z 

axis  of  cylindrical  coordinates,  and  let  L  be  directed  along  $  -  0. 
Show  that  at  any  point  (p,$,z),  (p*0) ,  the  vector  (-  grad  <fr)  is  directed 

A 

at  an  angle  $  to  the  radius  vector  pp  in  the  plane  z  *  z  and  has  the 

„  2L_ 

magnitude  ^2 • 

Deduce  that  (-  grad  <f>)  is  tangential  to  a  circular  cylinder  which 
contains  the  z  axis  and  the  point  (p,$,z),  and  is  bisected  by  the  half- 

plane  $  =  -  or  $  =  — . 

Show  from  eqdhtion  (4.2-9)  that  the  equipotential  surfaces  are  circular 
cylinders  which  contain  the  z  axis  and  are  bisected  by  the  half-plane 
$  =  0  or  $  =  tt,  and  confirm  that  the  two  systems  of  cylinders  are 
orthogonal  as  required. 


4-33.  A  uniform,  cylindrical  surface  source  of  length  2c,  radius  a  and  density 
o  is  aligned  centrally  with  the  z  axis  of  cylindrical  coordinates,  and 
bisected  by  the  p$  plane  through  the  origin.  By  treating  the  surface  as 
a  system  of  axial  strips  of  linear  density  aad$  and  using  the  result  of 
Ex. 4-10.,  p.  233,  derive  an  expression  for  the  potential  outside  the 
cylinder  at  finite  distance  from  the  origin,  for  the  condition  c-*». 

Extend  the  analysis  of  Ex. 4-9.,  pp.  232-3  to  cover  the  case  >  PO, 

and  so  derive  the  corresponding  expression  for  the  potential  inside  the 
cylinder. 


Ans:  For  p  >  a 


2tt 


4iraa<(  In  2c-ln  p  +  — 


a 

-  cos 
P 


cos  2$  H —  d$ 


=  2q  (In  2c-ln  p) 


where  q  =  total  source  strength  per  unit  length  of  cylinder. 
For  p  <  a 


2q  (In  2c-ln  a) 
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4-34.  It  follows  from  the  results  of  the  previous  exercise  that 

grad  <f>  =  -p  2q/p  for  p  >  a,  ie,  at  points  outside  the  cylinder  the 

gradient  of  the  potential  is  identical  with  that  deriving  from  a  source 
of  linear  density  q  coincident  with  the  axis.  At  points  inside  the 
cylinder  the  gradient  is  zero.  Confirm  these  conclusions  (a)  by 
integration  of  the  components  of  grad  < p  associated  with  the  individual 
strips,  and  (b)  by  an  application  of  Gauss’s  law  to  closed,  coaxial 

cylindrical  surfaces  of  appropriate  radii. 

[When  the  radius  of  the  Gaussian  cylinder  exceeds  that  of  the  source  its 
end  surfaces  cut  the  source,  and  Gauss’s  law  is  not  directly  applicable. 
In  this  case  let  the  end  surfaces  lie  in  the  planes  z  =  ±  z  ’ ,  and  let 

those  portions  of  the  source  lying  between  the  planes  z  =  +  z’  ±  Az  and 

z  =  -  zT  ±  Az  give  rise  to  partial  potentials  designated  <f>2  and  <j>3 

respectively.  If  the  partial  potential  deriving  from  the  remainder  of 
the  source  is  <f>i  then  <£i  =  $  -  <j>2  -  <£3.  From  symmetry,  the  flux  of 

grad  <j>2  through  the  end  surface  z  *  +  z*  is  zero,  and  the  flux  of 

grad  <j>3  through  the  end  surface  z  -  -  z’  is  likewise  zero.  The  required 

result  is  obtained  by  integrating  grad  <f>i  over  the  Gaussian  surface, 

applying  Gauss’s  law  and  taking  limits  as  Az-K).] 

4-35.  Let  the  source  of  Ex. 4-32.  and  4-33.  above  be  replaced  by  one  of  surface 
density  cji  cos  Show  that  the  potential  at  the  point  (p,0,z)  is  given 


(p>a) 


(p,  z  finite) 

(p<a) 


surface  density  of  the  form  sin  $ 

makes  no  contribution  to  the  potential  in  the  half-planes  $  =  0  and 
$  =  7T.  By  writing 


oy 


2Tra2(Ji 


and 


<f>  =  2iraip 


It  is  evident  from  symmetry  that  a 


aj.  cos  $ 


o  1  cos  $  cos  sin  $  sin  $’ 


where 


$’  =  $  -  $ 

o 


the  original  source  distribution  is  resolved  into  two  sinoidal 
distributions  in  space  quadrature,  having  maximum  values  of  |ai  cos  $  | 

and  |cri  sin  |  and  neutral  planes  defined  by  $  =  $  ±  |  and  $  =  $  , 

$  =  $0  +  it.  Make  use  of  this  contrivance  to  show  that  the  potential  at 

(p,$,z)  is  given  by 
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2*«2oi  co»  ♦ 
P 


2*0}p  cos  ♦ 


(p>a) 


(p,  z  finite) 
(p<a) 


Htnee  prove  (a)  that  the  potential  outside  the  cylinder  is  Identical 
with  that  deriving  from  an  infinite  line  doublet  on  the  axis,  having  a 
aoaant  *a2oi  per  unit  length  and  an  orientation  4*0.  and  (b)  that  at 

points  inside  the  cylinder  grad  +  has  the  constant  magnitude  2woi  and  is 
directed  parallel  to  the  half-plane  ♦  •  0. 

4-36.  Extend  the  analysis  of  the  previous  exercise  to  show  that  when 

o-o  cos  n  ♦  +  o'  sin  n  *  (n-1,2,3 - ) 

n  n 


the  potential  at  finite  distance  from  the  origin  is  given  by 


2*a 

♦  -  -  (o  cos  n$  +  o'  sin  n$)  (p>a) 

n  n  n 

»P 


2iro 

♦  -  - (o  cos  n$  +  o’  sin  n$)  (p<a) 

n-i  n  n 


Confirm  that  the  tangential  derivative  of  the  potential  is  continuous 
through  the  surface  and  that  4  is  harmonic  inside  and  outside  the 
cylinder. 

Show  that  the  normal  derivative  of  $  changes  from  +2tto  to  -2iro  on 
passing  radially  outwards  through  the  surface  and  hence  deduce  that  for 
all  density  distributions  which  are  a  function  of  ♦  alone  and  give  rise 
to  zero  total  source  strength  per  unit  length  of  cylinder,  the  normal 
derivatives  at  the  surface  depend  only  upon  the  local  surface  density. 

4-37.  Let  the  surface  density  of  the  cylindrical  source  of  the  previous 

exercises  be  single-valued  and  given  by  o  -  f($).  Evaluate  n.  /  a  -jfj  dS 

at  a  point  of  the  surface  at  finite  distance  from  the  origin  and  use 
equation  (4.7-9)  to  show  that  the  limiting  values  of  the  outward  normal 
derivative  of  4,  as  the  surface  is  approached  from  within  and  without, 
are 


-  3  +  2iro  and  -  3  _  2tto 
a  a 

where  q  is  the  total  source  strength  per  unit  length  of  the  cylinder. 
Hence  confirm  the  values  of  found  in  Ex. 4-34.  and  4-36. 
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4-8.  The  potential  of  a  uniform,  spherical  surface  source  (or  Its 
mathematical  equivalent)  has  been  treated  in  Ex. 4-18,  p.  243.  Determine 
the  value  of  grad  i  at  point*  Inside  and  outside  the  sphere  by 
differentiation  of  this  function.  Check  the  rejult  (a)  by  Integration 
of  the  components  of  grad  +  associated  with  circular  strips  of  the 
surface  normal  to  an  axis  of  symetry,  and  (b)  by  an  application  of 
Gauss's  law. 

What  Independent  approach  demonstrates  that  grad  4  is  zero  Inside  the 
sphere? 


Ans:  grad  ♦  -  -  4ira2o/R2  (R>a) 
grad  ♦  -  0  (R<a) 

Since  V2$  -  0  Inside  the  sphere  and  since,  by  symmetry,  $  is  constant 
over  any  concentric  spherical  surface.  It  follows  from  Theorem  3.2-2 
that  4  is  constant  and  grad  4  Is  zero  within  the  sphere. 

4-39.  Two  uniform,  spherical  volume  sources  of  radius  a  and  densities  ip  are 
centred  upon  the  origin  of  spherical  coordinates.  If  the  positive 
source  Is  now  displaced  a  distance  Az  along  the  axis  0*0,  show  that 
the  combined  sources  behave  like  a  spherical  surface  source  of  density 
oj  cos  0  when  p«—  and  Az+0  in  such  a  way  as  to  maintain  pAz  constant  and 

equal  to  Oj.  Hence  show  that  a  spherical  surface  source  of  density 

Pi  cos  0  gives  rise  to  a  potential  outside  the  sphere  identical  with 

4  * 

that  of  a  point  doublet  of  moment  ^  *a3alp  and  orientation  0  •  0,  at  the 
centre  of  the  sphere,  ie 

A  ira3ai  cos  0 

♦  "  3  p  (R><0 

Confirm  this  expression  for  points  on  the  axis  6  «  0  by  integration  of 
the  partial  potentials  deriving  from  individual  surface  elements. 

Make  use  of  the  result  of  Ex. 4-18.,  p.  243  for  the  potential  inside  a 
uniform  spherical  volume  source,  to  show  that  the  potential  inside  the 
surface  source  under  consideration  is  given  by 

4 

♦  *  3  iroi  R  cos  0  (R<a) 

and  hence  show  that  for  R  <  a  the  vector  field,  grad  has  the  constant 
4 

magnitude  ^  iroi  and  is  directed  parallel  to  0  -  0.  Confirm  the  value  of 

the  potential  at  points  on  the  axis  by  surface  integration,  and  examine 
the  normal  and  tangential  derivatives  of  4  in  the  vicinity  of  R  •  a. 
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4-40.  The  potential  at  an  exterior  point  0  of  a  uniform  double  layer  of 
density  y  Is  equal  to  -yft,  where  ft  Is  the  solid  englc  subtended  by  the 

layer  at  0.  The  change  of  potential  associated  with  a  displacement  As 
from  0  to  O'  Is  equal  to  that  obtaining  at  0  when  the  layer  is 

translated  by  -As.  Determine  the  change  of  solid  angle  resulting  from 
this  translation  in  terms  of  a  triple  scalar  product  Involving  the 
vector  area  of  the  elements  of  the  peripheral  strip  traced  out  by  the 
boundary  r,  and,  by  Interchange  of  dot  and  cross,  arrive  at  the 
relationship 


Aft 


r  »  dr 
r3 


r 


irrespective  of  the  choice  of  positive  currency. 

Hence  develop  an  Independent  proof  of  equation  (4.7-16). 

4-41.  Devise  a  further  proof  of  equation  (4.7-16),  similar  to  that  given  in 
the  text,  without  making  use  of  equation  (1.17-12). 

[Hint:  Transform 


and  apply  equation  (1,17-1).] 

4-42.  A  uniform  rectilinear  singlet  logarithmic  source  of  length  2c  and 
density  A '  lies  upon  the  y  axis  of  coordinates  in  the  xy  plane  and  is 
bisected  by  the  origin.  Determine  the  value  of  the  associated  potential 
at  any  exterior  point  (x,y),  and  at  the  point  (0,y)  where  |y|  s  c»  and 
so  show  that  it  is  everywhere  defined  and  continuous.  Find  the  rate  of 
change  of  this  potential  along  the  x  axis,  and  hence  the  value,  upon  the 
x  axis,  of  the  potential  of  a  logarithmic  line  doublet  of  vector  density 

L'  -  1L'  coincident  with  the  line  singlet. 
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Deduce  Che  occurrence  of  «  discontinuity  of  magnitude  ->*'  in  the  normal 
derivative  of  the  potential  of  any  ogarlthmlc  line  singlet  and  of  2^1. ' 
In  the  potential  of  any  logarithmic  line  doublet  on  passing  normal lv 
through  these  sources  at  points  where  the  densities  are  continuous. 
Compare  these  results  with  those  of  Ex. **-28.,  p.  >57.  when  V  is 
identified  with  the  logarithmic  potential  of  singlet  and  doublet  sources 
on  Tj  nr' ,  showing  first  that  the  required  conditions  are  satisfied  at 

infinity. 

Ans:  Line  singlet 


♦(x,y)  - 


<MO,y)  » 

H  <x,0) 

Line  doublet 


A'  J  (c-y)  In  - - - .  +  (c+y)  In - 1  . 

|  (x2+(c-y)2 )*  (x2+(c+v>2) ' 

-i  c-^l  +  ta„-i  £_Ll'  I 


+  2c  -  x  (  tan 

V 


A’  j(c-y)  In  +  (c+y)  In  (-^j  ♦  2c|  (Vic) 


-  -  2 A  *  tan'1  (x*0) 


$(x,0)  -  2L '  tan'1  |  (x*0) 


4-43.  It  was  shown  in  Sec.  3.3  that  if  V  is  any  function,  harmonic  outside  the 

local  surfaces  S,  ,  then 
1 .  .n 


4irV 

o 


ay 

3n 


1.  .n 


3n 


®) 


dS 


A_ 

where  n  is  directed  Into  S, 

1.  .n 

This  relationship  holds  provided  that  the  point  of  evaluation  of  V  is 

located  at  finite  distance  from  S,  .  Demonstrate  that  the  latter 

l .  .n 

restriction  is  unnecessary  by  proceeding  in  the  following  way: 


Let  $  be  the  potential  of  singlet  and  doublet  surface  sources  upon  S. 

1  3V  V  l  •  •  n 

having  the  respective  densities  ^  ^  and  -  ^  (where  the  doublet 

density  is  positive  if  doublet  alignment  corresponds  with  n.  ) 


Show  that  ♦  is  harmonic  outside  S,  and  that  <p  -  V  upon  S,  .  Hence 

i.«n  l..n 

deduce,  by  means  of  equation  (3.1-4)  (with  U  replaced  by  t  and  Z  located 
at  infinity),  that  $  and  V  are  Identical  outside  ^  and  that  V  may 

consequently  be  expressed  everywhere  in  the  above  form. 
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4.8  The  Gradient  of  the  Scalar  Potential  of  a  Volume  Source 


The  gradient  of  the  potential  of  a  finite,  piecewise  continuous  volume 
source  of  density  p,  occupying  a  region  of  space  x  bounded  by  the 
surfaces  S^  ^2,  is  given  at  exterior  points  by 


grad  <f>  =  grad  J  £  dx 
x 


p  grad  -  dx 


J  <*x  (4.8-1) 

x 


This  follows  from  arguments  similar  to  those  leading  to  the  corresponding 
expressions  for  simple  line  and  surface  sources. 

At  any  source  element  where  p  is  differentiable 


grad  £  -  ~  grad  p  +  p  grad  \ 


(4.8-2) 


hence  if  p  is  differentiable  throughout  x 


grad  <f)  = 


-  grad  p  dx  - 


grad  ^  dx 


or,  by  equation  (1.17-5) 


grad  $ 


i  grad  p  dx  -  (jf  j  dS 

S.  2 
1 .  .n 


(4.8-3) 


where  the  surface  integration  is  carried  out  just  inside  x. 

When  p  is  piecewise  continuous  in  x  it  becomes  necessary  to  replace 
equation  (4.8-3)  with  a  set  of  similar  equations  involving  integration 
over  individual  subregions  and  their  interfaces. 


We  now  proceed  to  investigate  the  gradient  of  the  potential  at  interior 
points  of  a  volume  source  throughout  which  p  has  continuous  first 
derivatives.  Before  commencing  the  analysis  it  is  convenient  to 
introduce  two  additional  potential  functions,  viz  the  partial  potential 
and  the  cavity  potential.  The  partial  potential  is  defined  at  interior 

points  of  the  source  by  the  integral  f  ^  dx  where  x^  is  a  small  sphere 


of  fixed  radius  6  centred  upon  the  point  of  evaluation  of  <j>.  Thus  in  the 
evaluation  of  this  function  the  6  sphere  is  carried  from  point  to  point. 
The  scalar  potential  at  any  interior  point  is  seen  to  be  equal  to  the 
limiting  value  of  the  partial  potential  at  that  point  as  6+0.  The  cavity 
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potential  is  defined  for  some  fixed  position  of  the  <5  sphere,  and  is 
given  at  all  points  within  the  sphere  by  f  ~  dr.  In  general,  the 


cavity  and  partial  potentials  will  be  equal  in  value  only  at  the  centre 
of  a  fixed  sphere. 


We  may  write  down  expressions  for  the  gradient  of  the  cavity  potential 
(grad  cavity  pot  p)  at  once  since  the  points  of  evaluation  lie  outside 
the  region  of  integration.  On  taking  account  of  the  variation  of  the 
latter,  we  have  from  equations  (4.8-1)  and  (4.8-3) 


grad  cavity  pot  p 


grad  -  dx 


T-T6 


(4.8-4) 


or 


grad  cavity  pot  p 


p  dt 


P 

r 


dS 


T-Ts 


S1  SA 

1 .  .n  o 


(4.8-5) 


where  S^  is  the  surface  of  the  <5  sphere  about  0. 

To  determine  the  gradient  of  the  partial  potential  we  proceed  as  follows? 


Fig.  4.8a  Fig.  4.8b 

In  Fig.  4.8a  the  point  0  at  which  the  gradient  is  to  be  found  lies  within 
a  region  r  bounded  externally  by  the  surface  Z  and  internally  by  Sj  and 

S£ .  The  point  0T  is  located  on  the  x  axis  through  0  so  that  00 f  -  i  Ax 

where  Ax  is  intrinsically  positive.  Equal  spheres  of  radius  6  are  drawn 
about  0  and  0f.  Since  the  evaluation  of  the  partial  potentials  at  0  and 
01  involves  integrations  which  exclude  those  source  elements  lying  within 
the  6  spheres  centred  upon  each  point  in  turn,  it  follows  that  the 
increment  of  partial  potential  associated  with  movement  from  0  to  O'  is 
equal  to  the  increment  of  partial  potential  which  obtains  at  0  when  the 
scalar  source  field  p  is  slipped  a  distance  Ax  in  the  negative  x 
direction,  while  0  and  its  6  sphere  remain  fixed  in  space. 
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In  Fig.  4.8b  the  boundaries  of  the  region  of  integration  subsequent  to 
this  slip  are  shown  dotted,  except  for  the  sphere  around  0  which 
constitutes  an  integration  boundary  both  before  and  after  slip.  If  we 
suppose  that  individual  volume  elements  maintain  their  positions  relative 
to  0  as  the  source  field  moves  through  them,  the  increment  of  partial 
potential  at  0  becomes  a  consequence  of  the  variation  of  P  experienced  by 
these  elements.  This  contrasts  with  the  earlier  approach  leading  to 
equations  (4.8-1)  and  (4.8-4)  where  fixed  values  of  p  and  variable  values 
of  r  were  attributed  to  each  element. 


The  subregions  marked  T]/,  x2f  and  t ^  in  Fig.  4.8b  are  composed  of 

volume  elements  for  which  p  was  zero  prior  to  the  slip  non-zero  after 
it.  The  reverse  is  true  of  those  regions  marked  Xi",  x2"  and  x" .  The 

bulk  of  the  integration  space,  however,  is  common  to  both  sets  of 
bounding  surfaces,  and  within  this  region,  which  will  be  designated  Tc> 

there  is  a  smooth  variation  of  p  during  the  slipping  process.  If  p  and 
p’  represent  the  initial  and  final  values  of  the  source  density  in  the 
typical  volume  element,  the  resulting  increment  of  partial  potential  at  0 

is  given  by  f  dr,  and  the  corresponding  contribution  to  the 


gradient  of  the  partial  potential  at  0  becomes 


Lim  i_  f  (pt-p)  dx  =  Lim  f  A  (p'-p)  dx 

Ax+0  Ax  j  r  Ax+0  J  r  Ax 


fl  !£ 

j  r  3x 


dx 


T”T6 


The  subregions  xxf,  x2',  x^  and  xf,  x2",  x£"  maybe  divided  into 

elementary  prisms  of  length  Ax  lying  parallel  to  the  x  axis.  A  typical 
element  of  x^  is  shown  in  Fig.  4.8b.  The  right-hand  end  of  the  prism 

comprises  portion  of  the  surface  Si  while  the  left-hand  end  comprises  the 

same  portion  of  Si  displaced.  If  the  end  surface  is  represented  by  the 

vector  dS  then  the  volume  of  the  prism  is  -dSx  Ax.  The  same  expression 

holds  for  the  typical  prism  in  x2f  and  x^, f  since,  in  each  case,  the 

positive  sense  of  dS  is  such  as  to  render  dSx  negative.  The  overall 

contribution  of  these  elements  to  the  potential  gradient  at  0  is 
consequently  given  by 


Lim  i_  f  P  dx 
Ax+0  Ax  j  r 


£  dS  (“dx) 
r  x 


n'ta’V  S' 


p 

r 


dS 


x 


where  S1  represents  those  parts  of  Si,  S2  and  E  contiguous  with  xi  >  x2 
and  x^ ' . 

Similar  reasoning  shows  that  the  component  of  the  potential  .  gradient 
arising  from  the  elimination  of  the  source  field  from  the  regions  Xi  , 
x2"  and  x^n  is  given  by 
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Lim 

Ax+0 


Ax 


|r  dT  ‘ 

_  II •!_  II 

Tl  t2  Tj 


£  dS  Ax 
r  x 


S" 


S" 


where  S"  represents  those  parts  of  Si,  S2  and  Z  contiguous  with  ti"»  t2" 
and  Tj,'* • 

On  summing  all  contributions  we  get 


ai  partial  P0t  p  “  /  I  H  dT  “  f  r  dSx 

t_t«  S1,2E 


(4.8-6) 


whence  we  may  proceed  immediately  to  the  generalisation 


grad  partial  pot  p 


J  ^  grad  p  dt  -  j>  | 


dS 


T-T. 


Sl..nZ 


(4.8-7) 


By  integrating  equation  (4.8-2)  over  the  region  T-xg  and  combining  the 
result  with  equation  (4.8-7)  we  obtain  the  alternative  expression 


grad  partial  pot  p  -  -  J  p  grad  |  dr  +  j  £  dS  (4.8-8) 

T_t6  S6 

It  is  not  immediately  apparent  that  grad  pot  p  may  be  found  by  taking  the 
limit  of  equation  (4.8-7)  or  of  equation  (4.8-8)  as  £-*0,  since  this 
operation  yields 


Llm 

6+0 


grad  partial  pot  p 


rather  than 


grad  partial  pot  p 


as  required.  However,  on  pursuing  the  above  treatment  for  this 
particular  case,  we  see  that,  for  a  field  slip'  Ax,  the  Increment  of  that 
component  of  pot  p  arising  from  common  volume  elements  (say  pot'  p)  is 
given  by 


Llm 

4+0 


T-T, 


T“T. 


A  pot'  p 
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Since  each  Integral  Is  convergent  this  may  be  written  as 


A  pot'  p 


Lim  f p'  -  p 
6-0  ]  r 


dr 


T— T 


6 


Now  the  first  derivative  of  the  source  density  has  been  postulated  to  be 
continuous  throughout  t,  hence  from  Taylor's  theorem 


at  each  point,  where  t-  is  evaluated  somewhere  upon  the  associated  slip 
path. 

Thus 


A  pot'  p  » 


Lim 

6-0 


Ms] "] 


dT 


A  pot'  p  ■  Ax 


[  i 

i£ 

1 r 

3x 

dr 


t-t. 


Hence 


a  »«’  p 

o 


Lim  Lim  /  1 
Ax-0  6-0  J  r 

T-T, 


dT  - 


1  rf-r 

T  S  dt 


It  follows  that 


pot  p  -  /  i  ||  dT  -  j  |  dSx 

Si..nZ 


(A. 8-9) 


and 


-  j  j  gr»d  p  dx  -  j  |  dS 


Sl..n£ 


grad  pot  p 


(A. 8-10) 
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which  confirms  ehe  relationship 


grad  partial  pot  p  -  ^  grad  partial  pot  p  (4.8-11) 

Since  the  surface  integral  in  equation  (4.8-8)  vanishes  as  6+0,  we  have, 
in  addition, 

grad  pot  p  -  -  J  p  grad  £  dx  (4.8-12) 

x 

Any  attempt  to  replace  the  field-slipping  technique  by  a  'variable  r' 
approach  leads  to  difficulties  in  the  limiting  process.  If  Ax  is  allowed 
to  approach  zero  prior  to  6,  the  resulting  expression  represents  the 
gradient  of  the  cavity  potential  within  a  vanishingly  small  6  sphere;  if 
the  order  of  taking  limits  is  reversed,  the  Integrand  of  the  potential  is 
no  longer  a  continuous  function  of  the  coordinates  of  0  in  a 
neighbourhood  of  the  point  of  evaluation  and  the  significance  of  the 
operation  is  not  clear.  Nevertheless,  the  above  analysis  reveals  that 
the  limiting  values  of  grad  cavity  pot  and  grad  partial  pot  are 
identical.  In  addition,  the  relationship 


which  was  employed  in  the  derivation  of  equation  (4.8-1)  where  r  was 
everywhere  greater  than  some  positive  number,  is  now  seen  to  subsist  when 
the  integral  is  Improper,  le  when  0  lies  within  the  source.  However,  it 
should  not  be  supposed  that  the  latter  behaviour  extrapolates  to  higher- 


order  derivatives.  Thus, 


”2  u 


dx 


zero,  because 


vz  J  e  dx  is. 


V2  [i)  . 


ie 


Llm 

6+0 


/-« 

T-T. 


dx 


is  always 


0  for  all  volume 
in  general,  non-zero. 


elements  in  the  integral,  whereas 


The  field-slipping  technique  is  equally  effective  in  the  determination  of 
grad  pot  p  at  exterior  and  boundary  points  of  x.  For  exterior  points, 
where  no  6  sphere  need  be  invoked,  we  arrive  directly  at 
equation  (4.8-10)  without  the  associated  limiting  process,  and  this  may 
be  transformed  into  equation  (4.8-12)  by  integrating  equation  (4.8-2) 
over  the  entire  region  bounded  by  Sj  qI.  At  boundary  points, 

grad  partial  pot  p  continues  to  be  given  by  equation  (4.8-7),  except 
insofar  as  the  6  sphere  excludes  portion  of  the  surface  integral  over 
that  surface  upon  which  0  la  located.  As  6+0  the  volume  and  surface 
integrals  converge  and  grad  pot  p  la  represented  by  equation  (4.8-10)  as 
before.  Since  the  x  component  of  grad  pot  p  is  consequently  equal,  at 

all  points,  to  the  sum  of  the  potential  of  a  volume  source  of  density  -|& 

dS 

and  that  of  surfaces  sources  of  density  -  p  both  of  which  are 

defined  and  continuous  everywhere.  It  follows  that  grad  pot  p  Is  Itself 
continuous  upon  and  through  the  bounding  surfaces. 
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When  the  source  density  has  piecewise  continuous  first  derivatives  in  x 
and  0  lies  within  the  source,  but  not  upon  a  surface  of  discontinuity,  a 
simple  extension  of  the  above  analysis  shows  that  equation  (4.8-7)  must 
be  replaced  by 


T-T, 


where  the  last  term  involves  integration  over  both  sides  of  each  interior 


(f  £  dS  -  j 

f  £  ds 

J  r  J 

r 

S,  l 

s.s^ 

1.  .n 

A  B 

over  both 

sides 

(4. 8-7 (a)) 


surface  of  discontinuity,  the  postive  sense  of  dS  corresponding  to  motion 
through  the  surface  away  from  the  side  of  Integration. 


The  latter  surface  Integral  is  cancelled  when  equation  (4. 8-7 (a))  is 
combined  with  the  set  of  equations  resulting  from  the  integration  of 
equation  (4.8-2)  over  each  subregion  in  turn,  so  that  equation  (4.8-8) 
applies  as  before.  Hence  in  this  circumstance  grad  pot  p  is  given  by 
equation  (4.8-12)  or  by  equation  (4.8-7(a))  with  x-x^  replaced  by  x.  It 

will  be  noted  that  when  piecewise  differentiability  of  p  is  accompanied 
by  continuity  of  p  throughout  x  the  additional  surface  integral  of 
equation  (4. 8-7 (a))  vanishes.  These  expressions  continue  to  hold  when  0 
lies  upon  an  interior  surface  of  discontinuity. 


4.9  The  Laplaclan  of  the  Scalar  Potential  of  a  Volume  Source 
Poisson' 8  Equation 
Extension  of  Gauss's  Law 


When  the  point  of  evaluation  of  the  potential  lies  outside  the  source 


and 

V 2  I  £  dx  -  I  p  V2  ^  dx  -  0 

X  X 

Thus,  the  potential  satisfies  Laplace's  equation  at  points  outside  the 
source,  le 


dlv  grad  pot  p 


0 


(4.9-1) 
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The  same  analysis  applies  at  the  Interior  points  of  a  fixed  cavity 
created  within  the  source*  so  that 


dlv  grad  cavity  pot  p  -  0 


(4.9-2) 


To  determine  the  Laplaclan  of  the  potential  at  Interior  points  of  the 
source  we  note  that  the  x  derivative  of  the  potential  of  p  may  be 
expressed  as  the  potential  of  the  x  derivative  of  f>  together  with  a 

certain  surface  Integral  (4.8-9).  Accordingly*  if  $£-  has  continuous 
first  derivatives  in  t*  then  * 


1.  ,n 


and 


72 


/ 


I  £  V2P  dt 


grad  p.dS 

t 

.n 


j>  p  grad  i.dS 


(4.9-3) 


whence  from  equation  (3.3-3) 


72 


I 


-4vp 


Hence*  at  interior  points  of  the  source* 

dlv  grad  pot  p  -  -4wp  (4.9-4) 

This  Important  result  Is  known  as  Poisson's  equation. 
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The  corresponding  expression  for  the  partial  potential  is  easily  shown  to 
be 


dlv  grad  partial  pot  p 


(4.9-5) 


The  field-slipping  technique  is  equally  applicable  at  points  outside  the 
source. 

In  this  case  we  again  obtain  equation  (4.9-3),  but  because  the  origin  of 
r  is  exterior  to  the  source,  the  right  hand  side  of  equation  (4.9-3)  is 
zero  in  accordance  with  equation  (3.3-1). 

Poisson's  equation  is  seen  to  reduce  to  Laplace's  equation  at  points 
outside  the  source,  or  at  any  interior  point  where  p  is  zero.  In  this 
connection  it  should  be  noted  that  if  p  is  zero  at  an  isolated  point 
within  the  source,  the  value  of  the  Laplaclan  cannot  be  derived 
legitimately  by  the  'variable  r'  approach. 

It  is  clear  that  Poisson's  equation  will  continue  to  hold  when  p  is 
piecewise  continuous,  provided  that  discontinuities  of  p  and  its 
derivatives  are  excluded  from  a  neighbourhood  of  0;  for  the  'variable  r' 
analysis,  which  shows  that  the  excluded  source  elements  contribute 
nothing  to  the  Laplaclan  at  0,  is  insensitive  to  a  finite  number  of  such 
discontinuities. 

The  conditions  under  which  Poisson's  equation  is  valid  may  be  shown  to  be 
much  less  restrictive  than  would  be  suggested  by  the  field-slipping 
analysis.  It  is,  in  fact,  only  necessary  that  p  should  satisfy  a  Holder 
condition  at  the  point  in  question,  although  this  admits  of  the 

19 

possibility  that  p  is  not  differentiable  there  (see  Ex. 4-48.  and  4-49., 
pp.  284-5). 

An  application  of  Poisson's  equation  permits  of  an  extension  of  Gauss's 
law  to  Include  the  case  in  which  the  surfaces  nE  of  Integration  of 

grad  4  are  immersed  in  a  volume  source  in  which  are  embedded  point,  line 
and  surface  sources  which  have  no  point  in  common  with  Sj  nE.  Upon 

Integrating  equation  (4.9-4)  for  that  component  of  the  potential  deriving 
from  the  volume  source  alone,  we  get 

<l  grad  pot  p.dS  - 


19.  Kellogg,  Ch.  6.  In  the  present  context,  p  satisfies  a  Holder 
condition  at  0  if  there  is  a  neighbourhood  of  0  for  which 

| p (0* )— p (0) |  S  Ara,  where  r  -  00*  and  A  and  a  are  positive  numbers.  A 
Holder  condition  implies  continuity  but  not  necessarily  differentiability. 
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This  continues  to  hold  when  p  Is  bounded  and  satisfies  a  Holder  condition 
everywhere  except  upon  Interior  surfaces  of  discontinuity;  for  If  the 
region  Is  divided  into  a  set  of  subregions  lying  just  within  the  surfaces 
of  discontinuity,  equations  of  the  above  type  hold  for  each  of  the 
subregions  in  turn  and  the  limiting  values  of  the  surfaces  integrals  over 
the  interfaces  cancel  In  pairs  since  grad  pot  p  is  continuous  through 

them.  The  components  of  t>  grad  $.dS  arising  from  the  remaining  sources 

SI..n2 

retain  the  values  found  previously  because  the  superposition  Is  linear, 
hence  for  the  complete  source  system 


(-  grad  <fr).dS 


Sl-a1 


4ir  *  total  strength  of  sources  enclosed  (4.9-6) 


As  a  consequence  of  the  definition  of  the  partial  potential  in  terms  of 
an  excluding  6  sphere,  the  foregoing  expressions  for  the  potential  and 
its  derivatives  -  cavity  potential  apart  -  Involve  the  limiting  values  of 
volume  Integrals  as  6-K).  It  is  easily  shown  that  the  same  limiting 
values  obtain  for  all  regular  excluding  regions.  This  continues  to  be  so 
in  most  of  the  subsequent  analyses  (unless  the  geometrical  properties  of 
the  6  sphere  are  Invoked  for  the  purpose  of  evaluation)  although,  in 
general,  the  6  notation  will  be  retained.  In  the  few  cases  in  which 
volume  Integrals  are  non-convergent ,  attention  will  be  drawn  to  the  fact. 


EXERCISES 


4-44.  The  relationship 


grad  f  |  dt  -  -  f  p  grad  ^  dx  -  f  p  ^  dx 


subsists  at  each  point  of  a  volume  source  in  which  p  is  piecewise 
continuous . 

Demonstrate  this  in  the  following  way. 

Let  0  be  an  interior  or  boundary  point  of  the  source.  With  0  as  centre 
draw  a  sphere  of  fixed  radius  a.  Then  the  above  relationship  clearly 
holds  for  source  elements  outside  the  sphere.  Now  draw  a  concentric 
sphere  of  radius  6  within  the  first.  Let  01  be  a  point  displaced  from  0 
by  a  distance  Ax  (<6)  along  the  positive  x  axis  through  0,  and  let  r' 
and  r  be  distances  measured  from  O'  and  0  respectively. 

Make  use  of  the  inequalities  |r-r'|  i  Ax  and  i  5  (£  +  to  show 
that  a  positive  A  exists  such  that  for  6  <  A 
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U(o,)-*(o) 

/*■  -  —?*■  * 

P  T{J 

7  \ 

where  ♦(O’) 
T6 


-p  dt  and  e  has  any 


positive  value. 


T6 


Then  show  that  for  this  value  of  A  a  positive  X  exists  such  that  for 
Ax  <  X  an  Inequality  identical  with  the  above  holds  for  source  elements 

lying  between  the  spheres.  For  this  purpose  expand  p  in  terms  of  -  as 

in  Sec.  4.1,  bearing  in  mind  that  |p  (cos  0) |  S  1. 

ID 


Hence,  prove  that 


List 

Ax+0 


4>(0')-*(0) 
t  t 


/Ax  - 


p(x-x  ) 
—73^  dt 


and  complete  the  demonstration. 

4-45.  It  follows  from  equation  (4.8-8)  that 


T 

T— T  , 


T— T  . 


dS_ 


hence 


%/*di  *  - 

r-T,  t-t.  S, 


dS 


Show  that  the  field-slipping  technique  may  be  used  to  expand  the  right- 
hand  side  of  the  lower  equation,  and  so  derive  an  expression  for 

V2  j"  £  dT  in  terms  of  volume  and  surface  integrals.  Reduce  this 

T"T«  /  A 

expression  to  (4.9-5)  by  expanding  div  (  p  grad  -)  and  forming  its  volume 
Integral  over  T-rfi.  '  ' 

4-46.  Show  that 


72 1  vr„(?)JS  -  72  /  ;  £ dS  -  0 

S1..»E  Sl..nE 

dv 

where  V  and  ^  are  piecewise  continuous  upon  n£  and  the  point  of 
evaluation  does  not  lie  on  any  surface. 
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Hence  show  by  means  of  Green's  formula  (equation  (3.3-3))  that  If  V  Is 
any  function  well-behaved  in  xf  then,  at  Interior  points  of  t, 

-4ttV2V  -  V2  I  ^  dt 

T 


or 

_4tty  ■  V2  J  -  dt  where  y  -  V2V 

T 

[This  does  not  constitute  a  general  proof  of  Poisson's  equation  because 
y  is  not  an  independent  point  function.] 

4-47.  Make  use  of  the  result  of  Ex. 4-18.,  p.  243  to  prove  that  ■  -4*p  at 
all  interior  points  of  a  spherical  volume  source  of  constant  density  p. 

4-48.  The  potential  at  a  distance  R  from  the  centre  of  a  spherical  volume 
source  of  radius  a  and  density  f(R)  is  given  by 

R  a 

♦  -  g  J  f  (R)  4irR2  dR  +  f  f  (R)  4wR  dR  (RSa) 

J0  R 


a 

♦  -  g  j  f(R)  4*R2  dR  (Rka) 

in  accordance  with  the  results  of  Ex. 4-18.,  p.  243. 

If  f(R)  is  everywhere  continuous,  show  that 


R 

*  “  R5  f  f(R)  4,rR2  dR  :  “  -4irf (R)  (0<R<a) 

*'0 


it 

dR 


0 


V2*  -  -4irf  (0)  (R-0) 


a 

«  "  ’  R2  /  f(R)  4WR2  dR  *  V2*  "  0  (*>») 

0 
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4-49.  Let  the  density  of  a  spherical  volume  source  be  given  by  p  ■  R  sin  -, 
where  R  represents  distance  from  the  centre  of  the  source.  Show  that 

r  v2 p 

the  derivatives  of  p  are  undefined  at  R  ■  0  and  that  /  dx  is  non- 


T 

convergent  there.  Hence  conclude  that,  in  this  case,  the  field-slipping 
technique  fails  to  define  a  value  of  V2$.  Note,  however,  that  on  the 
basis  of  the  previous  exercise  (or  because  p  satisfies  a  Holder 
condition)  the  Laplacian  of  <p  does  exist  at  R  ■  0  and  is  zero  there. 


4-50.  Let  oj,  uj ,  pj,  and  02»  M2»  P2  denote  two  sets  of  finite,  continuous 

source  distributions  on  given,  non- intersecting  surfaces  and  in  space, 
and  let  pi  and  p2  satisfy  a  Holder  condition  at  all  points.  If  the  two 

sets  give  rise  to  the  same  potential  at  all  points  outside  the  surfaces, 
show  that  the  corresponding  source  densities  are  everywhere  identical. 

[Hint:  Consider  the  behaviour  of  the  potential  field  deriving  from  the 
difference  distributions  Oj  -  tfj*  Hi  -  P 2*  Pi  ”  P2*l 

4-51.  It  is  possible  to  develop  planar  equivalents  of  the  relationships 
derived  in  Secs.  4.8  and  4.9. 


Consider  the  potential  in  the  xy  plane  of  a  system  of  logarithmic 
surface  sources  of  density  o'  in  the  region  S  of  the  plane  bounded  by 
the  closed  curves  I*.  T*.  If  o'  is  finite  and  piecewise  continuous  in 
S  we  may  define  *’n 


partial  pot  o'  ■  J  o’  In  ^  dS 
s-si 


where  S.  is  the  region  within  a  circle  of  radius  €  centred  upon  the 
o 

point  of  evaluation  0,  and 

pot  o'  ■  J  of  In  -  dS 
S 

Devise  a  procedure  similar  to  that  adopted  in  Sec.  4.4  to  demonstrate 
that  the  Integral  for  pot  o'  is  convergent,  and  that  the  potential  is 
continuous  everywhere  in  the  plane. 

Develop  a  planar  field-slipping  analysis  to  show  that  at  interior  points 
of  S,  where  it  is  supposed  that  o'  is  well-behaved, 

J 

—  partial  pot  o'  - 


If’  |  dS  - 

s-s. 


1  —  — 

In  -  n\i  ds 
P 


r,  r* 

1.  ,n 
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and 


grad  partial  pot  o'  -  J  (grad  o')  In  ^  dS  -  <f  o’  In  £  n'  ds 


S-S, 


T,  I" 
1.  .n 


where  n'  is  the  unit  outward  normal  to  the  bounding  curve. 

Expand  grad  o 1  In  ^  and  integrate  over  S-S^  by  means  of  the  planar 


analogue  of  equation  (1.17-3)  to  obtain 


j  10  5 

ri..nr’r« 


1 


S-Sx 


ds  »  (o'  grad  In  £  dS  +  I  ( In  i )  grad  a '  dS 


S-Sx 


*6  °  °6 
where  is  the  boundary  of  S^,  and  hence  show  that  within  the  region  S 

grad  pot  o'  -  J  (grad  a')  In  £  dS  -  ^  o’  In  £  n'  ds 
S  r,  T' 

1..B 


o’  grad  In  -  dS 


Devise  an  independent  proof  of  the  latter  relationship  for  points 
exterior  to  the  source  system. 


Finally,  show  that 
grad  cavity  pot  o’ 


o'  grad  In  -  dS 
P 

S-S. 


j  (grad  o')  In  jy  dS  -  <j>  o'  In  £  n*  ds 


S-S. 


r.  r'r. 

1 .  .n  6 


4-52.  Extend  the  analysis  of  Ex. 4-51.  to  show  that 


.  2  partial  pot  a 

o 


i  m 


&'  lnsdS-f  sf'  d» 


S-Sx 


r.  r 

1.  ,n 


+  k  (ln  i)  "'*T  ds 

r  r 

1.  .n 
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and  proceed  to  the  relationship 

V2  pot  o'  ■  J  (V2a')  In  -  dS 
S 


By  combining  this  with  equation  (3.9-3)  derive  Poisson’s  equation  in  the 
plane,  viz 

div  grad  pot  o'  -  V2  f  o’  In  -  dS  -  -2™' 

J  P 

S 


-f 


ao' 

an' 


In  -  ds  + 
P 


ri..nr' 


1.  .n 


_a_ 

an1 

r’ 


In  - 
P 


ds 


4-53.  Show  that,  with  the  exception  of  Poisson’s  equation,  the  formulae  of 
Ex. 4-51.  and  4-52.  continue  to  hold  when  the  problem  is  converted  to  one 

of  Newtonian  potential  in  the  plane,  provided  that  In  -  is  replaced 

1  p 
everywhere  by  -. 

4-54.  If  the  origin  of  r  lies  within  the  region  bounded  by  the  surfaces  Sj 
and  if  <|>  is  the  potential  of  interior  sources,  show  that 


Sl..n£ 


0 


4-55.  Prove  that  Poisson’s  equation  continues  to  hold  at  points  where  p  has 
continuous  second  derivatives  when  p  is  piecewise  continuous  within  the 
region  of  integration  with  open  or  closed  surfaces  of  discontinuity. 

4<-56.  Employ  a  field-slipping  analysis  to  show  that 

72  (partial)  J  ®  cos  or  dt  *  j*  (v2p)  -  cos  ar  dt 
T“T6  T"T« 

+  f  [0  Is  (; C08  «)  - ; cos  ds 


where  a  Is  a  constant,  and  transform  this  result  via  a  modified  form  of 
Green’s  theorem  into 
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V2  (partial)  '  £  cos  ar  dT  »  -  a2  f  -  cos  ar  dt 

J  r  J  T 


it 


cos  or  j£  -  p  k  (J  cos  ar)>  dS 


Hence  demonstrate  that 


(V2+t»2)  j  £  cos  ar  dr  ■  -4irp 


Show  similarly  that 


(V2+a2)  [  £  sin  ar  dT  -  0 


and  deduce  that 


(V2+ot2)  |  £  e±jor  dr  -  -4irp 
J  T 


4-57.  Proceed  as  in  the  previous  exercise  to  show  that 


(V2-y2)  [  £  e-Yr  dT  •  -4irp 

*  T 

where  y  is  a  real,  imaginary  or  complex  constant,  and  so  derive 
(V2+(a2-82)-2JaB)  J  £  e4^0r  e*^  dt  »  -4irp 

where  a  and  8  are  real  constants. 

4-58.  Let  the  point  function  V  have  continuous  second  derivatives  throughout 
all  space  and  be  regular  at  infinity,  and  let  V2V  be  zero  outside  a 
sphere  of  finite  radius.  If  4  1*  the  potential  of  a  volume  source  of 

density  -  V2V,  modify  the  argument  of  Ex. 4-43.,  p.  272  to  show  that  V 
and  t  are  Identical,  and  that  V  may  therefore  be  expressed  everywhere  as 

4"vo  •  -  /^r dT 
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4-59.  Develop  the  planar  analogues  of  the  previous  exercise  and  that  of 
Ex. 4-43.,  p.  272. 

4.10  Equivalent  Layer  Theorems  In  Scalar  Potential  Theory 

Let  the  surfaces  S^  divide  a  finite  system  of  sources  Into  two  parts, 
viz  that  within  the  region  R  bounded  by  Sj  ^Z  and  that  outside  It.  It 

Is  supposed  that  no  point  source  lies  upon  the  bounding  surfaces  and  that 

no  line  or  surface  source  has  a  point  in  common  with  them.  However, 

volume  sources  may  or  may  not  be  continuous  through  them.  Let  the 

potential  fields  deriving  from  sources  within  and  without  R  be  designated 
and  respectively,  and  let  ♦  ■  Since  Is  harmonic  in  R 

It  follows  from  Green's  formula  that  at  any  interior  point  0  of  R 


s,  Z 

l..n 


(4.10-1) 


where  n  is  directed  out  of  T. 


Thus  the  potential  at  0  due  to  sources  outside  R  (integration  volume  x#) 
is  equal  to  that  deriving  from  simple  and  double  layer  surface  sources  on 

Sj  nE  of  densities  ^  and  respectively,  where  the  doublet 

density  Is  positive  if  doublet  alignment  corresponds  with  n. 


These  surface  sources  are,  for  obvious  reasons,  known  as  equivalent 
layers . 

It  is  easily  shown  that  layers  of  densities  ^  and  likewise  satisfy 
the  requirement.  For  the  same  origin  of  r  within  R  and  integration  of  ^ 
over  each  of  the  components  of  in  turn.  Green's  formula  becomes 


and 


0 


0 


1 - n  (4.10-2) 


Z 


(4.10-3) 

A 


where  n*  is  directed  into  R. 
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The  surface  integral  at  infinity  is  zero  because  ^  is  harmonic  outside  R 

so  that  upon  subtracting  equations  (4.10-2)  and  (4.10-3)  from  (4.10-1)  we 
obtain 


4tt 


♦ 


3n 


S 


l..n 


Z 


dS 


(4.10-4) 


which  leads  to  the  result  stated. 

4  and  4^-  refer  to  values  actually  obtaining  upon  S,  t  since  the 
dn  i  • .  n 

components  and  together  with  their  normal  derivatives,  are 

continuous  through  and  upon  S,  In  spite  of  possible  discontinuities  of  p. 

It  is  evident  from  the  considerations  of  Sec.  4.5  that  an  infinite  number 
of  equivalent  layer  combinations  exist,  having  the  densities 


where  U  represents  a  set  of  functions  harmonic  in  the  regions  comprising 

t  ,  and  t  j  is  the  single-ended  derivative  on  S.  Z.  A  solution  of  the 
©  an  i  •  •  q 

Dlrlchlet  or  Neumann  problem  for  an  individual  region  permits  of  the 

elimination  of  the  double  or  simple  layer  upon  the  associated  surface. 

The  above  analysis  Includes  the  cases  of  interior  and  exterior 
equivalence  when  only  one  bounding  surface  is  Involved.  By  deleting  the 
surfaces  ^  and  identifying  Z  with  the  given  surface  S  we  see  that  the 

potential  within  the  enclosure  due  to  sources  outside  it  is  duplicated  by 
that  of  surface  layers  of  the  prescribed  densities  where  the  positive 
sense  of  the  normal  is  directed  out  of  the  enclosure.  If,  on  the  other 
hand,  the  surfaces  n  are  deleted  and  S}  identified  with  S  while  Z  is 

removed  to  infinity,  the  potential  outside  the  enclosure  due  to  sources 
within  it  is  seen  to  be  duplicated  by  that  of  the  prescribed  surface 
layers,  where  the  positive  sense  of  the  normal  is  directed  into  the 
enclosure.  Hence,  if  the  layer  densities  are  expressed  in  terms  of  the 
total  potential  and  its  normal  derivative  on  S,  the  magnitudes  of  the 
equivalent  layers  are  unchanged  in  passing  from  the  problem  of  interior 
to  that  of  exterior  equivalence,  for  given  interior  and  exterior  sources, 
but  the  polarities  are  reversed. 

The  foregoing  results  are  embodied  in  part  in  the  following  equivalent 
layer  theorem. 
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Theorem  4.10-1 


If  sources  of  potential  exist  within,  and  without  the  region  bounded  by 
the  set  of  surfaces  Sj  qE,  the  potential  within  the  region  resulting 

from  exterior  sources  is  identical  with  that  deriving  from  simple  and 

double  layer  surface  sources  on  Sj  rE  of  densities  and 

respectively,  where  the  positive  normal  is  directed  out  of  the  region 
and  $  represents  either  the  potential  of  the  exterior  sources  or  the 
total  potential. 

Equivalent  layer  theory  has  a  wider  significance  in  certain  physical 
applications  than  appears  in  the  above  considerations.  It  was  pointed 

out  in  Ex. 3-31.,  p.  210  that  the  velocity  field  v  of  an  incompressible 
fluid  undergoing  irrotatlonal  motion  could  be  expressed  as  the  gradient 
of  a  scalar  point  function  tji  which  is  everywhere  harmonic  within  the 
field  of  flow  except  in  a  neighbourhood  of  a  source  (or  sink)  or  upon  a 

surface  of  discontinuity  of  v.  Suppose  that  the  closed  surface  S  bounds 

a  region  free  from  fluid  sources  and  surfaces  of  discontinuity  of  v. 
Then 

*o  ■  f  [r  Si  ST  '  5?  Is  (r)}  dS 
S 


Since,  for  any  given  disposition  of  exterior  sources,  the  field  of  flow 
within  S  Is  modified  by  the  introduction  of  exterior  barriers  to  the  flow 
in  the  form  of  impervious  bodies,  it  is  clear  that  the  equivalent 
potential  sources  defined  by  the  above  integral  take  account  not  only  of 
Che  effect  of  exterior  sources  but  also  of  the  modification  Introduced  by 

exterior  surfaces  of  discontinuity  of  v  -  this  has  no  parallel  in  the 
potential  theory  treated  above  where  sources  alone  produce 
discontinuities. 

Similar  arguments  apply  in  the  case  of  heat  flow. 


EXERCISES 


4-60.  Let  a  closed  geometrical  surface  S  be  equipotential  in  the  presence  of 
sources  within  and  without  the  enclosure.  Show  that  the  interior 
sources  may  be  removed  and  a  simple  layer  source  of  equal  total  strength 
defined  upon  S  in  such  a  way  as  to  leave  the  exterior  potential  field 
unaltered. 

Show  further  that  the  potential  field  within  the  enclosure  may  be 
everywhere  reduced  by  an  amount  equal  to  the  original  potential  of  S  by 
the  removal  of  the  exterior  sources  and  the  appropriate  disposition  upon 
S  of  a  simple  layer  source  whose  total  strength  is  equal  and  opposite  to 
that  of  the  interior  sources. 

Prove  that  in  each  case  the  required  distribution  of  surface  density  is 
unique. 
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4-61 .  Show  chat  Theorem  4.10-1  applies  to  logarithmic  sources  in  the  plane 
provided  that  contours  replace  surfaces*  line  singlets  and  doublets 

simple  and  double  layer  surface  sources*  and  4-  t^t»  -  i — 
1  H  ♦ 


replace 


"P1"*  7?  -  4i- 

[Proceed  from  equation  (3.9-3),  shoving  that  the  line  Integral 


is  always  zero  at  infinity.] 

4-62.  Let  A  and  B  be  points  of  the  plane  having  the  coordinates  (+d,0)  and 
(-d,0).  If  pi  and  P2  denote  distance  measured  from  A  and  B 

respectively,  show  that  the  locus  of  points  which  maintain  -  k(const) 
is  a  circle  of  centre  d  and  radius  - — ,.  Sketch  a  set 

Ck  -l)  «kM)2>* 

of  these  circles  for  various  values  of  k,  noting  that  those  having 
reciprocal  values  of  k  form  mirror  Images  in  the  y  axis. 

If  logarithmic  point  sources  of  strength  -fa*  and  -a'  are  located  at  A 
and  B  respectively*  show  that  the  potential  field  within  the  region 
bounded  Internally*  or  Internally  and  externally,  by  any  two  circles  is 
identical  with  that  deriving  from  simple  logarithmic  line  sources  upon 

the  circles  having  the  density  ^*  where  n*  is  directed  out  of  the 

region.  Show  further  that  the  potential  gradient  at  any  point  is 
tangential  to  a  circle  passing  through  that  point  and  having  AB  as  a 
chord . 

[The  equipotential  contours  and  those  orthogonal  to  them  are  said  to 
constitute  a  system  of  coaxal  circles  having  the  radical  axis  x  -  0  and 
the  limiting  points  A  and  B.] 

4.11  The  Method  of  Images  in  Scalar  Potential  Theory 

Whereas  equivalent  layer  theory  is  primarily  concerned  with  the 
substitution  of  boundary  sources  for  sources  which  lie  outside  the  region 
under  consideration*  image  theory  seeks  to  replace  pre-existing  boundary 
sources  by  exterior  sources*  Thus  if  a  region  R  is  bounded  by  the 
surfaces  Sj  nE,  upon  which  are  disposed  simple  ""and/or  double  layer 

sources  whose  potential  field  is  denoted  by  $a*  we  are  required  to  find  a 
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system  of  exterior  sources  of  potential  such  that  4>g  **  at  Interior 

points  of  R.  If  ^  is  the  potential  field  associated  with  existing 

interior  sources  then  an  equivalent  requirement  is  that  $  +  +  ♦. 

20  e  l  s  x 

at  interior  points  of  R  . 

These  remarks  present  the  problem  in  its  most  general  form,  but  in 
practice  the  situation  is  rather  simpler.  Double  layer  sources  are  not 
normally  encountered  in  image  treatments  and  the  number  of  discrete 
surfaces  involved  rarely  exceeds  two.  Nor  are  the  surface  distributions 
arbitrarily  assigned;  the  terms  of  the  problem  invariably  require  that 
or  its  normal  derivative,  satisfy  stated  conditions  upon  the 

surfaces. 

The  validity  of  a  proposed  Image  system,  ie  system  of  surrogate  sources. 
Is  determined  by  means  of  criteria  established  In  Ch.  3.  In  terms  of  the 
present  problem  it  was  there  shown  that  and  $g,  being  harmonic  in  R, 

are  Identical  in  R,  at  least  to  within  an  additive  constant,  provided 
that 

(a)  -  $g  at  all  points  of 

3*  3$ 

or  (b)  at  all  points  of  Sj  nI 

or  (c)  the  tangential  component  of  grad  4  is  identical  with  that  of 

/  3*e  f 

grad  $a  at  all  points  of  ,  and  0  dS  ■  (p  dS  for  each 

surface  In  turn. 

For  the  particular  case  in  which  the  interior  bounding  surfaces  Sj  n  are 

deleted,  ie  when  R  is  aperiphractic,  the  surface  integrals  of  the  normal 
derivatives  of  and  $g  over  I  are  necessarily  zero  and  need  not  be 

specified.  When  R  includes  all  space  outside  S.  ,  ie  when  t  recedes  to 

—  i . .  n 

infinity,  and  <pg  are  identical  in  R  provided  that  either  (a)  or  (b)  or 

(c)  is  satisfied  at  all  points  of  the  local  surfaces.  Image  equivalence 
is  often  considered  complete  when  it  leads  to  equality  of  potential 
gradients  throughout  R  rather  than  equality  of  potentials,  in  which  case 
a  constant  difference  of  potential  is  of  no  significance. 


20.  It  is  not  possible  to  equate  and  $a  upon  a  bounding  surface  itself 
in  the  presence  of  a  double  layer  surface  source  since  4  Is  then 

undefined.  Similarly  is  undefined  upon  a  simple  layer  source.  In 

subsequent  references  to  the  matching  of  potential  functions  and  their 
derivatives  over  Sj^  we  refer  to  the  limiting  values  of  these  functions 

as  the  surfaces  are  approached  normally  from  within  R.  Alternatively,  we 
may  Identify  integration  over  S1  nE  as  integration  over  a  corresponding 

set  of  surfaces  drawn  just  inside  R. 
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Since  and  its  derivatives  are  supposed  to  be  continuous  upon  S^ 
the  conditions  for  the  Identity  of  and  $g  (or  of  ^  and  +  4^) 

in  R,  as  listed  above,  may  be  replaced  by 

(a’)  *e  +  "  ♦g  +  *±  at  a11  Points  of  Sj 

or  (b'>  Is  ‘  Is  (W  «  411  "olnta  of  Sl..nE 

or  (c')  the  tangential  component  of  grad^-f^)  is  identical  with 
that  of  grad^+d^  at  all  points  of  s;  ,n£  and 

1“  ($  +♦.)  dS  for  each  surface  in  turn. 
an  si 

Combinations  of  these  conditions  (and  of  (a),  (b)  and  (c)  above)  are  also 
admissible. 

It  should  be  noted  that  the  uniqueness  theorems  developed  in  Sec.  3.6  for 
non-harmonic  fields  lead  to  (a*),  (b*)  and  (c*)  without  dissection  of  the 
potential  functions  into  harmonic  and  non-harmonic  components. 

The  term  'image*  first  arose  in  connection  with  the  problem  of  a  half 
space  upon  whose  boundary  plane  a  simple  layer  source  is  so  distributed 
as  to  maintain  the  plane  at  zero  potential  in  the  presence  of  a  point 
source  within  the  half  space.  In  this  case  the  potential  of  the  surface 
source  is  duplicated,  within  the  half  space,  by  that  of  an  equal  and 
opposite  point  source  located  at  the  position  of  the  mirror  image  of  the 

21 

original  source  in  the  plane  .  (See  Ex. 4-77.,  p.  303.) 

Image  systems  are  not  restricted  to  point  sources.  Thus  in  the  above 
half  space  problem  an  extended  object  source  would  demand  an  extended 
image  source  since  matched  object/image  elements,  when  taken  in  pairs, 
maintain  the  required  boundary  potential.  This  remains  true  when  the 
geometry  of  the  system  requires  that  the  object  and  image  complexes  have 
different  shapes  (Ex. 4-75.,  p.  302).  On  the  other  hand,  a  single  point 
source  may  require  more  than  one  point  image  and  possibly  an  infinite 
number,  depending  upon  the  nature  of  the  surface  sources  to  be  replaced 
(Ex. 4-76.,  p.  302  and  Ex. 4-78.,  p.  304). 

Image  methods  may  be  applied  to  the  solution  of  physical  problems  in 
which  the  scalar  fields  under  consideration  are  not  primarily  defined  as 

22 

Newtonian  (or  logarithmic  )  potentials.  While  we  continue  to  seek  a  set 
of  sources  whose  potential  equates  the  scalar  field  at  interior  points  of 
a  bounded  region,  it  may  no  longer  be  possible  to  Identify  the  role  of 
the  image  component  as  that  of  a  substitute  for  boundary  sources  since 
the  latter  may  have  no  physical  existence.  Consider,  for  example,  the 
irrotational  flow  of  an  incompressible  fluid  from  a  point  source  of  unit 
strength  in  the  vicinity  of  an  infinite,  plane.  Impervious  boundary. 
From  previous  considerations  the  velocity  field  may  be  expressed  as 


f  k  (v*i>  ds  •  j 


21.  In  this  connection  it  should  be  borne  in  mind  that  the  criteria  of 
Identity  established  above  are  not  directly  applicable  to  systems  which 
involve  unclosed  surfaces  of  infinite  extent. 

22.  The  treatment  of  images  in  logarithmic  potential  theory  parallels 
that  for  Newtonian  potentials. 
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v  ■  -  grad 


where 

(1)  *  0  upon  the  bounding  surface 

(2)  V2$  ■  0  outside  the  source 

(3)  ♦  -  — r  +  U  within  a  neighbourhood  of  the  source 

where  r'  denotes  distance  from  the  source  and  U  is  some  continuous  scalar 
function. 

Now  a  potential  function  which  derives  In  part  from  a  source  of  unit 
strength  coincident  with  the  fluid  source  and  in  part  from  a  point  source 
of  equal  magnitude  and  sign  in  the  mirror  image  position,  has  the 
following  characteristics: 

(1)  Jn  “  0  uPon  the  bounding  surface 

(2)  V2$  -  0  in  the  half  space  outside  the  parent  source 

(3)  ~7  +  U1  within  a  neighbourhood  of  the  parent  source,  where  U' 
is  some  continuous  scalar  function 

(4)  is  regular  at  infinity. 

Hence  for  *  regular  at  infinity,  it  follows  from  the  arguments  of 
Sec.  3.6  that  ♦  -  1>  throughout  the  operating  half  space.  The 
modification  of  the  point  function  $  which  attends  the  introduction  of 
the  barrier  to  the  flow  is  seen  to  be  paralleled  in  the  mathematical 
potential  model  by  the  effect  of  the  image  source.  A  similar  analysis  is 
applicable  to  the  steady  state  flow  of  heat  in  a  half  space  of  uniform 
thermal  conductivity  contiguous  with  a  half  space  of  zero  conductivity. 

It  will  be  recalled  that  the  solution  of  similar  problems  in  Ch.  3,  by 
means  of  Green's  functions,  made  use  of  mirror  image  points  to  define  one 
component  of  these  functions.  However,  the  image  point  was  then  required 
to  mirror  the  point  of  evaluation  of  the  field  and  consequently  moved 
with  it,  whereas  it  currently  mirrors  the  source  and  remains  fixed  in 
space.  Nevertheless,  the  earlier  form  of  solution  may  be  transformed 
easily  into  the  later,  as  will  be  evident  from  an  examination  of  the 
solutions  of  Ex. 3-34.  and  3-35.,  p.  211. 

The  method  of  images  may  be  extended,  in  certain  cases,  to  the  evaluation 
of  a  scalar  field  over  contiguous  regions  of  space  when  the  field  or  its 
normal  derivative  is  discontinuous  through  the  common  boundary.  Thus 
consider  the  steady  state  flow  of  heat  from  a  point  source  of  unit 
strength  located  at  P  in  a  homogeneous  half  space  of  thermal  conductivity 
kj,  contiguous  with  a  half  space  of  conductivity  ka.  It  is  known  from 

the  results  of  Ex. 3-28.  and  3-29.,  p.  209  that  the  temperature  T  is 
harmonic  at  interior  points  of  each  half  space  except  in  a  neighbourhood 
of  the  source,  where  it  takes  the  form 


296 


FIELD  ANALYSIS  AND  POTENTIAL  THEORY 


[Sec. 4. 11 


T 


+  U 


where  r*  Is  distance  measured  from  the  source  and  U  is  some  continuous 
function. 

The  normal  component  of  the  heat  flow  vector,  -k  grad  T,  must  be  every¬ 
where  continuous  through  the  interface  for  a  common  sense  of  the  normal, 
since  there  can  be  no  accumulation  of  heat  upon  it  under  steady  state 
conditions,  hence 


A 


0 


We  will  suppose  that  there  is  no  discontinuity  of  temperature  through  the 
23 

interface  so  that 


AT  -  0 


Finally,  it  will  be  assumed  that  T  may  be  treated  as  regular  at  infinity. 


Reference  to  a  simplified  form  of  Theorem  3.6-1  shows  that  the  above  set 
of  relationships  is  sufficient  to  define  T  uniquely  throughout  all  space. 
(For  this  purpose  T  is  identified  with  V,  and  k  with  g;  all  surfaces 
other  than  S  and  Z  are  deleted,  S  being  identified  with  the  interface 

of  the  half  spaces  and  2  with  a  spherical  surface  of  infinite  radius 
centred  upon  a  local  origin.)  Now  it  is  easily  shown  that  the 
relationships  in  T  are  duplicated  by  a  potential  function  $  which  is 
defined  in  the  k}  half  space  as  the  combined  potential  of  a  point  source 


of  strength  ^  at  P  and  a  point  source  of  strength  ^  (k}+k2)  at  the 

image  position  P',  and  in  the  k2  half  space  as  the  potential  of  a  point 

2 

source  of  strength  at  P.  It  follows  that  4>  is  everywhere  identical 

with  T  and  that  the  temperature  at  any  point  0  is  given  by 


2  1_ 
ki  +  k2  rp 


where  r  Is  distance  measured  from  0. 


23.  This  la  one  of  a  number  of  possibilities.  See  H.S.  Carslaw  and 
J.C.  Jaeger,  "Conduction  of  Heat  in  Solids",  p.  23,  2nd  ed.,  Oxford 
University  Press  (1959). 
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It  will  be  observed  that  neither  Image  source  Is  situated  in  the  region 
whose  temperature  it  defines ;  this  is  clearly  a  requirement  if  T  Is  to 
remain  harmonic  at  all  interior  points  of  the  half-spaces  beyond  a 
neighbourhood  of  the  source  of  heat. 


EXERCISES 


4-63.  A  simple  layer  source  is  distributed  over  a  spherical  surface  S  in  such 
a  way  as  to  maintain  its  potential  constant  in  the  presence  of  other 
sources.  Show  that  if  these  additional  sources  lie  outside  the  sphere, 
the  potential  throughout  the  region  enclosed  by  the  sphere  is  constant 
and  equal  to  its  value  on  the  surface,  and  that  if  they  lie  inside  the 
sphere,  the  potential  at  exterior  points  and  upon  the  surface  is 
identical  with  that  which  would  obtain  if  all  source  elements  were 
concentrated  at  the  centre. 

4-64.  A  point  source  of  strength  a  is  located  at  P,  a  distance  f  from  the 
centre  T  of  a  sphere  of  radius  a  (>£ ) .  A  simple  layer  source  is 
distributed  over  the  surface  in  such  a  way  as  to  maintain  It  at  the 
constant  potential  in  the  presence  of  the  point  source.  If  the  total 

source  strength  upon  S  is  deduce  from  the  result  of  Ex. 4-63.  that 

*s  -  (a+ag)/a 


Show  that  the  potential  of  the  simple  layer  is  duplicated  at  interior 
points  of  the  sphere  by  that  of  an  exterior  image  system  comprising  a 

point  source  of  strength  -  |  a  at  the  point  P',  inverse  to  P  In  the 

sphere  (see  Ex. 3-33.,  p.  210),  together  with  a  concentric  spherical 
surface  source  of  any  radius  d  (>a)  and  uniform  density  $g/4*d,  so  that 

the  potential  of  the  original  system  at  an  interior  point  0  is  given  by 


♦ 


o 


+  ♦ 


S 


where  r  is  distance  measured  from  0. 

Use  this  expression  and  the  result  of  Ex. 4-63.  to  prove  that  the  surface 
density  o  (-  -  ^  4  at  any  point  Q  of  the  surface  is  given  by 

°Q  '  ' 

and  confirm  that  the  surface 
4-65.  Repeat  Ex. 4-64.  for  the  case 


4*3  t  4wa^ 

integral  is  equal  to  a<,. 
f  >  a. 
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The  Image  system  comprises  a  point  source  of  strength  -  ~  a  at  the 
inverse  point  P'  together  with  a  point  source  of  strength  ag  +  |  a  at  T, 
so  that  at  an  interior  point  0 


At  any  point  Q  of  the  surface 


‘Q 


a(f2-a2)  aS  .  a 
4ira  PQ3  *4^  ^af 


4-66.  A  simple  logarithmic  line  source  is  distributed  around  a  circle  T  in 
such  a  way  as  to  maintain  its  potential  constant  in  the  presence  of 
other  logarithmic  sources  in  the  plane.  Show  that  if  these  additional 
sources  lie  outside  the  circle,  the  potential  throughout  the  region  of 
the  plane  bounded  by  the  circle  is  constant  and  equal  to  its  value  on 
the  boundary,  and  that  if  they  are  enclosed  by  the  circle,  the  potential 
at  exterior  points  of  the  plane  and  upon  the  circle  is  Identical  with 
that  which  would  obtain  if  all  source  elements  were  concentrated  at  the 
centre. 

[In  the  second  case,  make  use  of  the  expansion  for  In  p  given  in  Ex. 4-9, 
pp.  232-3,  to  show  that  if  <p  is  the  potential  of  the  actual 
configuration  of  sources  and  ^  is  the  potential  field  when  all  sources 

are  concentrated  at  the  centre,  $  -  ^  +  0  as  =  and  as  ^  when 

R-h*.  3 

This  represents  a  particular  case  of  the  boundary  conditions  mentioned 
on  pp.  203-4.] 

4-67.  A  logarithmic  point  source  of  strength  a  '  is  located  at  P,  a  distance  f 
from  the  centre  T  of  a  circle  T  of  radius  a  (>f),  and  in  the  plane  of 
the  circle.  A  simple  logarithmic  line  source  is  distributed  around  the 
circle  in  such  a  way  as  to  maintain  it  at  the  constant  potential  ^  in 

the  presence  of  the  point  source.  If  the  total  source  strength  around  r 
is  a'r  deduce  from  the  result  of  Ex. 4-66.  that 

♦r  -  -  (af+ap  In  a 

Show  that  the  potential  of  the  circular  source  is  duplicated  at  points 
of  the  plane  within  it  by  that  of  a  coplanar  image  system  comprising  a 
logarithmic  point  source  of  strength  -a'  at  the  point  P',  inverse  to  P 
in  the  circle,  together  with  a  concentric  circular  source  of  any  radius 

d  (>a)  and  of  uniform  density  ^a*  In  |  2*d  In  d,  so  that  the 

potential  of  the  original  system  at  an  interior  point  0  is  given  by 


fpP. 

*  •'  ln57  +*r 


where  p  is  distance  measured  from  0 
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Ue«  this  expression  and  the  result  of  Ex. 4-66.  to  demonstrate  that  the 
line  density  A’  (•  ^  A  at  any  point  Q  of  the  circle  is  giver,  by 


V 


Q 


,  »W)  .  *'  l!f 

2*a  PQZ  2ira 


and  confirm  that  the  line  integral  is  equal  to  aj,. 
[Hint: 


U 

a 


cos  0  + 


-1 


d0 


cos  0 


cos  28 


) 


ae 


for  f  <  a] 


4-68.  Repeat  Ex. 4-67.  for  the  case  f  >  a. 

Ans:  -  -Up  In  a  -a’  In  f 

The  image  system  comprises  a  logarithmic  point  source  of  strength  -a’  at 
the  inverse  point  P',  together  with  a  logarithmic  point  source  of 
strength  a'  +  at  T,  so  that  at  an  exterior  point  0 

Pp » 

$o  •  ar  In  - - (a‘+a p  In  pt 


At  any  point  Q  of  the  circle 


A 


,a'  *  ar 

“  2tra  PQ5  2*  a 


—  oOOo  — 


Exercises  4-69.  to  4-71.  deal  with  source  systems  which  may  be 
decomposed  into  sets  of  parallel,  uniform,  rectilinear  elements  of  equal 
length,  bisected  by  a  common  transverse  plane.  The  analysis  of  each 
system  is  to  be  confined  to  chat  region  about  the  central  plane  where 
the  potential  field  is  sensibly  two-dimensional  and  the  non-constant 
component  of  magnitude  varies  logarithmically  with  radial  dlatance  from 
the  associated  line  element  (equation  (4.2-5)).  Planar  theorems  may 
consequently  be  Invoked  in  proofs  of  uniqueness,  but  it  should  be  borne 
in  mind  that  the  demonstration  of  exterior  uniqueness  requires  that  the 
radius  of  an  outer  bounding  contour  be  made  large  compared  with  the 
displacement  of  the  line  elements  from  a  central  axis;  in  this 
circumstance  equation  (4.2-5)  will  continue  to  hold  upon  the  boundary 
only  if  the  length  of  the  system  be  maintained  large  compared  with  the 
contour  radius  itaalf. 
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4-69.  A  simple  layer  source,  whose  density  is  a  function  of  angular  position 
only,  is  distributed  over  the  surface  of  a  cylinder  in  such  a  way  as  to 
maintain  its  potential  constant  in  the  presence  of  other  uniform  axial 
sources.  Show  that  if  these  additional  sources  are  exterior  to  the 
cylinder  the  potential  within  the  cylinder  is  constant  and  equal  to  its 
value  on  the  surface,  and  that  If  they  lie  within  the  cylinder  the 
potential  at  exterior  points  and  upon  the  surface  is  identical  with  that 
which  would  obtain  If  all  source  elements  were  concentrated  upon  the 
axis. 

4-70.  The  axis  of  a  simple  cylindrical  surface  source  of  radius  a  and  length 
2c  cuts  a  transverse  plane  in  the  point  T,  while  a  parallel  rectilinear 
source  of  constant  density  X  and  equal  length  cuts  it  in  P,  where 
PT  ■  f(<a).  The  surface  density  on  the  cylinder  is  a  function  of 
angular  position  only,  and  is  such  as  to  maintain  the  potential  of  the 
cylinder  constant  and  equal  to  <J>C  in  the  presence  of  the  line  source. 

If  the  strength  per  unit  length  of  the  cylindrical  source  is  X  deduce 
from  the  result  of  Ex. 4-69.  that  c 


4>c  -  2(X+Xc)  lnf~ 


Show  that  the  potential  of  the  simple  layer  is  duplicated  at  interior 
points  of  the  cylinder  by  that  of  an  exterior  image  system  comprising  an 
axial  line  source  of  density  -X  through  the  point  P',  inverse  to  P  in 
the  circular  cross-section,  together  with  a  coaxial  cylindrical  source 
of  any  radius  d  (>a)  and  length  2c  having  the  uniform  surface  density 

^$^-2X  In  ^y4ird  In  so  that  the  potential  of  the  original  system  at 
an  Interior  point  0  in  the  transverse  plane  is  given  by 


fPpt 

<f>  -  2X  In  — - 

o  app 


+  <J> 


where  p  is  distance  measured  from  0. 

Use  this  expression  and  the  result  of  Ex. 4-69.  to  demonstrate  that  the 
surface  density  o  ~  d  at  any  point  Q  on  the  periphery  of  the 
cylinder  in  the  transverse  plane  is  given  by 


_X_  (a2-f2)  ,  >  + 
2ira  PQ2  2tra 


4-71.  Repeat  Ex, 4-70.  for  the  case 
cylinder. 


f  >  a  and  the  region  exterior  to  the 


Ans:  *c 


2Un  r  +  2X 
f  c 


In 


2c 

a 


The  Image  3ystem  comprises  a  uniform  axial  line  source  of  density  -X 
through  the  inverse  point  P’,  together  with  a  uniform  axial  line  source 
of  density  X  +  X  through  T.  At  an  exterior  point  0  in  the  transverse 
plane  l" 
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Pp  *  2c 

<b  -  2X  In  —  +  2(X+A  )  In  — 

rO  ft  '  c  ft_ 

Mp 

At  any  point  Q  on  the  periphery  of  the  cylinder  in  the  transverse  plane 

„  .  .  _L  (£!=§!)  +  x  +  S 

Q  2ira  PQZ  2-rra 

4-72.  A  point  source  of  incompressible  fluid  of  unit  strength  is  located  at  P, 
a  distance  f  from  the  centre  of  an  impervious  sphere  of  radius  a.  Shov 
that  for  irrotational  flow  the  velocity  field  may  be  expressed  as 

v  -  -  grad  0,  where  0  is  the  combined  potential  of  a  unit  point  source 
at  P  and  image  sources  within  the  sphere  comprising  (1)  a  point  source 

of  strength  §  at  P*,  inverse  to  P  in  the  sphere,  and  (2)  a  uniform 

rectilinear  source  of  density  -  -  whose  end  points  are  P1  and  the  centre 

of  the  sphere.  (0  represents  the  Neumann  function  for  the  sphere  and 
exterior  pole  P.) 

4-73.  Two  simple,  circular,  logarithmic  line  sources  of  radii  a2  and  a2  have  a 

centre  to  centre  spacing  of  g.  The  source  strengths  are  respectively 
+a’  and  -a*  and  the  densities  are  so  arranged  as  to  make  each  circle 
equipotential.  Use  the  result  of  Ex. 4-62.,  p.  292  to  find  the 
difference  between  the  potentials  of  the  circles  (a)  when  each  is 
exterior  to  the  other,  (b)  when  the  circle  of  radius  a2  is  interior  to 
that  of  radius  a2. 

to  obtain 


g  -  ki«i  +  k2a2 


g  -  k2a2  -  kiai 


and  k2 . ] 


-  af  -  a|  +  /c| 

2  ai  a2  J 

af  +  af  -  g2  +  /C  ) 

2  ai  a2  J 

where  C  -  g"  -  2g2  (a?+a|)  +  (af-a?)2 


(b)  A0  -  a’  In 


[Hint:  Combine  the  data 

ai  a2 
(a)  8  '  k,  +  k2 


a2  ai 

(b>  8  *  ta-IT 


and  solve  for  ki 


Ans: 


(a)  A0 


f«a 

a’  In  | — 
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These  results  nay  be  expressed  more  elegantly  as 


(a)  A<J* 


a'  cosh  1 


g*  -«f  -  al 
2  ai  a2 


(b) 


A<(> 


a'  cosh”1 


2  «1  «2  J 


4-74.  A  uniform  rectilinear  source  of  length  2c  and  density  1  lies  in  the  z 
axis  of  Cartesian  coordinates  and  is  bisected  by  the  origin.  Make  use 
of  equations  (4.2-2)  and  (4.2-3)  to  show  that  equlpotentlal  surfaces 
take  the  form  of  prolate  ellipsoids  of  revolution  having  the  end  points 
of  the  source  as  common  foci*  and  such  that  the  ellipsoid  of  potential 
A  In  k  has  an  elliptical  section  in  the  xz  plane  defined  by 


Hence,  show  that  if  a  simple  surface  source  of  strength  ot  is  distributed 
upon  a  prolate  ellipsoid  of  revolution  of  semi  major  and  minor  axes  a 
and  b  respectively,  in  such  a  way  as  to  maintain  the  surface 
equlpotentlal,  then  the  potential  of  the  surface  is  given  by 


a 


In 


.  -V  U2-!.2)1* 
b 


while  the  potential  of  any  exterior  confocal  ellipsoidal  surface  of  semi 
axes  a*  and  b*  is  given  by 


(.~2-b2)'s 


In 


a*  +  (a2-b2)** 

p 


4-75.  A  uniform  rectilinear  source  of  length  2c  and  density  A  lies  in  the  z 
axis  of  Cartesian  coordinates.  A  simple  layer  source  is  distributed 
over  a  spherical  surface  of  centre  (d,0,0)  and  radius  a(<d)  in  such  a 
way  as  to  maintain  the  surface  equlpotentlal  in  the  presence  of  the  line 
source.  If  the  total  surface  strength  is  zero  show  that  the  image 
system,  which  duplicates  the  potential  of  the  surface  source  at  points 
outside  the  sphere,  comprises  a  point  source  at  the  centre  (or  a  uniform 
concentric  spherical  source  of  equal  strength  and  radius  less  than  a) 
together  with  a  curved  line  source  which  lies  in  the  xz  plane^  and  has 

a2 
2d 

Determine  the  potential  of  the  spherical  surface. 


the  form  of  a  circular  arc  of  radius 


and  centre 


z  pxane  ana  nas 

{“-id-  «■  »}• 


An 8 :  2A  sinh”1  j 

4-76.  TVo  spherical,  concentric  surface  sources  of  radii  a  and  b  are 
equlpotentlal  In  the  presence  of  each  other  and  a  point  source  of 
strength  a,  located  at  a  distance  d  from  their  centre,  where  a  <  d  <  b. 
If  the  potentials  of  the  surfaces  are  $  and  find  their  respective 
source  strengths.  a  b 
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[Hint:  Introduce  interior  and  exterior  images  pj  and  qj  such  that  pj, 
in  combination  with  a,  renders  the  inner  surface  zero-potential,  and 
q* ,  in  combination  with  a,  renders  the  outer  zero-potential.  The 
presence  of  pi  upsets  the  equipotential  status  of  while  q1  upsets 
that  of  S^,  but  these  effects  may  be  cancelled  by  the  importation  of 
additional  images  q2  and  P2*  However,  the  latter  Images  necessitate,  in 

turn,  the  introduction  of  a  further  pair,  and  so  on.  Show  that  this 
procedure  leads  to  two  systems  of  Images  whose  sums  are  convergent 
series.  Set  up  additional  sources  to  bring  the  surfaces  to  the  required 
potentials,  and  apply  Gauss's  Law  and  the  result  of  Ex. 4-63.  above.] 

Ans:  Strength  of  Sa  -  +  f  -  j] 

Strength  of  Sb  -  ^  jj  +  3  -  ;] 

4-77.  A  point  source  of  magnitude  a  is  located  at  P,  a  distance  d  from  an 
infinite  plane  surface  upon  which  a  simple  surface  source  is  so 
distributed  as  to  maintain  the  plane  at  zero  potential  in  the  presence 
of  the  point  source.  PT  is  the  image  of  P  In  the  plane  and  PP*  is 
bisected  by  the  plane  in  the  point  Q.  A  hemisphere  with  Q  as  centre  is 
described  in  the  half  space  R  which  contains  P.  If  6  denotes  the 
potential  of  the  complete  surface  source  and  $  that  of  an  image  source 

of  magnitude  -a,  show  that  the  surface  Integral  /  ($-^)  ~  (♦“♦)  dS, 

taken  over  the  hemisphere,  vanishes  as  the  radius  of  the  hemisphere 
approaches  infinity.  Hence,  demonstrate  that  4  and  are  identical  in 
R. 


Show  similarly  that  the  combined  potential  of  the  surface  source  and 
point  source  at  P  is  everywhere  zero  in  the  half  space  containing  P'. 

[Hint:  Let  Q  be  the  origin  of  spherical  coordinates  and  let  QP  be  the 
axis  from  which  6  is  measured.  Then  6  is  everywhere  finite  upon  0  -  0 

and  approaches  zero  at  0  -  j  as  r*»;  further,  the  symmetry  of  the 

surface  density  is  such  as  to  make  4  Independent  of  ♦.  The  general 
solution  of  Laplace's  equation  which  is  compatible  with  these 
restrictions,  and  which  consequently  includes  the  expression  for  4,  may 
be  shown  to  be  given,  for  r  >  d,  by 

A  Aj  At  A3 

y  +~^2  El  (cos  0)  +^3  P2(cos  0)  P3(cos  0)  - 


where  Aq,  Aj ,  Aj  are  constants  and  P^Ccos  0 )  in  the  mth  degree  Legendre 
polynomial  in  cos  0  (Sec.  4.1). 

Express  in  the  above  form  with  known  constants  for  r  >  d  by  means  of 
equation  (4.1-17),  and  by  equating  6  and  ii  for  0  ■  j  show  that 


-a<£,  \ 


-a* - 


304 


FIELD  ANALYSIS  AND  POTENTIAL  THEORY 


[Sec. 4. 12 


so  that 

(Aj-ad)  (A3-ad3) 

♦  -  *  *  r2  Pi(cos  e)  +  r 4  p3(cos  e)  - 

Hence,  show  that  the  surface  integral  reduces  to  a  series  of  the  form 

Bj  B2  Bg 

r3  +  rS  +  R? - 


where  Bi,  B2  -  are  constants  and  R  is  the  radius  of  the  hemisphere.] 

4-78.  Two  half  planes,  which  meet  to  form  a  wedge  of  dihedral  angle  6,  carry  a 
distribution  of  simple  surface  sources  which  maintain  them  at  zero 
potential  in  the  presence  of  a  point  source  at  some  point  P  within  the 

wedge.  Show  that  if  9  -  -j,  with  n  Integral,  the  potential  of  the 

surface  sources  may  be  duplicated  within  the  wedge  by  that  of  2n  -  1 
image  sources  disposed  around  a  circle  centred  normally  upon  the  common 
edge  and  passing  through  P.  Assume  that  the  potential  of  the  surface 
sources  is  regular  at  infinity. 

Why  cannot  this  treatment  be  extended  to  a  wedge  for  which  0  -  — ,  where 
m  is  odd? 

Ans:  A  finite  number  of  image  sources,  in  conjuctlon  with  the  parent 
source,  will  reduce  the  potential  of  the  planes  to  zero,  but  not  all 
Images  will  lie  outside  the  wedge,  hence  it  is  not  possible  to  meet  the 
requirement  that  the  potential  be  harmonic  at  all  points  of  the  wedge 
beyond  a  neighbourhood  of  P. 

4.12  The  Vector  Potential  of  Line,  Surface  and  Volume  Sources 

4.12a  The  vector  potential  of  simple  and  double  line  sources 

Let  I  be  a  bounded  and  piecewise  continuous  function  of  length  of  arc  s 
measured  from  one  end  of  a  regular  curve  r,  or  from  a  specified  point  of 
it  if  the  curve  is  closed.  Then  the  Newtonian  vector  potential  at  0  of 
the  line  source  so  defined  is  given  by 


(4.12-1) 


where  r  is  the  distance  of  ds  from  0. 

I  is  known  as  the  linear  source  density. 
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When  I  is  everywhere  tangential  to  T 


A 


o 


(4.12-2) 


where  I  is  positive  or  negative  according  as  I  has  the  same  sense  as  dr 
or  not. 

A  uniform  rectilinear  source  of  density  I  gives  rise  to  a  vector 
potential  whose  magnitude  is  equal  to  the  scalar  potential  of  an 

Identical  source  of  density  I,  for  all  orientations  of  I  with  respect  to 
T.  A  similar  equivalence  holds  for  parallel  combinations  of  such  sources 
where  the  individual  vector  densities  are  linearly  related,  so  that  the 
analyses  of  Sec.  4.2  are  directly  applicable  to  systems  of  this  type. 

The  vector  potential  is  logarithmically  infinite  at  points  of  a  line 
source  where  I  is  non-zero,  as  in  the  scalar  case. 

When  the  source  is  closed  and  of  uniform  density,  and  I  is  everywhere 
tangential  to  T,  equation  (4.12-2)  may  be  replaced  by  a  surface  integral 
in  accordance  with  equation  (1.17-1).  We  have 

A0  -  ifitr 
r 

where  S  is  any  regular  surface  spanning  r,  and  the  positive  sense  of  the 
normal  at  the  surface  is  right  handedly  related  to  the  sense  of 
integration  around  T. 

It  follows  that  a  line  source  of  this  type,  whose  dimensions  approach 
zero  and  whose  density  approaches  infinity  in  such  a  way  as  to  maintain 
-  24  - 

IS  constant  and  equal  to,  say  m,  gives  rise  to  a  vector  potential 

Ao  -  m  x  grad  |  (4.12-4) 

for  all  positions  of  0  outside  it.  This  expression  is  the  vector 

analogue  of  the  scalar  potential  of  a  point  doublet,  viz  p^.grad  - 

25  r 

(p.  219)  . 


/ 


dS  x 


grad  - 


(4.12-3) 


24.  A  source  of  this  type  will  be  referred  to  subsequently  as  a  ’whirl*. 

25.  Since  va  will  not  be  concerned  subsequently  with  multipoles  of  order 
higher  than  unity,  we  will  henceforth  drop  the  superscript  (1)  and  express 

dipole  potential  as  p.grad  j. 
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Two  vector  line  sources  may  be  combined  to  form  a  double  source.  A 
uniform  rectilinear  double  source  comprises  the  limiting  configuration  of 
two  parallel  uniform  rectilinear  sources  of  equal  and  opposite  vectorial 

line  density  ±1  and  spacing  d,  where  d+0  and  Id  remains  constant  and 

equal  to,  say,  Lj.  Here  I  is  the  density  of  one  of  the  line  pair, 

arbitrarily  chosen  and  designated  ’positive*.  The  potential  at  any  point 
0,  not  coincident  with  the  source,  is  then  given  by 


A 


o 


(4.12-5) 


where  denotes  differentiation  along  the  normal  in  the  plane  of  the 
line  pair  from  the  'negative'  to  the  'positive'  element. 


The  same  expression  continues  to  hold  for  the  general  form  of  line 

doublet  where  L}  Is  a  function  of  distance  along  T,  and  T  may  be  curved 

and  twisted,  provided  that  equal  and  opposite  source  strengths  (I  ds)  are 
Intercepted  in  the  parent  filaments  by  adjacent  normals  (cf  the 
requirement  for  scalar  double  layers  as  considered  in  Ex. 4-12.  and  4-13., 
p.  241  and  extended  below  to  vector  double  layers). 


4.12b  The  vector  potential  of  simple  and  double  surface  sources 

Let  K  be  a  bounded  and  piecewise  continuous  function  of  position  upon  a 
regular  surface  S.  The  associated  vector  potential  at  any  point  0  is 
given  by 


Ao  -  I  £  dS  (4.12-6) 

J  S 

where  r  is  the  distance  of  dS  from  0. 

The  density  function  K,  which  may  or  may  not  be  tangential  to  S,  can  be 
resolved  at  all  points  where  it  is  defined  into  scalar  components,  and 
these  are  piecewise  continuous  upon  S.  Since 

f?  r  K  r  K  r  K 

'  £  dS  -  i  ~dS  +  J  -^dS  +  k  ~  dS  (4.12-7) 

J  S  J  s  ^  g 

and  since  the  component  scalar  potentials  are  everywhere  finite  and 

continuous  (Sec.  4.3)  it  follows  that  A  is  finite  and  continuous  at  all 
interior,  boundary  and  exterior  points  of  S. 

Two  plane,  parallel  surface  sources  of  uniform  densities  ±K  (where  +K  is 
the  density  of  the  arbitrarily  chosen  'positive'  surface)  reduce  to  a 

uniform  double  layer  source  when  Kd  is  maintained  constant  and  equal  to, 

say,  pj  as  d+0.  The  potential  at  any  point  0  outside  the  source  is  then 

given  by 
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Ao  ■  /  “'  ls(j)dS  -  -  /  "1  dfl  (*-12-8) 

S  ‘  S 

g 

where  ^  denotes  differentiation  along  the  normal  from  the  'negative'  to 
the  'positive'  surface. 

This  continues  to  hold  when  yi  is  a  function  of  position  and  the 

composite  surface  is  curved,  provided  that  in  the  latter  case  the  density 
of  the  'negative'  side  is  so  adjusted  that  if  a  small  closed  curve  is 
drawn  anywhere  on  the  'positive'  surface  and  projected  normally  onto  the 

'negative'  surface,  equal  and  opposite  values  of  K  dS  obtain  for  the  two 
elements  so  delineated. 

By  resolving  the  vector  potential  into  scalar  components  and  applying  the 
arguments  of  Sec.  4.3,  we  see  that  A  increases  by  4xyi  with  normal 
movement  through  the  surface  from  the  'negative'  to  the  'positive'  side 
at  any  interior  point  of  S  where  yj  is  continuous. 

4.12c  The  vector  potential  of  a  volume  source 

Let  J  be  a  bounded  and  piecewise  continuous  function  of  position  within  a 
bounded  region  of  space  x.  Then  the  vector  potential  associated  with 
this  volume  source  is  given  at  any  point  0  by 

Aq  -  J“dT  -  i  j  -*dT  +  jJ  -ZdT  +  kJ-^dT  (4.12-9) 

T  TXT 

where  r  is  the  distance  of  dx  from  0. 

It  follows  from  the  considerations  of  Sec.  4.4  that  A  is  finite  and 
continuous  at  interior,  boundary  and  exterior  points  of  r.  This  remains 

true  when  x  is  unbounded  externally,  provided  that  A  continues  to  be 
finite  everywhere. 

The  definitions  of  partial  and  cavity  vector  potential  parallel  those  for 
the  scalar  case. 

4.13  Reciprocal  Relationships  in  Scalar  and  Vector  Potential  Theory 

Consider  two  systems  of  point  sources  of  magnitudes  aj ,  a2...a1...an  and 
•  I»  a£...a’...a^  such  that  no  two  sources  coincide.  Then 

■ 

^  (4.13-1) 

i-i 

where  4^  is  the  potential  at  e^  of  the  sources  e]...a^,  end  ^  is  the 
potential  at  a^  of  the  sources  a}...aQ. 


U 

I 

i-i 


■i  ♦;  - 
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This  bccoMs  evident  when  equation  (4.13-1)  is  expressed  in  the  form  of 
the  double  summation 


n  m  m  a 

Z  ■■  Z  *i"vj  •  Z  •;  Z 


Vra'a 

J  aiaj 


(4 . 13-1 (a) ) 


and  subsequently  expanded. 

If  a  pair  of  sources  from  the  two  sets  coincide  in  space,  then  the  above 
equations  continue  to  hold  provided  that  the  infinite  components  of  4  and 
A*  are  deleted,  eg  if  a  and  a'  coincide,  then  4'  should  be  calculated 

P  *1  P 

ignoring  a^  and  ignoring  a^.  Similar  arguments  lead  to  the  related 
proposition:  If  two  sets  of  point  sources  of  magnitudes  ai...aQ  and 
aj...a^  occupy  the  fixed  positions  Pi...Pn  successively,  then 


(4.13-2) 


where  a^  is  deleted  in  the  computation  of  4^  and  a^  is  deleted  in  the 
computation  of  4^. 

Since  equations  (4.13-1)  and  (4.13-2)  are  consequences  of  the  syimnetrlcal 
nature  of  the  associated  double  summations  they  are  not  restricted  to 
Inverse  distance  (Newtonian)  potential  functions  but  are  equally  valid  in 
logarithmic  potential  theory. 

It  is  intuitively  evident  that  these  relationships  may  be  extended  to 
continuous  source  systems.  Thus  for  non-intersecting,  open  or  closed 
line  and  surface  sources  in  space,  we  have 


/-• 

dS  - 

/”'♦ 

dS’ 

(4.13-4) 

Sl..n 

S'. 

1 .  .m 

and  for  volume  sources 

/’♦* 

dr  - 

/’*♦ 

drf 

(4.13-5) 

Tl..n 

*i... 
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The  corresponding  expressions  for  point,  line  and  surface  doublets  are 
found  by  pairing  elements  in  equations  (4.13-1),  (4.13-3)  and  (4.13-4), 
which  then  take  the  form 


n 

i 

i-l 


Pt  .  grad 


p[  .  grad  (4.13-6) 


i-l 


L  .  grad  9*  ds  -  I  L'  .  grad  ♦  ds' 


1 .  .n 


(4.13-7) 


l..a 


V  dS  .  grad  -  /  P*  dS'  .  grad  « 


l..n 


(4.13-8) 


S! 

1 .  .m 


It  follows  from  equation  (4.13-8)  that  for  two  non-intersecting,  uniform, 
double  layer  sources  of  equal  density,  the  flux  through  either  surface  of 
the  gradient  of  the  potential  of  the  other  has  the  same  value. 

Since  the  potentials  deriving  from  piecewise  continuous  simple  surface 
and  volume  sources  are  everywhere  finite,  the  requirement  of  non¬ 
intersection  of  component  source  regions  in  equations  (4.13-4)  and 
(4.13-5)  is  unnecessary,  and  it  becomes  possible  to  formulate  the 
following  proposition:  If  volume  sources  of  density  p  occupy  a  region  of 
space  t  containing  surface  sources  of  density  o  and  +  is  the 

associated  potential  function,  and  if  alternative  densities  p*  and  of 
give  rise  to  ♦ ’ ,  then 


o  dS  +  /  P  ♦’  dT  - 


♦  dS  +  f  p 1 


4  dr 


(4.13-9) 


1.  ,n 


n..n 


Since  the  potential  of  a  logarithmic  line  source  is  finite  within  the 
source,  the  corresponding  relationship  in  logarithmic  potential  theory  is 


r 

1 .  .n 


dS 


ds  + 


o'  $  dS 


l.  .n 


S 


(4. 13-10) 


where  *  and  a  now  denote  logarithmic  source  densities. 

Similar  reciprocal  relationships  occur  in  vector  potential  theory.  Thus 
for  two  systems  of  non- inter sec ting  vector  line  sources  of  densities  I 
and  I'  and  potentials  A  and  A' ,  we  have 
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I. A’  ds  -  I'. A  ds’ 


1 .  .n 

since  this  Is  equivalent  to 


(4.13-11) 


1.  .m 


fI  .ff  ds'da 

fl . .n  ri... 


'  I*  .  j  j  ds  ds’ 

r;  r, 

1 .  .m  l .  .n 


where  r  la  the  distance  between  ds  and  ds'. 

It  la  not  necessary  that  the  contours  be  closed  or  that  the  densities  be 
uniform  and  directed  along  the  contours.  However,  In  the  case  of  two 
closed,  uniform,  vector  line  sources  whose  densities  are  of  equal 
magnitude  and  directed  along  the  contours,  equation  (4.13-11)  reduces  to 


6  A'. dr  - 

6  A. dr’ 

(4.13-12) 

J  , 

r 

J 

r’ 

whence 

j  (curl  A') .dS  ■ 

/  (curl  A) .dS* 

(4.13-13) 

J 

S 

J 

S’ 

where  S  and  S'  are  regular  surfaces  spanning  T  and  I*'.  Under  these 
circumstances  the  flux  through  S  of  the  curl  of  the  vector  potential  of 
T*  la  equal  to  the  flux  through  S’  of  the  curl  of  the  vector  potential 
of  r. 

Relations  similar  to  equation  (4.13-11)  may  be  written  down  both  for 
surface  and  volume  sources.  Since  the  vector  potentials  are  everywhere 
finite  for  finite,  piecewise  continuous  sources,  these  equalities  hold. 
In  addition,  for  alternative  source  distributions  upon  given  surfaces  and 
In  given  regions. 


EXERCISES 


4-79.  Extend  the  planar  fora  of  Green's  formula  (3.9-3)  to  vector  fields,  and 
repeat  Ex. 4-27.,  p.  237  In  this  context. 

4-80.  Show  that  the  vectorial  form  of  Gauss's  law  In  space  Is 


/i 


- 


S,  E 
1.  .n 


where  the  line  and  surface  sources  of  the  right  hand  side  are  contained 
within  t  and  have  no  point  In  coamon  with  the  bounding  surfaces  S^  qE . 
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4-81.  Show  that  Gauss's  law  for  logarithmic  vector  potentials  in  the  plane  is 


fOr  d 8  *  2” ' 

j  f  V  ds  +  f  K’  dsj 

r  r » 

1  .  ) 

ri..„r’  s 


where 

A'  -  [  I*  In  -  ds  +  /  K'  In  -  dS 

J  p  J  p 


and  the  line  source  of  the  right  hand  side  is  contained  within  S  and  has 
no  point  in  common  with  nI"  . 

4-82.  The  scalar  potential  of  a  long  cylindrical  volume  source  of  constant 
density  is  identical,  at  points  of  the  bounding  surface  near  the  mid 
plane,  with  that  obtaining  when  the  source  elements  are  concentrated 
upon  the  axis  of  the  cylinder.  The  potential  upon  the  inner  surface  of 
a  similar  hollow  cylindrical  source  is  equal  to  that  obtaining  upon  the 
axis. 

Prove  the  above  assertions  by  means  of  an  analysis  similar  to  that 
undertaken  for  Ex. 4-69.,  p.  300.  Hence  derive,  via  equation  (4.2-5),  an 
expression  for  the  scalar  potential  at  an  interior  point  of  a  solid, 
uniform,  cylindrical  source  of  radius  a  and  length  2c  as  c-*>°,  and  write 
down  the  corresponding  value  of  the  vector  potential  when  the  source 

density  J  is  everywhere  constant. 


Ans:  A 


irJ  j^2a2  In  —  +  a2  -  p2 


where  p  is  distance  measured  from  the  axis. 

4-83.  By  expressing  each  integral  as  a  double  summation,  show  that 


p  grad  dx 


p'  grad  $  dx 


T 


X 


where  $  is  the  potential  associated  with  a  volume  source  of  density  p  in 
the  bounded  region  of  space  x,  and  is  the  potential  of  an  alternative 
distribution  p’. 

Confirm  this  result  by  putting  F  -  grad  t  And  G  -  grad  in 
equation  (1.17-17),  transposing  the  prime,  and  adding  the  resulting 
equations.  Transform  the  unwanted  volume  integral  into  a  surface 
Integral  by  making  use  of  equation  (1.16-5)  integrated  in  accordance 
with  equation  (1.17-5).  Then  show  that  the  surface  integrals  vanish  at 
infinity  while  the  component  volume  integrals  are  unchanged  beyond  x. 
[When  p  and  p'  are  discontinuous  upon  the  boundary  of  x  the  procedure 
should  be  carried  out  both  for  x  and  for  all  space  beyond  x.  (On 
addition,  the  surface  integrals  over  the  boundary  of  x  cancel  because 
grad  pot  p  remains  continuous  at  discontinuities  of  p  (p.  278).)] 
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4.14  The  Divergence »  Curl  and  Laplaclan  of  the  Vector  Potential  of  Simple 
Line  and  Surface  Sources 

4.14a  Line  sources 

It  follows  from  the  argument  of  Sec.  4.7a  that  at  any  point  0  outside  the 
source 


I  .  grad  -  ds  ■  f  I  .  ^3  ds  (4.14-1) 


where  r  is  directed  from  0  to  ds. 


Similarly 


curl  A  ■  curl  I  -  ds 


jl  [  his.  a_  r  ii  ds 

K  r  *zo  r 


1/ 


l,  B  h  ffll* 


I  x  grad  ^ds  *  -  j  I  *  ^3  ds 


(4.14-2) 


When  the  line  source  is  closed  and  I  is  everywhere  tangential  to  it  and 
of  constant  magnitude 


div  A  -  div  I  j)  —  ■  -  I  j)  (^grad  i^.dr  -  -  I  f  ^curl  grad  ^VdS 


where  S  spans  V  but  does  not  cut  0,  hence 


div  A  -  div  I  4  ^  -  0 


(4.14-l(a)) 
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In  the  same  circumstances 


curl  A 


curl  I 


dr 

r 


r 


(4.l4-2(a)) 


whence  from  equation  (4.7-16) 


curl  I 


dr 

r 


r 


-  grad  <p  -  I  grad  0 


(4. 14-2(b)) 


where  4  Is  the  scalar  potential  of  a  uniform  surface  doublet  of  density  I 
which  spans  T  but  does  not  cut  0,  and  which  subtends  the  solid  angle  ft  at 
0. 

The  usual  right-handed  relationship  holds  between  the  positive  sense  of 
integration  around  T  and  the  orientation  of  the  surface  doublets. 

At  points  outside  T  the  Laplaclan  of  A  is  zero  because 


V2A  -  V2  f  I  ds 


The  Laplaclan  is  undefined  upon 

4.14b  Surface  sources 

Since  A  is  continuous  for  normal  movement  through  a  simple  surface 
source,  it  follows  that  any  tangential  derivative  of  the  vector  potential 
is  likewise  continuous  at  each  interior  point  of  the  surface  where  it  is 
defined.  The  normal  derivative,  however,  is  discontinuous.  Proceeding 
as  for  the  normal  derivative  of  a  simple  scalar  surface  source 
(Sec.  4.7b)  we  find  that 


I  V2  (JJ  ds  -  0 


(4.14-3) 


the  contour  itself. 


A 


§A 

3n 


-4*K 


(4.14-4) 


where  K  is  the  local  (continuous)  surface  density, 

3A 

increment  of  ^  for  positive  motion  through  the  surface 
positive  sense  of  the  normal  on  both  sides. 


and  A  is  the 
,  with  a  common 


At  points  outside  the  surface,  div  A  and  curl  A  may  be  written  down  by 
analogy  with  equations  (4.14-1)  and  (4.14-2). 


div  A 


div  |  dS 


K  .  grad  ±  dS 


S 


S 


(4.14-5) 
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curl  A 


S 


K  *  grad  £  dS 


(4.14-6) 


For  the  particular  case  In  which  K  is  everywhere  normal  to  the  surface 
and  of  constant  magnitude 


div  A 


dS  -  K  fl 

(4. 14-5(a)) 


curl  A  ■  curl  K  j  — 


_dS 

r 


dS  x 


grad  - 


r 


(4. 14-6(a)) 


The  latter  expression  is  the  vector  potential  at  0  of  a  peripheral  line 
source  whose  density  is  everywhere  tangential  to  the  contour  and  of 
magnitude  K. 


If,  in  addition,  the  surface  is  closed,  then 


div  A  -  div  K  j)  ~  -  4irK  or  0  (4.14-5(b)) 

S 

according  as  0  lies  within  or  without  the  enclosure,  and 


curl  A  -  curl  K  |  ^  -  K  d S  *  grad  ^  -  0  (4.14-6(b)) 

S  S 

at  all  points  not  coincident  with  S  (from  equation  (1.17-2)). 

Surface  sources  in  which  the  source  density  is  tangential  to  the  surface 
are  of  considerable  importance.  For  such  sources  it  may  be  shown  that 
the  divergence  of  the  vector  potential  is  zero  at  all  exterior  points 

whenever  the  surface  divergence  of  K  (divs  K)  is  zero  at  interior  points 

of  the  surface  and  K  has  no  component  normal  to  the  boundary  when  the 
surface  is  unclosed.  The  proof  of  this  proposition  is  the  subject  of 
Ex. 4-88.,  p.  317. 

Both  div  A  and  curl  A  are  discontinuous  for  normal  movement  through  the 

surface  at  an  interior  point  where  K  is  continuous  but  neither  normal  nor 
tangential  to  the  local  surface.  It  may  be  shown,  in  terms  of  the 
notation  employed  above,  that 
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A  div  A  -  A  div  /  |  dS  - 


-4ir  (n.K)  (4.14-7) 


A  curl  A  “  A  curl  /  -  dS 


-  -4ir  (nx?)  (4.14-8) 


As  In  Che  case  of  Che  line  source. 


V2  A 


K  V2  ( ij  dS 


-  0 


(4.14-9) 


aC  poincs  outside  Che  surface. 

IC  is  undefined  upon  Che  surface  itself. 

EXERCISES 

4-84.  Devise  an  alternative  proof  of  equation  (4. 14-1 (a))  by  expanding  — 
and  integrating  around  T. 

4-85.  Show  that  for  a  disc-shaped  source  of  radius  a  and  constant  density  K, 
the  values  of  div  A  and  curl  A  at  a  distance  d  from  the  disc  upon  the 
axis  are  given  by 

div  A  -  2tr  (n.K) 

curl  A  ■  2*  (nxR)  j  1  -  — — - j)  (d  *  0) 

y  (a2+d2)*J 

A 

where  n  Is  directed  towards  the  disc. 

Use  these  results 

(a)  to  deduce  equations  (4.14-7)  and  (4.14-8) 

(b)  to  demonstrate  that  for  a  plane  tangential  surface  source 

_  _ 
curl  A+2ir  (n*K) 

as  the  surface  is  approached  from  one  side  or  another  at  an 

interior  point,  where  K  Is  the  (continuous)  local  surface 
density. 


1  - 


(«2+d2)} 


(d  *  0) 
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4-86.  By  differentiation  of  the  derivatives  of  show  that  all  points  outside 
the  sources  L 

curl  J  T  *  grad  |  ds  »  -  grad  j  I  .  grad  |  ds 
r  r 

and 

curl  Ik*  grad  £  dS  -  -  grad  f  K  .  grad  i  dS 

S  S 

r  and  S  may  or  nay  not  be  closed,  and  the  relationships  continue  to  hold 
for  individual  source  elements. 

Confirm  the  above  equations  by  applying  (1.18-5)  to  (4.14-1),  (4.14-2) 
and  (4.14-3)  etc. 

Rewrite  the  second  equation  in  a  form  appropriate  to  an  open  surface 
source  where  K  is  everywhere  normal  to  the  surface  and  of  constant 
magnitude,  and  so  derive  (4. 14-2 (b))  by  substituting  T  for  K. 

Show  also  that 

curl  J  V  dS  *  grad  ^  •  -  grad  J  V  dS  .  grad  i 
Js  Js 

where  V  is  any  piecewise  continuous  scalar  point  function  which  is 
defined  upon  S. 

4-87.  If  S  is  a  closed  surface  source  having  a  surface  density  K  which  is 
everywhere  normal  to  the  surface  and  of  constant  magnitude,  express  the 

vector  potential  of  K  at  points  outside  the  enclosed  region  t  as  a 

volume  Integral  over  t,  by  means  of  equation  (1.17-5)  with  V  -  -.  Then 

1  —  r  — 

show  by  differentiation  of  the  derivatives  of  -  that  div  A  ■  curl  A  -  0 
outside  T.  r 

Show  further  that  when  0  is  an  Interior  point  of  t 

A  -  K  |  grad  l-  dx 
T“T« 

where  x^  is  a  6  sphere  centred  upon  0,  whence 
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Now  develop 
replaced  by 


a  field-slipping  analysis,  as  in  Sec.  4.8,  in  which  -  is 
(x-x  ) 

— 3**",  and,  by  putting  p  -  1,  derive  the  relationship 


_3_ 

3x 


(x-X  ) 

dT  -  - 


(x-x  ) 

— 3^  dS 

r3  if 


T-T. 


Hence  prove  that  div  A  -  4irK  within  t. 

Show  similarly  that  curl  A  -  0  within  t. 

4-88.  It  follows  from  Ex. 2-34.  and  2-35.,  p.  167  that  if  F  is  a  well-behaved 
vector  point  function  which  is  defined  upon  the  open  surface  S  (but  not 
necessarily  outside  it)  and  is  everywhere  tangential  to  S,  then 


£  F.n' 


dr 


divs  F  dS  * 


\\  lH  (hcV  + 


H  (hEV] 


dS 


_  K  — 

Let  F  -  -,  where  K  denotes  surface  source  density  (assumed  to  be 

tangential  to  the  surface)  and  r  is  distance  measured  from  an  exterior 
origin.  Expand  the  resulting  equation  to  show  that 

/?•**  •  fe(s)*£kG)}« 


Reduce  this  to 


l.b 


ds 


divs  K 


dS  + 


grad  |  dS 


by  showing  that 


i)  +  C_  L  (i 
rj  +  h^  3;  U 


A  -  a  fi 

+  n  *5  (  r 


where  ft  K»  n  form  a  right-handed  set. 

Hence  show  that  the  divergence  of  the  vector  potential  of  a  well-behaved 

tangential  surface  source  of  density  K  is  zero  at  exterior  points  if 

divs  K  is  everywhere  zero  and  the  surface  is  (a)  closed  or  (b)  open, 
_  £  _ 
with  K.n'  -  0  at  all  points  of  T  (ie  with  no  component  of  K  normal  to 
the  periphery). 


i 
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Extend  this  result  to  a  surface  source  which  nay  be  divided  into 

subregions  over  which  divs  K  ■  0  and  for  which  the  normal  component  of  K 
is  continuous  through  internal  boundaries. 

4-89.  A  rectilinear  source  of  constant  tangential  density  I  subtends  an  angle 
26  at  the  point  0  upon  a  perpendicular  bisector  of  the  source  through 
the  mid  point  P. 

Show  that 

(1)  (curl  A)  -  (r*T)  2  9  where  CIP  -  r  d 

o  a 

(2)  the  right-handed  tangential  line  integral  of  curl  A  around  a 
concentric  circle  in  the  mid  plane  approaches  4irl  as  the  circle 
shrinks  about  the  source. 


Show  further  that  in  the  latter  circumstance  the  contribution  to  the 
integral  from  source  elements  outside  a  neighbourhood  of  P  approaches 
zero,  and  so  demonstrate  that  the  above  value  for  the  integral  continues 
to  hold  at  interior  points  of  a  curvilinear  source  having  a  continuously 
turning  tangent,  where  I  is  the  magnitude  of  the  local  (continuous) 
source  density. 


Now  let  the  line  source  be  closed  and  let  I  be  constant.  Prove  that 

curl  curl  A  ■  0  outside  the  source  and  hence  show  that  the  line  integral 

of  curl  A  around  any  regular  closed  curve  which  threads  the  source 
contour  once  is  equal  to  4trl.  Devise  a  simple  geometrical  construction 
to  demonstrate  that  if  the  curve  of  integration  threads  the  source 
contour  n  times  the  corresponding  line  integral  is  4iml. 

Arrive  at  the  same  result  by  working  from  equation  (4.l4-2(b)),  bearing 
in  mind  that  curl  A  is  continuous  everywhere  outside  the  source. 

4-90.  A  tangential  surface  source  takes  the  form  of  a  closed  strip  having 

divs  K  ■  0  at  interior  points  and  K  parallel  to  the  edge  along  the 
edges.  Let  a  simple  closed  curve  which  threads  the  source  once  contract 
about  the  strip  in  such  a  way  as  to  give  rise  to  matching  contour 
elements  on  the  two  sides,  and  let  P  and  Q  be  the  points  of  the  curve 
which  approach  the  edges  of  Che  strip.  Make  use  of  equation  (4.14-8)  to 

show  that  the  line  integral  of  curl  A  around  the  curve  in  the  PQ 
direction  is  given  by 


/. 


A_  _  _ 

4*  (nxK).dr 


A 

where  the  integral  is  taken  over  one  side  only  and  n  is  the  corres¬ 
ponding  outward  normal. 


Prove  that  this  value  of  line  Integral  obtains  for  all  closed  curves 
which  thread  the  source  once,  and  that  it  is  equal  In  magnitude  to 

4*  x  flux  of  K  through  any  simple  curve  lying  within  the  strip  and 
joining  the  opposite  edges. 
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4-91.  A  torus  of  arbitrary  section*  whose  axis  coincides  with  the  z  axis  of 

cylindrical  coordinates*  carries  a  tangential  surface  density  K  which 
has  no  4  component  at  any  point.  The  magnitude  K  Is  a  function  of  p 

only,  and  Is  such  as  to  maintain  divs  K  zero  everywhere  upon  the 
surface.  By  expanding  in  cylindrical  coordinates,  show  from  syvetry 

that  (curl  A)  ■  (curl  A)  -  0  both  within  and  without  the  torus, 
p  z  _ 

Invoke  Stokes's  theorem  and  the  relationship  curl  curl  A  »  ?j  to  prove 

that  (curl  A)^  is  zero  at  all  exterior  points;  by  taking  account  of 

equation  (4.14-8)  in  addition*  and  employing  a  doubly-bounded  surface  of 
Integration  show  that,  for  Interior  points* 

4irK  p 

I  (curl*),  |  -  — f-±  -  SSB!£ 

where  Kq  Is  the  magnitude  of  K  along  a  circle  of  arbitrary  radius  pQ 
drawn  upon  the  surface. 

4-92.  The  vector  density  of  a  cylindrical  surface  source  of  length  2c  and 

A_  _ 

radius  a  Is  given  by  K  ■  4K,  where  K  is  a  constant.  Show  that  (curl  A)^ 
is  everywhere  zero,  and  that  at  points  on  the  axis  within  the  cylinder 

(curl  A)z  -  2irK  (2  -  sin  6j  -  sin  02) 

where  6}  and  02  are  the  angles  subtended  by  the  end  radii. 

Prove  that  (curl  A)  ♦O  within  a  finite  distance  of  the  source  centre  as 
P  _ 

c-h»,  and,  by  expansion  of  (curl  curl  A)  ,  demonstrate  that  under  these 
3  —  9 

conditions  —  (curl  A)  -*-0.  Hence  show  that  for  an  infinite,  uniform, 

dp  Z 

circumferential  source  (infinite  solenoid) 

(curl  A)  ■  4irK  (p<a) 

z 

(curl  A)^  -  0  (p>a) 

By  integrating  curl  A  over  a  transverse  section,  derive 


A 


A  -  4  2vKp 

(f>Sa) 

-  £  2irK  a2 

A  ■  4  - 

P 

(p*a) 
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4-93.  Consider  a  system  of  non- lntersec ting  cylindrical  surface  sources  of 
arbitrary  cross-section  and  Infinite  length,  aligned  with  the  z  axis  of 
coordinates.  These  carry  (L)  a  scalar  density  c  which  is  restricted 

only  by  the  requirement  that  ■  0  everywhere,  and  (2)  a  vector  density 

_  _a  aZ  _ 

given  by  K  -  zc.  Show  that  grad  ^  and  curl  A  are  orthogonal  and  of 

equal  magnitude  at  all  points  exterior  to  the  sources  and  at  finite 

distance  from  a  local  origin.  Show  also  that  the  flux  of  curl  A  through 
an  axial  strip  of  unit  axial  width,  whose  cross-section  Is  a  simple 
curve  which  does  not  cut  any  source.  Is  equal  to  the  difference  of 
scalar  potential  between  the  end  points. 

[Note  that  when  a  Is  such  as  to  maintain  each  surface  equlpotentlal  In 

the  presence  of  the  others,  the  flux  of  curl  A  through  an  axial  strip 
joining  any  two  cylinders  Is  independent  of  the  position  of  the  ends  of 
the  strip  on  the  cylinders.] 

4-94.  A  cylindrical  surface  source  of  radius  a  and  length  2c  is  centred  upon 
the  z  axis  of  coordinates.  The  source  density  Is  single-valued  and 

given  everywhere  by  K  ■  z  f($).  Show  that  if  c-**  and  the  surface  is 
approached  along  a  normal  from  within  and  without  at  finite  distance 

from  the  source  centre,  the  limiting  values  of  (curl  A)^  are  given 
respectively  by 

-  f  K  ds  -  2*K  and 

a  J 

where  the  line  Integral  Is  taken 
magnitude  of  the  local  surface  density,  (cf  Ex. 4-37.,  p.  269)  v 

[Since  0  K  ds  -  K  dS  taken  over  unit  axial  length  of  surface,  we  may 

J  £  -  J  a  r 

refer  to  0  K  ds  -  z  0  K  ds  as  the  strength  of  the  source  per  unit 
length. ] 

4.15  The  Divergence,  Curl  and  Laplaclan  of  the  Vector  Potential  of  a  Volume 
Source  ~~ 


-  II  K  ds  +  2wF 

a  r  O 


around  the  clylnder  and  K  Is  the 


It  follows  from  Sec.  4.8  that  both  at  Interior  and  exterior  points  of  t 


/  »  k  (?)  dT 

T 

provided  that  p  is  well-behaved  throughout  t. 

From  Sec.  4.9 


3x 


I  I dT  *  /  ?  ta dT  *  f 


£  dS 
r  x 

Sl..n£ 


'’ll"  - 


0 


at  exterior  points  of  t 


(4.15-2) 
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and 

V2  I  j  dT  -  -4irp  at  interior  points  of  r  (4.15-3) 

T 

Expressions  for  dlv  pot  J,  curl  pot  J  and  V2  pot  J  are  readily  developed 

by  substitution  of  the  scalar  components  of  J  for  p  In  the  above 
equations.  Thus 


T 


hence,  at  Interior  and  exterior  points  of  x. 


div  pot  J 


(4.15-4) 


or 
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[Sec. 4. 15 


hence,  at  interior  and  exterior  points  of  t. 


curl  pot  J  ■  J  —  dr  -  ^  dS  *  j  (4.15-6) 


S,  I 
1.  .n 


or 


curl  pot  J  ■  /  J  *  grad  -  di 


(4.15-7) 


Div  pot  J  and  curl  pot  J  are  continuous  through  Sj  since  each  may  be 

expressed  as  the  sum  of  the  scalar  potentials  of  volume  and  surface 
sources  multiplied,  if  necessary,  by  constant  vectors. 


Finally, 


whence 


72  /  I  dt  •  Yj  1  72  /  ^  dT 


V2  pot  J  •  0  at  exterior  points  of  t 


(4.15-8) 


and 


V2  pot  J  -  -4irJ  at  interior  points  of  t  (4.15-9) 

provided  that  each  component  of  J  satisfies  a  Holder  condition  throughout 


Expressions  for  the  divergence  and  curl  of  the  cavity  potential  and 
partial  potential  may  be  developed  from  the  scalar  components  of 
equations  (4.8-4),  (4.8-5),  (4.8-7)  and  (4.8-8),  while  V2  cavity  pot  and 
V2  partial  pot  follows  from  (4.9-2)  and  (4.9-5).  Grad  div  and 
curl  curl  partial  pot  are  subjects  of  Ex. 4-100.  and  4-102.,  pp.  326-7. 

The  more  Important  formulae  relating  to  the  scalar  and  vector  volume 
sources  are  listed  in  Tables  1  and  2,  pp.  329-333. 


EXERCISES 


4-95.  By  treating  a  closed  line  source  and  an  open  surface  source  as  limiting 
configurations  of  a  volume  source,  make  use  of  equation  (4.15-4)  to 
plausibly  substantiate  the  requirements  for  source  density,  as  set  down 
in  Sec.  4.14a  and  Ex. 4-88.,  p.  317,  in  order  that  the  divergence  of  the 
vector  potential  shall  be  zero  at  exterior  points. 


unretarded  potential  theory 
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4-96.  If  mixed  volume  and  surface  sources  are  contained  within  a  finite  region 
of  space  and  are  such  that  the  divergence  of  the  associated  vector 
potential  is  everywhere  zero,  show  that  the  vector  potential  may  be 
expressed  at  interior  and  exterior  points  as 

A  •*  t-  curl  pot  curl  A 


4-97.  The  vector  density  of  a  solid  cylindrical  source  of  length  2c  and  radius 

^  A 

a  is  given  by  J  -  zf(p)  where  z  is  axial  and  p  denotes  distance  from 
the  axis.  If  the  transverse  mid  plane  cuts  the  source  at  z  ■  0,  show 
from  equation  (4.15-4)  that  for  p2  <<  c2  and  z2  <<  c2 


grad  div  A  ^  z 


where 


a 

I  "  J  2irp  f(p)  dp 

o 

whence 

—  —  21  ~ 

curl  curl  A  4irJ  -  2  at  interior  points 

and 


curl  curl  A  **  ^2  z  at  exterior  points 

It  is  clear  from  equation  (4.15-7)  that  curl  A  has  no  radial  or  axial 

component.  By  applying  Stokes's  theorem  to  curl  A  for  the  region  of  a 
transverse  plane  bounded  by  a  circle  centred  upon  the  axis,  show,  from 
arguments  of  symmetry,  that 


(curl  A)^ 


—  (1  -  cos2e)* 
P 


21  ,  A 
—  sin  0 
P 


at  exterior  points 


where  20  is  the  angle  subtended  by  the  axis  of  the  source  at  the  point 
of  evaluation  of  (curl  A) . 

V 


and 


(curl  A),  -31*  -  £ 


at  Interior  points 


6 
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where 


I’ 


P 

I  2irp  f(p)  dp 
J  0 


Note  that  (curl  A)^  is  unchanged  at  exterior  points  when  the  source 

elements  are  concentrated  upon  the  axis,  and  that  (curl  A)  +0  in  the 

v 

region  bounded  externally  by  a  hollow  cylindrical  source  of  the  above 
type  as  c->«.  [For  such  a  source  it  is  clear  from  equation  (4,15-7)  and 

considerations  of  symmetry  that  curl  A  -  0  upon  the  axis  for  all  values 
of  c.] 

4-98.  Use  the  result  of  the  previous  exercise  to  show  that 


-3A 

jf  m  2”pJ 


at  interior  points  of  a  cylindrical  source  of  uniform  axial  density  J 
when  the  half  length  c+«,  and  so  confirm  the  value  of  the  variable 

component  of  A  as  derived  for  this  case  in  Ex. 4-82.,  p.  311. 


4-99.  A  vector  volume  source  is  bounded  by  spherical  surfaces  of  radii  a^  and 

a2(a2>ai)  centred  upon  the  origin  of  spherical  coordinates.  The  source 

density  Is  everywhere  radial  and  given  by  J  »  R  f (R) ,  where  R  is 
distance  measured  from  the  origin.  Integrate  by  parts  to  determine  the 
contribution  of  a  spherical  shell  to  the  vector  potential  at  points  of 

greater  and  lesser  radius,  and  proceed  to  evaluate  A  for  R  <  ajj 
S  R  S  a2;  R  >  a2.  Find  div  A  and  grad  div  A  at  corresponding  points 
by  application  of  equations  (2.6-7)  and  (2.6-5). 

Confirm  the  results  for  grad  div  A  by  showing  that  curl  curl  A  ■  0  at 
interior  and  exterior  points  of  the  source  (see  Ex. 1-59.,  p.  78)  and 
utilising  equations  (4.15-8)  and  (4.15-9). 

Ans: 


A 


f  (R) 


dR 


(RSa^ 


A 


®2 


f(R)  dR  +  R 


f (R)  dR  > 


(ai£R£a2) 
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a 2 

A  ■  R  Jf  |  R3  f(R)  dR 


f"2 

div  A  -  4ir  /  f  (R)  dR 


div  A  -  4tt  /  f  (R)  dR 

R 


r 


div  A  -  0 


(Ria2) 


(R5ax) 


(a^RSa^ 


(R£a2) 


grad  div  A  •  0 


(R<aj  and  R>a2) 


grad  div  A 


£.  — 
-R  4ir  f  (R)  -  -4*  J 


(ai<R<a2) 


4-100.  Show  that 


grad  div  (partial)  /  -  dt 


/ 


-  I  i  grad  div  J  dr  -  6  i  div  J  dS  -  grad  ffl  ^  .  dS 


t-t. 


Sl..n£ 


div  J  grad  £  dt  +  flf  i  div  J  dS  <(  J.dS  grad  i 


t-t. 


S.  Z 
1 .  .n 


By  caking  the  x  component  of  Che  above  expression  and  making  use  of  the 

volume  integral  of  the  expansion  of  div  J  ~  ^),  or  by  working 

directly  from  equation  (1.17-15)  with  F  -  J  and  G  ■  grad  -  derive  the 
relationship  r 
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grad  div  (partial)  /  -  dx 


(J.V)  grad  |d x  +  d  ji  div  J  dS-J.dS  grad  ± 


A-101.  The  results  of  the  previous  exercise  continue  to  hold  when  t.  and  S, 

o  6 

are  replaced  by  r*  and  S',  where  these  symbols  refer  to  any  regular 
region  containing  0. 


Evaluate  g*  .dS  grad  -  when  S’  comprises 


(a)  a  spherical  surface  centred  upon  0 

(b)  a  cylindrical  surface  of  radius  a  and  length  2d  aligned  with  J 

and  centred  upon  0  ° 

which  shrinks  about  0  without  change  of  shape. 

Hence  conclude  that  the  volume  integral  J  (J.V)  grad  £  dx  is  non- 

x 

convergent,  and  that  whereas  we  may  write 


grad  div  /  -  dx  -  - 


div  J  grad  i  dx  +  ^  J.dS  grad  | 


S.  I 
1. .  □ 


at  interior  points  of  x,  it  is  necessary  to  express  the  alternative 
form  as 


grad  div  f  1  dx  -  f  (J.V)  grad  ~  dx  -  g*“Q  £  J.dS  grad  £ 


Ans:  £  J.dS  grad  i  |  tr  Jq  for  sphere. 


•  Air  J  Jl  -  - for  cylinder. 

0  (a2+d2)S[ 
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4-102.  Show  that 


curl  curl 


(partial) 


■  f  ~  curl  curl  J  dr  -  j)  £ 


dS  x  curl  J  -  curl 


T-T. 


Sl..nE 


f  dS  *  r 


Sl..nE 


1 


1 


1 


grad  -  x  curl  J  j  dx  +  f  -  (dS  x  curl  J)  +  (j)  grad  -  x  (dSxJ) 

Sl..nE 


Make  use  of  equation  (1.17-17)  with  F  -  J  and  G  -  grad  ^  to  transform 
the  equation  into 


curl  curl  (partial) J  £  dx 
t~t6 

(J.V)  grad  i  dx  + 

4-103.  Evaluate  0  grad  i  x  (dSxJ)  when  S’  comprises 

^  S' 

(a)  a  spherical  surface  centred  upon  0 

(b)  a  cylindrical  surface  of  radius  a  and  length  2d  aligned  with  J 

and  centred  upon  0  ° 

which  shrinks  about  0  without  change  of  shape. 

Hence  conclude  from  the  results  of  the  previous  exercise  that 


j  (dS  x  curl  J)  -  grad  ~  x  (dSxJ)J 


1 


1 


curl  curl  j  -  dx  *  -  /  grad  -  x  curl  J  dx  +  j>  grad  -  x  (dSxJ) 

Sl..n£ 


at  interior  points  of  x,  and  that 


curl  curl  J  ?  dx  -  j'  (J.V)  grad  ~  dx  -  gj^  ^  grad  £  x  (dSxJ) 


T-X 


S’ 
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Ans : 


Lim 

S'+O 


J)  grad  i  x  (dSxJ)  -  -  |  irJQ  for  sphere. 


-  -  4irJ 


°  (a2+d2)i 

4-104.  Combine  the  results  of  Ex. 4-100.  and  4-101.  to  show  that 


for  cylinder. 


J  dS  -  dS  x  curl  ^  -  2J  dS.grad  ij 


V2  (partial)  J  ^  dx  *  (£  j^div  ^ 

T-T6  S6 

and  make  use  of  equation  (1.17-13)  to  reduce  this  to 


V2  (partial)  j  i  dr  ■ 
r« 


r 

T-T. 


j  j^(dS.V)  |  - 


2J  dS.grad  ^ 


1  3J  _  j  3_  /I 
r  3n  "  3n  Vr 


dS 


4-105.  Transform  (J.V)  grad  ^  into  grad  and  make  use  of  (1.17-5)  to 

show  that  the  value  of 

'  (J.V)  grad  ^  dT  -  j  J.grad  ^  dS 
T-T*  S' 


is  independent  of  the  shape  and  size  of  S' .  Hence  demonstrate  that  if 
the  shape  and  orientation  of  S'  and  its  configuration  with  respect  to  0 
are  maintained  constant  during  the  limiting  process,  then  the  value  of 

Lim  f  rz  .  1  .  Lim  X  —  .  1  — 

T-.o  J  (J-V)  gr“d  ?  dT  ■  S’-O  f  J-grad  i  dS 

t-t'  S' 

will  be  Independent  of  the  values  of  the  individual  limits. 

Show  further  that  this  continues  to  hold  when  J.grad  i  dS  is  replaced 
by  J.d?  grad  |  or  dS  x  ^grad  ^  or  (J*dS)  *  grad 
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TABLE  1 


CD 


The  Scalar  Potential  Function  f £  dt  and  its  Derivatives 


pot  p  ■  /  -  dx  (interior  and  exterior  points  of  t) 


(2) 

partial  pot  p  ■  /  -  dx  (evaluated  at  centre  of  moving  <5  sphere  within  t) 


t-t. 


(3) 


cavity  pot  p  »  j  -  dx  (defined  throughout  fixed  6  sphere  within  r) 
t-t  , 


(4) 


grad  pot  p  -  f  P  dT  -  <£  ^  dS 


Sl..n2 


p  grad  -  dT  (interior  and 

exterior  points 
of  t) 


(5) 


grad  partial  pot  p  ■ 

f _grad_P  dT  . 

f 

T_,« 

SI..W 

(6) 

grad  cavity  pot  p  * 

f *rad  o  dt  -  1 

J  J 

aiM 

(7) 

T“T6 

S1  z 
1.  .n 

-  j  p  grad 

T— T  _ 


;dTtf? 


dS 


V2  pot  p  -  0  at  exterior  points  of  t 

(8) 

V2  pot  P  ■  -4xp  at  interior  points  of  t 


(9) 

V2  pot  P 


•  ftfeGH 


3£ 

3n 


S,  l 
1.  ,n 


dS  +  pot  V2  p  (interior  and  exterior 
points  of  t) 
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TABLE  KCONTD.) 


V2  partial  pot  p  ■  j5  |p  -  -  |^j  dS  +  partial  pot  V2 


Sl..nr 


J  l_ r  do  p  3n 


CUD 

V2  cavity  pot  p  ■  0 


The  Vector  Potential  Function  /  -  dT  and  its  Derivatives 


CD  _ 

pot  J  ■ 


-  dr  (interior  and  exterior  points  of  t) 


(2) 

partial  pot  J  « 


-  dT  (evaluated  at  centre  of  noving  6  sphere  within  t) 


(3) 

cavity  pot  J  - 


~  dT  (defined  throughout  fixed  6  sphere  within  t) 


(4) 

div  pot  J 


iv  j  ,  jf  j 

—  dT  -  f  T 


J  .  grad  -  dT  (interior  and 

exterior  points 


Sl..nr 


CSJ 

div  partial  pot  J 


dT  *  j ;  • 


J  .  grad  i  dT  +  6  ^  .  dS 


(6) 

div  cavity  pot  J 


dT  -  jf  2  .  dS  - 

"T«  SI . .n^*  S« 


J  .  grad  -  dT 
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TABLE  2(CONTD.) 


curl  pot  J  ■  f  ,?U"J  J  dx  -  dS  *  ^  ■  f  J  x  grad  -  dT  (interior  and 

J  J  J  r  exterior  points 

T  SU  xZ  T  Of  T) 


curl  partial  pot  J  - 


— ^  dr  -  j)  dS  x  £  -  J  J  x  grad  |  dx  +  j 


Sl..nZ  T“T6 


curl  cavity  pot  J  -  J  Cur  * ■ -  dr  -  j  dS  x  1  -  J  j  x  grad  ^  dT 
T-T6  Sl..nS*  S6  T'T« 


V2  pot  J  -  0  at  exterior  points  of  t 


V2  pot  J  ■  -4ttJ  at  interior  points  of  t 


pot  J  -  r  +  pot  v2j  (interior  and  exterior 

J  ^  J  points  of  t) 


S,  l 
l..n 


partial  pot  J  -  <j>  |j  —  -  I  dS  +  partial  pot  V2J 


si  £ 

l..n 


-  /  [?  ^  -b  (i)] dS 


V2  cavity  pot  J  -  0 


grad  div  partial  pot  J  -  j  ^3  dlv  J  dt  +  j  i  dlv  J  dS  -  j  J.dS 


Sl..nr 
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TABLE  2(CONTD.) 


(16) 


grad  div  partial  pot  J  «  J  (J.V)  grad  ~  dt  +  ^  dlv  J  dS  +  J.dS 


T-T, 


(17) 

grad  div  pot  J 

(18) 

grad  div  pot  J 


“3  div  J  dx  -  (p  ^3  J.dS  (interior  and  exterior 

points  of  t) 


S,  Z 
1.  .n 


(J.V)  grad  i  dr  at  exterior  points  of  t 


(19) 

grad  div  pot  J 

(20) 


Lim  f 

t'-O  J 


(J.V)  grad  i  dr  + 


ffsj. 


T-T’ 


S' 


dS  at  interior 
points  of  r 


curl  curl  partial  pot  J  -  x  curl  J^  dx  +  j  |  (dS  x  curl  J) 


T'T, 


-  j  ^5  *  (dSxJ) 


Sl..nS 


(21) 


curl  curl  partial  pot  J  -  j  (J.V)  grad  i  dt 

T’T6 
1  , 


+  4  (dS  x  curl  j)+jT»  (dSxj)l 


(22) 

curl 

(23) 


curl  pot  J  -  [  ( fj  x  curl  JJ  dt  -  0  ^3  x  (dSxJ)  (interior  and 
J  '  '  J  exterior  poll 


Sl..nZ 


of  t) 


points 


curl  curl  pot  J  -  J  (J.V)  grad  |  dt  at  exterior  points  of 
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(24) 


TABLE  2 ( CONTD . ) 


curl  curl  pot  J 


Lim 

t'+O 


(J.V)  grad  i  dx  + 


Lim 

S'+O 


x  (dSxJ) 


S' 


at  interior 
points  of  x. 


(It  Is,  of  course,  assumed  in  expressions  of  this  type  that  the 
dimensions  of  S’  are  reduced  in  such  a  manner  that  the  limit  exists.) 


4.16  Equivalent  Layers  and  Image  Systems  in  Vector  Potential  Theory 

The  analyses  of  Sec.  4.5  may  be  readily  extended,  via  equation  (3.3-4), 
to  the  representation  of  vector  point  functions  as  the  vector  potentials 
of  simple  and  double  layer  surface  sources  and  of  volume  sources,  both 
for  bounded  and  unbounded  regions  of  space.  This  leads  directly  to  a 
theory  of  equivalent  layers  for  those  functions  defined  primarily  as 
vector  potentials.  It  should  be  noted  that  the  surface  densities  of  such 
equivalent  layers  are  not,  in  general,  directed  parallel  to  the  surfaces. 

Surface  sources  are  often  considered  to  be  equivalent  to  exterior  sources 
if  the  curls  of  the  associated  vector  potentials  (rather  than  the 
potentials  themselves)  are  identical  within  the  bounded  region.  In  this 

connection  let  V  be  the  curl  of  the  vector  potential  A  deriving  from 

sources  exterior  to  the  region  R  bounded  by  the  surfaces  S.  I.  Suppose 

—  26  —  * • 
that  div  A  -  0  beyond  the  sources  .  Then  V  is  solenoldal  in  R 

because  j  (curl  A).dS  -  0  for  all  interior  surfaces,  and 

curl  V  -  grad  div  A  -  V2A  *  0.  Now  it  is  shown  in  Sec.  4.17^  that  in 
these  circumstances 


(tixv)+(n1xV1) 

4ttVo  *  -  curl  <jf  - — -  dS - -  curl 


(nxV)+(nzxVi:) 


dS 


(4.16-1) 


where  the  auxiliary  functions  Vi - V_  are  the  gradient  fields  of  certain 

L  1.  Sl 

scalar  point  functions  Uj - U^.  defined  within  tj— x^.,  and  nj- — n^.  are 

the  corresponding  outward  normals. 

Equation  (4.16-1)  represents  V  as  the  curl  of  the  vector  potential  of 
surface  sources  on  S^  ^1;  such  sources  consequently  comprise  equivalent 

layers  In  the  extended  sense  of  the  term.  It  is  apparent  that  the 

surface  densities  are  tangential,  irrespective  of  the  orientation  of  V. 
Their  surface  divergence  is  zero,  as  we  now  proceed  to  show. 


26.  See  Sec.  4.19. 


27 


See  also  Ex. 4-1 15.,  p.  341 
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[Sec. 4. 16 


_  _  A^  _  _ 

Let  Kj  -  (nxv)  +  (nj^Vj).  The  outward  flux  of  K*  through  a  small  closed 

f  _  *.»  *.i 

curve  Tj  drawn  upon  Sj  is  given  by  0  Kj.nj  ds,  where  nx  is  tangential  to 

?l 

Sj  and  outwardly  normal  to  Tj .  This  is  equal  to 

f  A _ It 

On*  (V-Vi).ni  ds  - 

?1 


where  the  surface  integrations  are  carried  out  just  inside  Tj  and  x 

respectively,  Vi  and  V  having  continuous  derivatives  up  to  the  common 
boundary. 

But  curl  V  is  zero  in  x  and  curl  Vj  -  curl  grad  Ux  -  0  in  ij,  hence  the 
surface  Integrals  vanish  and  the  flux  of  through  T}  is  zero.  Since  Kj 
is  well'behaved  it  follows  that  diva  Kx  ■  0  on  Sj .  Identical  arguments 
apply  for  the  other  surfaces. 

The  concept  of  equivalence  is  sometimes  carried  still  further  by 
postulating  that  scalar  surface  sources  are  equivalent  to  exterior  vector 

28 

sources  when  the  negative  gradient  of  the  scalar  potential  is  identical 
with  the  curl  of  the  vector  potential  at  interior  points  of  the  bounded 
region. 

If  curl  A  -  V  then,  with  div  A  -  0,  curl  V  ■  0  in  R,  whence  for  R  simply 
connected,  V  •  -  grad  where 


A_f  A  _ 

(nx*n  ).(V-Vx)  ds  -  (Vi-V)  .dr 
rl 


(curl  Vx).dS  -  /  (curl  V).dS 


V.dr,  P  being  fixed  in  R. 


But  div  V  •  div  curl  A  *  0  in  R,  hence  7 2if>  ■  0,  and 

*  - 


L  I  it  _  L_ 

4ir  r  8n  4ir  3n  \^r 


dS 


S,  l 
1.  .n 


28.  The  reason  for  this  choice  of  sign,  which  is  clearly  arbitrary  in  the 
present  context,  need  not  concern  us  here. 
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whence 


V 

o 


-  grad 


fU 

Sl..n£ 


dS  -  grad 


=*  MI 


4*  3n 
Sl..n* 


dS 


(4.16-2) 


Further,  V  Is  solenoldal  in  R  since  y  (curl  A).dS  *  0  for  all  closed 

surfaces,  hence  0  |^-  dS  ■  0  over  Sj - in  turn.  The  Neumann  problem 

may  consequently  be  solved  for  each  of  the  regions  Tj - t^,  and  curl  A 

may  be  expressed  as  the  negative  gradient  of  the  potential  of  simple  and/ 
or  double  layer  sources  of  Sj  qI. 

It  is  clear  that  this  result  holds  for  any  point  function  which  is 
irrotatlonal  and  solenoldal  in  R. 


It  will  be  recalled  that  the  method  of  images  in  scalar  potential  theory 
is  concerned  with  the  determination  of  an  exterior  scalar  source  system 
which  gives  rise,  at  interior  points  of  a  bounded  region  R,  to  a 
potential  (or  potential  gradient)  identical  with  that  deriving  from 
specified  surface  sources,  or  their  equivalents,  on  the  boundary  of  R. 
The  concept  of  image  equivalence  in  vector  potential  theory  is  rather 
wider  since  mixed  sources  may  be  Involved.  Consideration  will  be 
restricted,  in  the  present  Instance,  to  the  determination  of  an  exterior 
vector  source  system  which  gives  rise,  at  interior  points  of  R,  to 

(1)  a  vector  potential  which  is  identical  with  that  deriving  from 
specified  boundary  sources 

or  (2)  a  vector  potential  whose  curl  is  Identical  with  the  curl  of  the 
potential  deriving  from  specified  boundary  sources 

or  (3)  a  vector  potential  whose  curl  is  identical  with  the  negative 
gradient  of  the  scalar  potential  of  specified  boundary  sources. 

It  will  be  supposed  that  the  divergence  of  each  component  vector 
potential  is  zero  outside  the  source. 


As  in  the  case  of  scalar  image  problems,  the  surface  densities  are 
specified  indirectly  by  the  requirement  that  the  combined  potentials  of 
these  and  other  sources,  or  their  derivatives,  satisfy  certain  boundary 
29 

conditions 


The  relevant  uniqueness  criteria  have  been  established  in  Sec.  3.7.  Let 

A#  and  Ag  represent  respectively  the  vector  potentials  of  exterior 

(image)  and  surface  sources,  and  let  $  be  the  scalar  potential  of 
surface  sources.  8 


29.  Some  of  these  conditions  have  their  origin  in  the  physical  behaviour 
of  polarised  systems  and  can  best  be  appreciated  in  that  context.  (See 
Ex. 4-109.  to  4-113.,  pp.  339-40.) 
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(1)  Since  V2Ag  ■  V2Ag  »  0  at  interior  points  of  R,  it  follows  from 

Theorem  3.7-3  that  A g  -  Ag  in  R  if  Ag  -  Ag  at  all  points  of 

S,  E.  This  is  true  whether  or  not  R  is  simply  connected.  When 
l  •  »n  " 

R  is  bounded  internally  but  not  externally  the  equality  will 

and  R2  ||j,  (Ae-*s)|  are  bounded  at 

It  may  be  noted  in  this  connection  that  when  the  sources  comprise 
parallel  systems  of  cylinders  and  lines  of  axially-directed 
density,  the  magnitude  of  the  vector  potential  is  everywhere 
equal  to  the  scalar  potential  deriving  from  sources  of  equal 
magnitude.  As  a  result,  the  vector  equivalents  of  Ex. 4-69.  to 

4-71.,  p.  300  may  be  propounded  and  solved  by  substitution  of  A 

for  $,  I  for  \  and  K  for  o,  etc,  without  recourse  to  a  uniqueness 
theorem  for  vector  fields. 


(2)  When  it  is  required  that  curl  Ag  -  curl  Ag  in  R,  rather  than 

Ag  -  Ag,  a  relaxation  of  the  boundary  requirement  is  possible. 

On  writing  curl  A  ■  V  and  curl  A  -  V  we  have 
*  e  e  s  s 

curl  Vg  -  curl  Vg  ■  0 

in  R 

div  V  •  div  V  m  0 
e  s 

It  then  follows  from  Theorem  3.7-1  (with  V  substituted  for  F) 
that 


curl  Ag  -  curl  Ag  in  a  simply  connected  region  R 
provided  that  either 

A  A 

(a)  n  .  curl  A  ■  n  .  curl  A  on  S,  E  (4.16-3) 


___ 

(b)  n  x  curl  A  -  n  x  curl  A  on  S.  E  (4.16-4) 

e  8  l .  .n 

it  being  understood  that  curl  Ag  is  to  be  evaluated  just  inside 

R.  The  additional  requirement  postulated  by  Theorem  3.7-1  in 

connection  with  (b),  viz  <j  (curl  Ag).dS  -  (j  (curl  Ag).dS  for  each 

surface  in  turn,  is  automatically  satisfied  since  each  Integral 
is  zero. 


continue  to  hold  if  R|A  -A 
infinity.  e  8 
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In  addition,  it  is  easily  shown  that 


curl  A^  «  curl  Ag  in  a  multiply  connected  region  R 

(4.16-5) 

(4.16-6) 

(3)  Let  curl  A  -  V  and  -  grad  $  -  V  .  Then 

€  0  S  S 

curl  V  -  curl  V  -  0 

e  s 

in  R 

div  V  -  div  V  -  0 

e  s 


provided  that  either 

(c)  curl  (A^-A^)  is  irrotational  in  R 


and  n  .  curl  A 


curl  A  on  S,  I 
s  1.  .n 


(d)  n  x  curl  A 


n  x  curl  A  on  S.  I 
s  1.  .n 


whence,  from  Theorem  3.7-1, 


curl  A  -  -  grad  $  in  a  simply  connected  region  R 

0  S 


provided  that  either 

(a)  n  .  curl  A  ■  -  n  .  grad  <p  on  S 


l..n 


(4.16-7) 


(b)  n  x  curl  A^  -  -  n  x  grad  <pg  on  Sj 

and  J)  grad  $g.dS  -  0  for  each  surface  in  turn. 


(4.16-8) 


[The  latter  condition  stems  from  the  requirement  that 


j?  curl  Afi.dS  -  j)  -  grad  $g.dS  for  each  surface.] 


Further, 


curl  Ag  ■  -  grad  $g  in  a  multiply  connected  region  R 


provided  that  either 

(c)  curl  A  is  irrotational  in  R 

A  A 

and  n  .  curl  A#  ■  -  n  .  grad  $g  on  S ^  n l 


(4.16-9) 


338 


FIELD  ANALYSIS  AND  POTENTIAL  THEORY 


[Sec. 4. 16 


or 

A  A 

(d)  n  x  curl  Ag  -  -  n  x  grad  on  Sj^  ^E  (4.16-10) 

and  j)  grad  $g.dS  -  0  for  each  surface  In  turn. 

In  the  event  that  R  is  unbounded  externally  In  cases  (1)  and  (2) 
above,  the  conditions  for  equality  are  maintained  provided  that 

R2  | curl(Ae-Ag) |  and  R2  [curl  A^  +  grad  $g|  are  bounded  at  infinity. 


EXERCISES 


4-106.  Extend  the  analyses  of  Sec.  4.5  to  the  representation  of  a  vector  point 
function  as  the  vector  potential  of  simple  and  double  surface  sources 
and  of  volume  sources,  both  for  bounded  and  unbounded  regions  of  space, 
and  rework  Sec.  4.10  in  terms  of  vector  point  functions. 

4-107.  Two  cylindrical  vector  surface  sources  of  length  2c,  radii  a^  and  a2» 
and  centre-to-centre  spacing  g  (>ai+a2)  are  bisected  by  the  same 

transverse  plane.  The  surface  density  K  is  everywhere  directed 
axially,  without  axial  variation,  and  is  such  as  to  maintain  each 

surface  equlpotential  in  the  presence  of  the  other,  within  finite 

distance  of  the  source  centre,  as  c-h».  The  centres  of  the  circles  in 

which  the  cylinders  cut  the  transverse  plane  are  P  and  Q,  corresponding 
to  radii  a,  and  a2 ,  and  the  strengths  of  the  cylinders  per  unit  length 

f  _  h. 

(le  0  K  ds  taken  around  each  periphery)  are  +z  I  and  -z  I  respectively. 

Show  that  the  value  of  the  vector  potential,  at  points  outside  the 
cylinders,  is  identical  with  that  deriving  from  axial  line  sources  of 
A 

density  +z  I  and  -z  I  displaced  Inwards  from  P  and  Q  by 

g2  +  a?  -  jWC  d  e2  -  aj  +  4  -  /c 

2g  Zg 

where  C  «  g4  -  (a$+a§)  +  (a$-a?)2 

Make  use  of  the  result  of  Ex. 4-93.,  p.  320  and  of  Ex. 4-73.,  p.  301, 

appropriately  transformed  for  a  two-dimensional  field  in  space,  to 

determine  the  magnitude  of  the  flux  of  curl  A  between  the  cylinders  per 
unit  axial  length. 

[Hint:  Indentlfy  the  cross-section  in  the  central  plane  with  the 

circles  in  Ex. 4-62.,  p.  292,  taking  P  adjacent  to  A  and  Q  adjacent  to 

B.  Show  that  OP2  ■  d2  +  af  and  OQ2  -  d2  +  a§.  Hence  derive 

d  -  /C/2g. ] 

Ans:  Flux  magnitude  per  unit  axial  length  -  21  cosh  1 


(g2-af-ag) 


4-108.  Confirm  the  requirements  for  image  equivalence  in  multiply  connected 
regions  as  set  down  in  equations  (4.16-5/6)  and  (4.16-9/10).  Show  that 
identical  requirements  follow  from  the  results  of  Ex. 3-26.,  p.  198,  end 

that  s  further  sufficient  condition  for  the  equality  of  curl  A  and 
_  iL  _  A.  _  • 

curl  A  in  R  is  that  n  x  A  ■  n  x  A  upon  S.  r. 

9  *  •  8  leetl 


UNRETARDED  POTENTIAL  THEORY 


339 


4-109.  A  rectilinear  source  T  of  uniform  tangential  density  I  lies  parallel  to 
and  outside  a  cylindrical  surface  source  of  radius  a,  centred  upon  the 

z  axis  of  cylindrical  coordinates.  The  surface  density  K  is  axially 
directed  and  a  function  of  ♦  alone.  It  is  so  distributed  chat 

(curl(Ar+As))^  Increases  a  times  with  normal  movement  through  the 

surface  into  the  cylinder  at  any  point,  where  Ap  and  Ag  denote  the 

vector  potentials  of  the  line  and  surface  sources  and  a  is  a  constant 

greater  than  unity. 

Show  that  the  divergence  of  A  for  the  Individual  sources  approaches 
zero  at  all  points  outside  them,  and  within  finite  distance  of  a  local 
origin,  as  the  source  lengths  extend  to  infinity  in  both  directions. 

Use  the  result  of  Ex. 4-94.,  p.  320,  to  show  that  the  boundary 
requirement  stated  above  leads  to  the  relationship 

2irK  "  "  irri  {(cuTl  V*  +  i  f  K  ds) 

By  taking  the  tangential  line  Integral  of  both  sides  of  this  equation 
around  the  periphery  and  Integrating  the  normal  component  of 

curl  curl  Ap  over  a  surface  which  spans  the  contour,  deduce  that 

0  K  ds  -  0,  ie  the  source  strength  per  unit  length  of  cylinder  is  zero. 

Hence  show  that  the  tangential  component  of  the  curl  of  the  vector 
potential  of  the  surface  source  is  duplicated  just  inside  the  cylinder 

by  that  of  a  line  source  coincident  with  T  and  of  density  — - — r  I. 

a  +  1 

Develop  a  uniqueness  criterion  for  the  two-dimensional  fields  under 
consideration  and  so  prove  that 


curl  (Af+As)  -  curl  A,. 


at  interior  points  of  the  cylinder. 


4-110.  Show  that  the  conditions  laid  down  in  equations  (4.16-5/6)  for  the 

equality  of  curl  Ag  and  curl  Ag  in  a  multiply  connected  region  bounded 

by  a  finite  source  system  remain  sufficient  for  the  region  bounded 
Internally  by  the  infinite  cylindrical  source  system  of  the  previous 

exercise  if  supplemented  by  the  requirement  that  pn|curl(A  - A  ) |  be 

ft  s 

bounded  for  large  values  of  p  when  n  >  1 .  Hence  prove  that  the  image 
complex  whose  curl  pot  duplicates  that  of  the  cylindrical  surface 
source  at  p  >  a  comprises  a  line  source  Inverse  to  T  in  the  cylinder 

and  of  density  ®  —  J  I,  together  with  an  equal  and  opposite  line  source 
upon  the  axis. 


[Hint :  Evaluate 

P  “  a.] 


-BA 

(curl  A),  - 


for  object  and  image  systems  at 
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4-111.  Suppose  that  In  Ex. 4-109.  and  4-110.  the  vector  surface  source  is 
replaced  by  a  scalar  source  whose  density  a  is  a  function  of  ♦  alone, 

and  is  so  distributed  that  the  normal  component  of  curl  A^,  -  grad  is 

reduced  by  a  times  with  normal  movement  through  the  surface  into  the 
cylinder  at  any  point. 

Use  the  result  of  Ex. 4-37.,  p.  269  to  show  that 


2,0  '  TTl  { l  *  *  ■  curl  Arj 

£ 

where  q  is  the  strength/unit  length  of  the  cylinder  and  n  is  the 
outward  normal. 


Prove  that  q  is  zero  by  Integration  of  both  sides  of  the  above  equation 
around  the  cylinder  and  by  an  application  of  the  divergence  theorem  to 
a  closed  cylindrical  surface  of  unit  length.  Then  show  that  the 
negative  gradient  of  the  surface  potential  is  matched  at  Interior 
points  by  the  curl  of  the  vector  potential  of  a  line  source  of  density 


I  coincident  with 


r. 


and  conclude  that 


curl  Ar  -  grad  *s 


-  IT  CUrl  Ar 

a  +  1  r 


at  points  within  the  cylinder. 

n 


9A_ 


—  1  w  Z 

curl  A  *  -  rr~  to  show  that  the  negative 

p 


Now  use  the  relationship 

gradient  of  the  surface  potential  is  duplicated  just  outside  the 
cylinder  by  the  curl  of  the  vector  potential  of  a  line  source  of 

density  0  ■ r  I,  inverse  to  r  in  the  cylinder,  and  confirm  that  the 

01  *  ^ 

image  system  for  the  exterior  region  is  completed  by  the  addition  of  a 
line  source  of  density  -  ^-t-4  I  upon  the  axis. 

(X  **  A 


4-112.  A  uniform,  closed,  tangential  line  source  r  of  magnitude  I  is  situated 
to  one  side  of  an  Infinite,  plane,  tangential  surface  source  whose 

density  K  is  such  that  the  tangential  component  of  curl (A  +A  )  is 

r  s 

increased  a  times  with  normal  movement  through  the  surface  from  the 
half  space  R  containing  r  to  the  half  space  R' .  Use  a  result  of 

Ex. 4-85.,  p.  315  to  show  that  the  surface  divergence  of  K  is  everywhere 
zero. 


4-113.  On  the  assumption  that  R2  |curl(Aj,-As)  |  is  bounded  upon  the  surface  of  a 

hemisphere  of  local  origin  as  its  radius  approaches  infinity,  show  that 
the  curl  of  the  vector  potential  of  the  surface  source  in  the  above 
exercise  is  duplicated  in  R'  by  that  of  a  line  source  of  magnitude 

~  -  -7  I  coincident  with  r  and  having  the  same  sense,  and  in  R  by  that 

Cl  '  *  ^  I 

of  an  optical  image  source  in  R’ ,  of  magnitude  a  ]-■ .  I  and  so  directed 

that  when  object  and  image  sources  are  resolved  into  components 
parallel  to  and  normal  to  the  plane  the  former  have  the  same  sense  and 
the  latter  opposite  senses. 
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4-114.  If  the  surface  density  in  Ex. 4-112.  is  so  distributed  that  curl(Aj,+Ag) 
is  reduced  to  zero  just  inside  R* ,  rather  than  increased  a  times,  show 

that  divs  K  continues  to  be  zero  everywhere  but  that  the  image  source 
located  in  R*  is  now  of  magnitude  I  and  of  opposite  sense  to  the  image 
in  Ex. 4-113. 

4-115.  Let  V  be  a  vector  point  function,  irrotational  and  solenoidal  within 

the  region  R  bounded  by  the  surfaces  _ ^ .  Show  that  V  may  be 

expressed  within  R  as 

4„Vo  -  -  grad  I  (*-U,)  jj  (!)  dS - grad  j  (*-0£)  -jL  (i)  ds 

Si  I 


where 


V.dr  (P  being  a  fixed  and  Q  a  variable  point  of  R) 


and  Uj - U  are  the  solutions  of  Neumann  problems  in  the  regions 

Ti— v 

Now  use  a  result  of  Ex. 4-86.,  p.  316  to  show  that 


4xVo  ■  curl  ^  dS  x  ty-Uj)  grad  ^ 


-  +  curl  |  dS  x  ty-U£)  grad  p 

Z 


and  transform  this  into 


_A  __  A_  _ 

_  /■  (nxV-nxVi) 

4ttV  ■  -  curl  6  -  dS 

o  /  r 

Si 


r  (nxV-nxV  ) 

-  curl  6  - - -  dS 

Z 


where  Vj  -  grad  Uj  etc. 
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30 

4.17  The  Grad-Curl  Theorem 

Let  F  be  any  vector  point  function,  well-behaved  throughout  the  region  x 
bounded  by  the  surfaces  n^*  F  “my  or  “ay  not  be  defined  outside  x. 
Let  A  be  the  vector  potential  of  x  when  treated  as  a  volume  source  of 
density  F.  Since 


V2A  -  grad  dlv  A  -  curl  curl  A 
wherever  A  is  well-behaved,  it  follows  that 

V2  J  dx  "  8rad  dlv  J  ^  dx  -  curl  curl  f  ^  dx 

T  T  T 

both  for  interior  and  exterior  origins  of  r. 

Hence 


0 


-  grad  dlv 


-  dx  +  curl  curl 


I- 


(4.17-1) 


where  the  left  hand  side  is  4irF  at  interior  points  of  x  and  zero  at 
exterior  points. 

Since  equations  (4.15-4)  to  (4.15-7)  hold  within  and  without  the  source 
we  have  also 


-  grad 


dlv  F 
r 


dx  +  grad 


x 


l 

.n 


(4.17-2) 


+  curl 


-U^-  ^  dx  -  curl  p  dS  x  - 

r  j  r 

Sl..nE 


30.  So  called  by  A.  O'Rahilly  "Electromagnetic  Theory",  p.  14,  Dover, 
New  York  (1965).  It  is  generally  expressed  as  equation  (4.17-2)  without 
the  surface  integrals  and  known  as  Helmholtz’s  theorem. 
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and 


grad 


grad  - 


dr  +  curl 


F  X 


grad  -  dx 


(4.17-3) 


or,  from  equation  (4.17-2), 


(dlv  F)  dt 


Sl..nE 


(4.17-4) 


l  (curl  F)  ^  ^3 


f 


dr  +  4  (dS*F)  x 

SI..n£ 


Equations  (4.17-1)  to  (4.17-4)  represent  various  forms  of  the  grad-curl 
theorem. 


Now  suppose  that  some  point  function  F}  Is  well-behaved  throughout  the 
region  tj,  bounded  externally  by  Si.  Then  for  an  origin  of  r  within  x  we 
have 


0  -  -  grad  j f  — ^  Fl  dx  +  grad  •  ni  dS 

Ti  Si 

+  curl  j f  Fl  dx  -  curl  J>  ni  x  dS 

Ti  Si 


(4.17-5) 


where  ni  is  the  outward  normal  from  xj. 

On  adding  equations  (4.17-5)  and  (4.17-2)  we  obtain  an  alternative 
expression  for  4irFo  within  x  which  Involves  additional  volume  and  surface 

integrals  over  ti  and  Si  in  terms  of  an  arbitrary  function  ?i .  Since  the 

same  treatment  can  be  extended  to  xi — T  (and  to  the  region  outside  I  so 

n 

long  as  the  choice  of  auxiliary  function  is  such  as  to  maintain  the 
volume  integrals  finite  and  reduce  the  surface  Integrals  at  infinity  to 

zero)  it  is  clear  that  any  well-behaved  function  F  may  be  expressed 

within  the  bounded  region  x  as  -  grad  +  curl  Q  where  and  Q  may  assume 
an  infinite  number  of  forms.  This  behaviour  parallels  that  for  scalar 
point  functions  as  described  in  Sec.  4.5. 
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We  are  now  In  a  position  to  demonstrate  that  a  vector  point  function  V 
which  is  solenoidal  throughout  a  region  t  may  be  expressed  within  t  as 
the  curl  of  a  point  function  (See  p.  62). 


Since 


:  b 


dS  ■  0  for  any  closed  surface  which  can  be  drawn  within  t. 


dlv  V  ■  0  at  interior  points  of  t  and 


6  V.dS 


S,  £  in  turn. 
1  .  «n 


J 


“  0  for  each  of  the  surfaces 


Let  Ui  be  a  scalar  point  function,  harmonic  in  tj,  and 

Jn.  _  i 

such  that  the  outward  normal  derivative  ^  is  equal  to  -V.n  at  all 
31  — 

points  of  Si  .  Put  Vj  -  grad  Ui.  Then 


div  Vj  *  V2U!  *  0  in  tj 


curl  ?!  -  curl  grad  Uj  ■  0  in  tj 


A  _  ^ 

Vl*nl  “  ~  V*°  011  S1 

Under  these  conditions  equation  (4.17-5)  becomes 

0  -  -  grad  ^  -  .  n  dS  -  curl  j)  nj  *  dS 

S’  Si 

and  on  adding  this  to  equation  (4.17-2),  where  div  V  is  already  zero, 

there  is  a  cancellation  of  grad  J>  |  .  dS. 

Si 

Proceeding  in  the  same  way  for  the  regions  — t  ,  we  eliminate 

r  y  ** 

grad  d  -  .  dS  from  equation  (4.17-2)  at  the  expense  of  an  Increased 

S2..n 

number  of  curl  terms.  Finally,  let  U_  be  harmonic  in  the  region  r_ 

L  ^  ^  ^  A  i 

outside  £,  regular  at  infinity,  and  such  that  V£.n.  *  *  V.n  on  £.  Then 

for  this  component  equation  (4.17-5)  becomes 


31.  Ui  exists,  being  a  solution  of  an  interior  Neumann  problem. 
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0 


-  grad 


dS  +  grad 


dS  -  curl 


Z 


-  curl 


x 


r 


dS 


But  Uj.  Is  regular  at  Infinity,  hence  R2 1 V^.  |  is  bounded  at  infinity  and 
the  surface  integrals  at  infinity  consequently  vanish^  Upon  summing  the 
resulting  equation  with  that  developed  above,  grad  j  .  dS  is  eliminated 

E 

and  V  is  expressed  entirely  as  curl  functions: 


4.Vo  -  curl  J  dt  .  curl  ^j_(n«V)+(ni»V1)}  d$ 


Si 


(4.17-6) 

r  { (oxV)+(rLxv)} 

-  curl  6  - r  dS 

z 


Reverting  to  a  general  case,  suppose  that  F  is  defined  everywhere  within 
Z  but  is  discontinuous  or  has  discontinuous  derivatives  upon  interior 
surfaces  which  we  identify  with  Sj  .  Following  the  procedure  adopted 

in  Sec.  4.5  for  scalar  functions,  we  find  that  F  is  given  at  interior 
points  of  the  enclosure,  not  coincident  with  by 

4ifFo  ■  -  grad 


(4.17-7) 

+  curl  f  C-ur*  F  dr  -  curl  ^  fo*F)  dS  _  curi  j  ds 


/ 


div  F 


dx  +  grad 


i 


-A(F.n) 


dS  +  grad 


dS 


l..n 
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where  t'  Is  the  set  of  regions  enclosed  by  I,  and  A(  )  Indicates  the 
increment  In  the  bracketed  term  corresponding  to  positive  motion  through 
the  surface  when  the  same  arbitrarily-defined  sense  of  the  normal  is 

32 

assigned  to  both  sides  of  the  surface 

If  there  are  no  discontinuities  of  F  and  its  derivatives  outside  I,  and 
if  £  Is  allowed  to  expand  to  infinity,  equation  (4.17-7)  becomes 

4irFo  -  -  grad  j  F  dT  +  grad  j)  dS 


(4.17-8) 

_  —  — 

.  f  curl  F  „  ,  Jf  -A(n*F) 

+  curl  j  — -  dt  -  curl  ffl  — ~ —  dS 

“  S, 

1.  .n 

provided  that  the  volume  integrals  converge  and  the  terms  involving  E 
vanish.  This  will  certainly  be  the  case  if  | F ]  R11  is  bounded  for  n  >  1 
and  R°  div  F  and  R^jcurl  F|  are  bounded  for  n  >  2. 

By  proceeding  from  equation  (4.17-4)  rather  than  (4.17-2)  we  find  that 


4irF  - 
o 


(div  F)  dr  +  6  -A(F.n)  dS 


1 .  ,n 


(4.17-9) 


(curl  F)  x  ^  dt  +  |  -A(nxF)  x  dS 
Sl..n 


provided  that  Rn  div  F  and  Rn|curl  f|  are  bounded  for  n  >  1  and  |f|+0  as 
R-*». 


Since  the  vectorial  content  of  F  and  curl  F  has  been  Ignored  in  arriving 
at  the  above  conditions  for  validity,  the  latter  should  be  treated  as 
sufficient  but  not  necessary. 


32.  The  surfaces  Sj _ n  are  not  necessarily  closed. 
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4.18  The  Gradient  and  Laplacian  of  the  Scalar  Point  Function  J  P.grad  ~  dr 

Let  P  be  a  vector  point  function »  well-behaved  throughout  the  region  t 
bounded  by  Che  surfaces  and  let  r  be  the  distance  of  dx  from  the 

point  of  evaluation  0.  Then  /  P.grad  ^  dx  defines  a  scalar  point 

x 

function  which  is  identical  with  the  sum  of  two  Newtonian  potential 
functions  and  is  everywhere  convergent  and  continuous.  This  may  be 
demonstrated  as  follows: 

When  0  is  exterior  to  x  we  have,  at  interior  points  of  x. 


whence 


div  |  -  £  div  P  +  P.grad  £ 


div  |  dx 


ft 


.dS  - 


Sl..nE 


dT  +  I  P.grad  j  dr 


or 


P.grad  i  dt 


(-div  P) 


dx  + 


P  - 
-.n  dS 
r 

Sl..nE 


(4.18-1) 


Hence  at  exterior  points  of  x  the  integral  under  consideration  is  equal 
to  the  combined  potentials  of  the  volume  source  x  of  density  (-div  P)  and 

_  _A 

the  surface  sources  S,  I  of  density  P  ■  P.n  where  n  is  the  outward 
i .  .n  n 

unit  normal  from  r . 

When  0  lies  within  x  the  integral  f  P.grad  ~  dx  is  improper.  Let  0  be 


an  interior  point  of  the  region  x  *  bounded  by  the  closed  regular  surface 
S*.  Then  corresponding  to  equation  (4.18-1)  we  now  have 


P.grad  |  d x  «  J  (~dlr  *  +  f  f«ds  +  \-dS 

-  J  S' 


X-T 


Sl..nE 


(4.18-2) 


As  S'  shrinks  about  0,  f  —  dx  converges  for  reasons  discussed  in 


jP  -  T-t 

Sec.  4.4  and  (ft  -.dS+0  (see  Ex. 4-117.,  p.  354). 


S 
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Hence  at  Interior  points  of  r 

J  P.grad  £  dt  5  I  P.grad  ±  dt  -  J  dt  +  j  ?.dS  (4.18-3) 

t-t'  t  t  S.  Z 

1.  .n 

This  relationship  may  be  shown  to  subsist  upon  S.  Z,  so  that 

r  —  i  1  • -n 

j  P.grad  -  dr  is  everywhere  equal  to  the  sum  of  the  potential 

functions  described  above.  We  will  consequently  refer  to  it  as  a 

33 

potential  function  .  It  is  everywhere  continuous*  but  its  normal 
derivative  is  discontinuous  upon  Sj  by  -4irPn  for  a  common  positive 

sense  of  the  normal  on  both  sides. 

4.18a  Gradient  of  j  P.grad  “  di  at  interior  and  exterior  points  of  T 
T 

It  follows  from  equations  (4.18-1)  and  (4.18-3)  that  at  interior  and 
exterior  points  of  t 


grad  j  P.grad  j  dr  -  grad 

T  T 


Mlv_P)  dt  +  grid  j  l 

si..J 


whence  from  equation  (4.7-7)  with  P.n  substituted  for  <j,  and  from  (4.8-1) 
and  (4.8-12)  with  (-div  P)  substituted  for  p 


grad  l  P.grad  i  dt  -  j  (-div  P)  ^  dt  +  j)  P.dS  ^3  (4.18-4) 

S,  Z 
1.  .n 


33.  r  _  ! 

At  exterior  points  of  t,  /  P.grad  -  dt  is  the  potential  of  a  limiting 

T 

configuration  of  scalar  point  doublets  within  t,  and  it  is  in  this  context 
that  the  function  usually  arises  (see  Sec.  4.20a).  At  Interior  points  of 
t,  however*  the  potential  of  such  a  complex  is  indeterminate,  but  we  may 
continue  to  manipulate  the  integral  Independently  of  any  such 
interpretation. 
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^tn™ofV*!y'  alnC‘  ',|uatlon  (4'8-10)  aPPU«»  at  interior 


and  exterior 


gr>d  /  f-8rad  ?  *  -  -  /  at  +  f  4ixJ  d*  +  j  f  d-  £ 


^..n1 


SI..nJ 


(4.18-5) 


Agala,  by  coabiniag  equation  (4.18-4)  with  (4.17-4)  we  obtain 


8rad  J  P‘8rSd  f  dT  ■  /  <C“rl  F)^  -  f  at  exterior  polata 

(4, 18-6) 


S.  E 
1.  .n 


(curl  P)«*j  dr  -  j  (dS«P)x*3  +  4rP  at  Interior 
»  nolnra 


s,  z 

1 .  .n 


points 

(4. 18-7) 


Finally,  from  equation  (4.17-3), 


grad  j  P.grad  ±  dr  -  - 


curl  J  Pxgrad  ±  dT  at  exterior 
points 

T 


(4.18-8) 


-  curl 


Pxgrad  -  dr  +  4irP 


at  interior 
points 


4*I8b  £ladient  of  cavity  potential  p.grad  i  dT 


(4.18-9) 


t-t. 


aphere  wiehi^T^a^tliJt  in'accordance^iH^  **  Bl1  P°l0tS  °f  *  flxed  d 
£hBt  ln  accord«“*  with  equation  (4.8-2)  the  source 

em  now  reduces  to  a  volume  source  t-t6  of  density  (-div  P)  and 
sur  ace  sources  S^J.  Sfi  of  density  P.n,  the  point  of  evaluation  being 
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exterior  to  the  region  of  Integration.  Various  expressions  for 
grad  (cavity )f  P  .  grad  ^  dt  may  be  obtained  by  appropriate  amendment  of 


T-T 


6 


1 


the  results  for  grad  J  P  .  grad  -  dx  at  exterior  points  of  x  and  these 
x 

expressions  will  hold  at  all  interior  points  of  the  6  sphere.  We  get 


grad  (cavity)  /  P  .  grad  -  dx 


x-x. 


(-div  P)  dx  +  j  P.dS  ^3 


x-x. 


Sl..n2,  S6 


(4.18-10) 


graded lv__P  dx  +  jf  dS  +  j  P.dS  p  (4.18-11) 


x-x. 


Sl..nE*  S6  Sl..nE'  Sfi 


(curl  P)  x  dx  -  |  (dSxP)  x  -^3 


x-x. 


s« 


(4.18-12) 


-  -  curl  j  P  x  grad  -  dx 


(4.18-13) 


It  follows  from  equation  (4.18-10)  that  when  the  gradient  of  the  cavity 
potential  is  evaluated  at  the  centre  of  the  6  sphere 


grad  (cavity)  f  P  .  grad  J  dx 


t-r. 


-  j  (-dlv  P)  jj  dr  +  jf  P.dS  j  P.dS  ^5 

T  Sl..n£  Sd 


grad  j  P  .  grad  j  dx  -  |  irP0 


(4.18-14) 


x 


Sec. 4. 18] 


UNRETARDED  POTENTIAL  THEORY 


351 


This  result,  which  Is  of  considerable  importance  in  the  theory  of 
polarised  systems,  contrasts  with  that  found  in  Sec.  4.8  for  a  simple 
volume  source,  viz. 

grad  (cavity)  J  |  dr  -  grad  J  |  dx 
T'T6 

4.18c  Laplaclan  of  f  P  .  grad  ~  dx  at  interior  and  exterior  points  of  x 
j  r 

x 

From  equations  (4.18-1)  and  (4.18-3) 


V2 


P  .  grad  |  dx 


v>f  taLB  dT  +  | .  d? 


s.  z 

1.  .n 


But 


V2  6  -  .  dS  -  <i  P.dS  V2  (  - 


Sl..nE 


hence,  from  (4.9-1)  and  (4.9-4)  with  (-div  P)  substituted  for  p. 


V2  j  P  .  grad  -  dx  -  0  at  exterior  points 


(4.18-15) 


.  f  _  1  — 

V2  J  P  .  grad  -  dx  -  4ir  div  P  at  interior  points  (4.18-16) 


4.18d  Laplaclan  of  cavity  potential  j  P  .  grad  i  dx 


From  equation  (4.18-2) 


V2  (cavity)  j  P  .  grad  i  dx 
t-t. 


72  (cavity)  J 


V  <***  *  / 


dx  +  v4- 


T  “X  . 


Sl..nE>  SS 
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But 


V2 


-  .  dS 
r 


P.dS  V2  (ij  -  0 


Sl..nE’  S«  Sl..nZ'  S«3 


since  the  6  sphere  Is  fixed  In  space, 
hence  from  equation  (A. 9-2) 


V2  (cavity)  [  P  .  grad  i  dT 

X-X„ 


(A. 18-17) 


A. 18e  Discontinuity  of  grad  /  P  .  grad  -  dr  at  the  bounding  surfaces 


We  have 


grad 


P  .  grad  -  dt 


grad 


(-dlv  P) 


dx  +  grad 


P.n 


dS 


Sl..n£ 


where  n  is  the  outward  normal  from  x. 


The  first  term  of  the  right  hand  side  is  continuous  through  S,  l  since 

1 .  .n 

it  comprises  the  gradient  of  the  potential  of  a  well-behaved  volume 

source  of  density  (-dlv  P) .  The  second  term  is  discontinuous  since  it 
comprises  the  gradient  of  the  potential  of  a  surface  source  of  density 

P.n.  In  accordance  with  the  findings  of  Sec.  A. 7b  this  term  suffers  a 
_  A  A 

discontinuity  of  -Air (P.n) n  with  movement  through  the  surface  out  of  x. 


A. 18f  The  partial  potential  and  its  derivatives 

Use  of  the  transformation  (A. 18-3),  coupled  with  the  results  of 
Sec.  A. 8,  has  rendered  it  unnecessary  to  invoke  a  partial  potential  or 

its  derivatives  in  the  determination  of  grad  J  P  .  grad  i  dx  and 

V2  f  P  .  grad  i  dx  at  interior  points  of  x.  Such  point  functions  may, 
**  x 

of  course,  be  employed,  and  the  manipulations  involved  In  their 
derivation  afford  useful  practice  In  handling  this  branch  of  potential 
theory.  Accordingly,  a  number  of  exercises  at  the  end  of  the  section  are 
devoted  to  the  topic,  and  are  set  out  In  some  detail  to  assist  the 
reader. 
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EXERCISES 


4-116.  By  means  of  an  analysis  similar  to  that  employed  In  Sec.  4.4  in 


connection  with  the  improper  integral 
(x-x  J 


f  £ 


dr »  show  that 


(x-x  ;  _  i  t 

Px  — dx  (and  consequently  P  .  grad  ~  dx)  Is  convergent  at 


Interior  points  of  x. 


dS 


4-117.  Show  that,  for  any  closed  regular  surface  S,  the  integral  <j)  — 

S 

approaches  zero  as  S  shrinks  about  ^  tfie  origin  of  r,_^  and  that 

0  dS  x  ?  likewise 


consequently  Integrals  of  the  type  (f)  -  .  dS  and 


S  S 

approach  zero,  provided  that  P  Is  finite  and  continuous  at  the  origin. 


[Hint:  Express 


j? 


as  the  volume  Integral  of  grad  -  between  S  and  an 


included  spherical  surface  centred  upon  0,  and  show  that  Its  component 
scalar  magnitudes  approach  zero  as  these  surfaces  shrink  about  0.] 

4-118.  Demonstrate  that  (4.18-3)  continues  to  hold  at  boundary  points  of  x. 

4-119.  Prove  that 


E 


P  .  grad  i  dx 


E 


P  .  grad 


(x-x  ) 


dx 


at  exterior  points  of  x. 
(x-x  ) 


Expand  div 


JL.  p 


P  and  Integrate  over  x  to  obtain 


(x-x  ) 

P  .  grad  -  -3 ■ -  dx  - 


(x-x) 

-p2-  P.dS  - 
Sl..n£ 


(*-*0) 


div  P  dx 


and  hence  obtain  grad  j  P 
x 

4-120.  By  writing 


grad  —  dx  in  the  form  (4.18-4). 


grad  (partial)  j  P  .  grad  i  dx 


t-t. 


■  grad  (partial)  f  dx  +  grad  ^  |  .  dS  +  grad  <j  |  . 


T-T. 


si..n£ 


dS 
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show  that 


grad  (partial)  /  P  .  grad  -  dr 


-  l  (-div  P)^j  dt  -  j  dS  +  j  P.dS  ^  +  grad  <f  |  .  dS 

T“T ,  S ,  S.  Z  S , 

S  S  l..n  6 

Bearing  in  mind  that  the  6  sphere  moves  with  0,  derive  the  relationship 


grad 


J  -  .  dS 

J  r 


r  ,  f  3P„  3P_  1 

-  i-j— ^dS  +T-ZdS  +  T-5  dS  f 
/  r  [3x  x  3x  y  3x  zj 


and  combine  this  with  the  x  component  of  the  remaining  surface  integral 
over  Sg  to  obtain 


^  i  {(dS  x  grad  Pz)y-(dS  *  grad  Py)z> 


Make  use  of  equation  (1.17-2)  to  show  that  this  is  zero,  and  hence 
obtain 


grad  (partial)  /  P  .  grad  |  dr  -  /  (-div  P)  dt  +  0  P.dS  ^5 


T-T. 


Sl..nE 


4-121.  It  is  possible  to  derive  the  result  of  the  previous  exercise  without 
making  use  of  the  initial  transformation  (4.18-2). 

Write 


grad  (partial)  j  P  .  grad  -  dx 


T-T. 


r .  <x-0  (y-yQ)  (*-*)! 

-  -  grad  (partial)  /  j  Px  “^y2-  +  P  -^r2-  +  Pz  >  <Jt 


T-T, 
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and  show  that  the  field-slipping  technique  developed  in  Sec.  4.8  for 
the  evaluation  of  grad  partial  pot  p  can  be  applied  to  the  evaluation 

f  _  *"Xo 

of  grad  (partial) j  P^  73  dr,  since  —£3  remains  constant  for  each 
T"T<5 

volume  element  during  the  slip.  Hence  derive 


grad  (partial)  /  P  .  grad  £  dT 


t-t 


6 


(x-x  )  (y-y  )  (z-z  )  ] 

73  8rad  px  +  «rad  py  +  “73  8rad  pz  f  dx 


t-t. 


+  <Mp 


(x-x  )  (y-y  )  (z-z  ) 


— I2-  +  p  — j2-  +  p  — 

r3  y  r3  z  r 


dS 


h...1 


(x-xo) 

Integrate  grad  73  P^  and  its  expansion  over  x-x^,  combining  the 

resulting  equation  and  similar  equations  in  (y-y  )  and  (z-z  )  with  that 
above  to  get  0  0 


grad  (partial)  f  P  .  grad  i  dr 


t-t. 


r  f  (x— x  )  (y-y  )  z-z  { 

"  J  |px  8rad  73  +  Py  8rad  -73  +  p2  8rad  -73^!  dx 


T-T. 


/j  (x-x  )  (y-y  )  (z-z  )\  _ 

-  j \Px  “?*•  +  *,  +  Pz  -pr~)  « 


3  (y-yo^  a  <x-xo) 

By  noting  that  —  75  -  *7  73°  etc.  show  that  the  x  component 

of  the  above  expression  may  be  written  as 


(x-x  J 


P  .  grad  —73*-  dx  +  j)  P  .  grad  ~  dS^ 
T-T, 
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(X-X  ) 

Utilise  the  integral  of  div  ^.3  P  and  its  expansion  over  x-xg  to 
replace  this  expression  by 


(x-xj 


J  r3 

T-Tp 


div  P  dx  + 


(x-x  ) 


B  JC 


P.dS  + 


(x-x  )  _ 

-^3  P.dS  +  P  .  grad  i  dSx 


Sl..uE 


Hence  shov  that 


grad  (partial)  j  P  .  grad  -  dx 


(-div  P)  ^3  dx  +  j  P.dS  ^5  +  j  P  x  (^dS  x  grad  £ 


1\ 

V 


Sl..n> 


(-div  P)  -j  dx  +  0  P.dS  S 
r  /  r 


T-T. 


since  dS  *  grad  |  ■  0  on 


S.  Z 
1 .  .n 


Make  use  of  equation  (4.17-4),  modified  for  an  integration  region  x-x* 

and  surfaces  S,  Z.  S.,  to  derive  from  the  above  result  0 

i .  .n  0 


grad  (partial)  j  P  .  grad  i  dx 


(curl  P)  x  *5  dx 


(dSxP;  x  -J3 


T-X 


6 


S 


1. 


.n 


Z 


S 


6 


4-122.  The  major  portions  of  the  analyses  of  Ex. 4-120.  and  4-121.  remain  valid 
when  the  excluded  region  xfi  is  neither  spherical  nor  centred  upon  0. 

It  is  only  in  the  last  lines  of  the  analyses  that  the  properties  of  the 
sphere  are  Invoked  in  order  to  eliminate  certain  terms.  On  this  basis 
it  would  be  expected  that 
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where  5  is  any  regular  closed  surface  and  the  origin  of  r  is  not  a 
point  of  S. 

Devise  an  Independent  proof  of  this. 

4-123.  Show  that  div  grad  j  P  .  grad  i  dr  -  0  at  exterior  points  of  x  by 

Jx  _ 

evaluating  div  f  (-div  P)  ^3  dr  +  div  <£  P.dS  pj  at  exterior  points. 


Si..nE 


4-124.  From  equation  (4.18-2) 

V2  (partial)  f P  .  grad  £  dx 


V2  (partial)  j  ^  P-  dx  +  V2  j  |  .  dS  +  V2  j  |  .  dS 


t-tx 


Sl..n2 


Show  that 


Cl) 


V2  (partial)  f  —■)  dx 


dx  +  f  [^r  grad  dlv  P  ”  Cdiv  grad  r^  '  dS 


S.  Z 
1 .  .n 


-  <jf  div  P  ^grad  .  dS  -  j)  ^  (grad  div  P).dS 


(2) 


if 


v2  d  -  .  ds  - 


Sl..nZ 


0 
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V2  <fj  .  dS  -  j 


dS  -  6  -  (V2P).dS 


■f-i 


(grad  div  P).dS  -  6  ±  (curl  curl  P).dS 


By  integrating  curl  and  its  expansion  over  S,,  show  that 

r  6 

-  j  \  (curl  curl  P).dS  -  j>  (curl  P) .  (dS  x  grad  0 


Hence  derive 


V2  (partial)  J  P  .  grad  ±  dr  -  j>  (-div  P)  ^  .  dS  +  j  (curl  P).(dS  x  grad  £ 


-  (f  (-' 


div  P)  ^  .  dS 


4-125.  Derive  the  more  general  result  of  the  previous  exercise  (which  does  not 
require  that  represent  a  spherical  region)  by  working  from  the 

general  form  of  grad  (partial)  j  P  .  grad  i  dT  as  developed  in 

T"T6 

Ex. 4- 121.,  ie  by  expanding 


(partial)  j  (-div  P)  ^  dt  +  div  j  P.dS-j^  +  div  j 


3  +  div  0  P  x  r dS  x  grad  ± 


Sl..nS 


Firstly,  transform  div  (partial)  f  (-div  P)  ^  dT  by  means  of  the 


field-slipping  technique  into 


(grad  div  P)  .  grad  p  dx  -  0  div  P  grad  £  .d? 


Sl..nE 
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and  by  Integrating  dlv  (^div  F  grad  -  J  _and  its  expansion  over  x-x^ 
transform  this  in  turn  into  j)  (-div  P)  .  dS 


Secondly,  show  that 


div  j  P.dS  -  0 

S.  E 
1,  .n 


div 


Thirdly,  bearing  in  mind  that  P  alone  is  a  function  of  x  ,  develop  the 
relationship  ° 


and  transform  this  into 


f  ZL/  ^CUrl  (^dS  X  grad  r^  "  (c°rl  P)  .  ^dS  x  grad  i 


A-126.  In  Sec.  A. 18b  it  was  stated  that 


£  j  h 


■  -K 


where  0  is  the  centre  of  the  6  sphere. 

Prove  this. 

A. 19  The  Divergence,  Curl  and  Laplacian  of  the  Vector  Point  Function 


M  x  grad  ~  dx 


3A 


3A.  The  reader  will  notice  the  parallel  nature  of  the  treatments  in 
Secs.  A. 18  and  A. 19,  even  to  the  extent,  in  part,  of  a  common  wording. 
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Let  M  be  a  vector  point  function,  well-behaved  throughout  the  region  t 
bounded  by  the  surfaces  S,  I,  and  let  r  be  the  distance  of  dr  from  the 

l**n  f  -  1 

point  of  evaluation  0.  Then  /  M  x  grad  -  dT  defines  a  vector  point 

T 

function  which  is  identical  with  the  sum  of  two  Newtonian  potential 
functions  and  is  everywhere  convergent  and  continuous.  This  may  be 
demonstrated  as  follows: 

When  0  is  exterior  to  t  we  have,  at  interior  points  of  i. 


curl  <■*  *  ~  curl  H  +  hgrad  “)  x  M 


whence 


curl  ^  dr 


dS  *  j 
Sl..nE 


CU**  M  dx  +  j  ^grad  |  j  x  M  dx 


M  x  grad  -  dx  - 


(4.19-1) 


Hence  at  exterior  points  of  x  the  integral  under  consideration  is  equal 
to  the  combined  potentials  of  the  volume  source  x  of  density  curl  M  and 

_  A_ 

the  surface  sources  S,  Z  of  density  M  x  n,  where  n  is  the  outward  unit 
1 .  .n 

normal  from  x. 

When  0  lies  within  x  the  integral  j  M  x  grad  ^  dT  is  Improper.  Let  0  be 

J  x 

an  Interior  point  of  the  region  x*  bounded  by  the  closed  regular  surface 
S'.  Then  corresponding  to  equation  (4.19-1)  we  now  have 


J  Mx  grad  |  dr 

T-T* 

As  S'  shrinks  about  0, 


SHILM  dx-fdS  *£ 


-T* 


T-T 


Sl..nS 


curl  M 


dx  converges  and 


i 


I  dS  x  ^  (4.19-2) 

S' 

—  M 

dS  x  2  +o  for  reasons 


T-T'  S' 

discussed  previously  (Ex. 4-117.,  p.  353).  Hence  at  interior  points  of  t 
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f  M  x  grad  r  dT  5  J  M  *  grad  r  dT  "  f  CUr1  M  dT  '  f  dS  x  ; 

T’T'  T  T  Sl..nr 

(4.19-3) 

This  relationship  may  be  shown  to  subsist  upon  S.  E»  so  that 

r  _  i  1**n 

I  M  x  grad  -  dr  is  everywhere  equal  to  the  sum  of  the  potential 

T 

functions  described  above.  We  will  consequently  refer  to  it  as  a 

35 

(vector)  potential  function  .  It  is  everywhere  continuous,  but  Its 

normal  derivative  Is  discontinuous  upon  S  E  by  -4ir(Mxn)  for  a  common 

1 . .  n 

positive  sense  of  the  normal  on  both  sides. 

4.19a  Divergence  of  J  M  x  grad  |  dr  at  interior  and  exterior  points  of  t 
T 

From  equation  (4.15-7)  with  M  substituted  for  J 


curl  J  ^  dr  -  |  M  x  grad  i  dx 

T  T 

at  interior  and  exterior  points  of  t, 
hence 


div 


M  x 


grad  -  dx  - 


div  curl 


M  . 

-  dx  ■ 
r 


(4.19-4) 


wherever  it  is  defined. 


4.19b  Divergence  of  cavity  potential 


M  x  grad  -  dx 


t-t 


6 


Since  the  6  sphere  is  fixed  in  space,  the  point  of  evaluation  is  an 
exterior  point  of  the  region  of  integration  in  the  sense  of  the  preceding 
sub-section,  and  the  same  result  applies,  viz. 


35. 

At  exterior  points  of  x. 


r 

J 


M  x  grad  -  dx 


is  the  potential  of  a  limiting 


x 

configuration  of  whirls  within  x  (p.  305)  and  it  is  in  this  context  that 
the  function  usually  arises  (see  Sec.  4.20b).  At  interior  points  of  x, 
however,  the  potential  of  such  a  complex  is  indeterminate,  but  we  may 
continue  to  manipulate  the  integral  lndpendently  of  any  such 
interpretation. 
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div  (cavity)  f  M  x  grad  i  dx  -  0 


(4.19-5) 


T-T, 


4.19c  Curl  of  f  M  x  grad  ^  dx  at  Interior  and  exterior  points  of  x 


It  follows  from  equations  (4.19-1)  and  (4.19-3)  that  at  interior  and 
exterior  points  of  x 


curl  j  Mx  grad  |  dr  -  curl  J  dx  +  curl  j  |  x  i  dS 

T  t  S.  I 

1.  .n 

whence  from  equation  (4.14-6)  with  M*n  substituted  for  K  and  from 
(4.15-7)  with  curl  M  substituted  for  J 


curl  j  M  x  grad  i  dt 


(curl  M)  x  dx  +  i  (dS*M)  x  ^ 


S.  Z 
l..n 


(4.19-6) 


Alternatively,  from  equation  (4.15-6) 


curl 


5  X  grad  it.  -  j  ZZLesLE  dT  .  j  d5  .  +  j  (JM)  ,  ^ 


Sl..n£ 


S1  E 
1.  .n 


(4.19-7) 


Again,  by  combining  (4.19-6)  and  (4.17-4),  with  M  substituted  for  F, 
get 


curl  J  Mx  grad  -  dx  -  I  (div  M)  ^  dx  -  A  M.dS  p  at  exterior  points 


Sl..n£ 


(4.19-8) 


(div  M)  £3  dx  -  A  M.dS  Jj  +  4irM  at  interior 

points 


S!..n£ 


19 


(4.19-9) 
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Finally,  from  equation  (4.17-3), 


curl  /  M  *  grad  -  dt  -  -  grad 


J  M  .  grad  ^ 


dr  at  exterior  points 

(4.19-10) 


-  -  grad  /  M  .  grad  -  dr  +  4tM  at  interior 

points 


(4.19-11) 


4. 19d  Curl  of  cavity  potential  J  M  x  grad  i  dt 

T-Tf 


The  appropriate  expressions  may  be  derived  directly  from  (4.19-9)  to 
(4.19-11)  by  taking  account  of  the  alteration  of  integration  volume,  the 
introduction  of  the  additional  and  the  exterior  nature  of  the  point  of 
observation.  We  have 


curl  (cavity)  J  M  x  grad  |  dt  -  -  /  (curl  M)  *  ^3  dx  +  0  (dS*M)  *  ^3 


T-T, 


T-T. 


Sl..nr-  S« 


(4. 19-12) 


(curl  curl  M) 


dt 


-  j  dS  *  CU*~ M  +  j  (dSxM)  x 


t-t  , 


Si..nE*  S6 


Sl..nZ’  S6 
(4.19-13) 


(div  M)  ^3  dr  -  j)  M.dS  *£3 

’— t  •  S,  E,  S. 

<5  1.  .n  <5 


(4.19-14) 


grad  /  M  .  grad  -  dt 


(4.19-15) 


It  follows  from  equation  (4.19-12)  that  when  the  curl  of  the  cavity 
potential  is  evaluated  at  the  centre  of  the  6  sphere 
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curl  (cavity)  f  M  *  grad  |  dx 


(curl  M)  x 


Jjd r  +  ^  (dSxM)  x  jf  (dSxM)  x 

S, 


S,  I 
l..n 


-  curl  I  M  x  grad  |  dr  -  |  *Mq 


(4.19-16) 


Like  equation  (4.18-14),  this  result  Is  of  considerable  Importance  In  the 
theory  of  polarised  systems.  It  may  be  contrasted  with  the  result  found 
In  Sec.  4.15  for  a  simple  vector  volume  source,  viz. 


curl  (cavity)  j  ~  dx  -  curl  j  dx 


4.19e  Laplacian  of  J  M  x  grad  p  dx  at  Interior  and  exterior  points  of  x 
x 

From  equations  (4.19-1)  and  (4.19-3) 


72 


M  x  grad  -  dx 


72 


r  dx  -  72  j)  dS  x  *_■ 

S,  Z 
1.  .n 


But 


72  j  dS  x  B  -  j  (dSxM)  72  ^  .  0 


8l..nS 


S,  Z 
l..n 


hence  from  equations  (4.15-8)  and  (4.15-9)  with  curl  M  substituted  for  J 
72  j  m  x  grad  j  dx  -  0  at  exterior  points  (4.19-17) 


72  j  M  x  grad  i  dx 


-  -  4ir  curl  M  at  Interior  points  (4.19-18) 
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4.19f  Laplacian  of  cavity  potential  j  M  *  grad  - 


dr 


From  equation  (4.19-2) 


V2  (cavity)  J  M  *  grad  i  dt 

T**T  . 


V2  (cavity)  j  SHEU!  dr  -  V2  j  dS  «  5 


Sl..nE>  Sd 


But 


V2 


|dS  x  j  -  j 


(dS*M)  V2  (I ]  -  0 


s,  z,  s. 

1.  .n  6 


Sl..nr*  S6 


since  the  6  sphere  is  fixed  in_space.  Further,  each  of  the  scalar 
components  of  V2  (cavity)  [  cu^  M  dr  is  zero  in  accordance  with  (4.9-2), 


hence 


V2  (cavity)  f  M  *  grad  i  dx 


(4.19-V9) 


4.19g  Discontinuity  of  curl  /  M  x  grad  -  dr  at  the  bounding  surfaces 


We  have 


curl  [  M  x  curl  -  dT  -  curl  (  cur^  M  dx  +  curl  6  - - —  dS 

J  r  J  r  J  T 

T  T  Sl..nr 

A 

where  n  is  the  outward  normal  from  t. 

The  first  term  of  the  right  hand  side  is  continuous  through  S1  since 
it  comprises  the  curl  of  the  potential  of  a  well-behaved  volume  source  of 
density  curl  M.  The  second  term  is  discontinuous  since  it  comprises  the 
curl  of  the  potential  of  a  surface  source  of  density  M  *  n.  According  to 
equation  (4.14-8)  it  suffers  a  discontinuity  of  -4x(n*(M*n) )  with  outward 
movement  through  S,  £,  and  this  may  be  written  as  -4xM  ,  where  M  is 
the  vector  tangential  component  of  M. 
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4.19h  The  partial  potential  and  its  derivatives 

Exercises  involving  Che  derivatives  of  the  partial  potential  are 
introduced  in  the  following  pages.  In  these  exercises ,  terms  which 

include  the  factor  dS  x  grad  i  have  been  left  intact  (despite  their  being 

zero  at  each  point  of  Sg)  in  order  to  confirm,  via  equation  (1.17-2),  the 

convergent  nature  of  the  associated  volume  Integrals  at  all  points  where 

M  is  well  behaved. 

Formulae  developed  in  this  and  the  preceding  section  are  brought  together 
in  Tables  3  and  4,  pp.  373-8. 


EXERCISES 

4-127.  Prove  that  div  J  M  x  grad  i  dx  ■  0  at  interior  and  exterior  points  of 
T 

r  by  taking  the  divergence  of  equation  (4.19-l)_and  utilising  (4.15-4), 

M 

together  with  the  integral  over  S ^  of  curl  -  and  its  expansion. 

4-128.  Expand 


div 


M  x  grad  -  dx 


dT 


at  points  outside  x  by  differentiation  of  the  derivatives  of  -,  and  so 

f  _  i  r 

show  that  div  /  M  x  grad  -  ■  0  at  exterior  points. 

4-129.  Expand 


div  (partial) 


M  x  grad  -  dx 


x-x 


6 


I 


g|-  (partial) 


dx 


by  the  field-slipping  technique  to  obtain 


grad  - )  .  (curl  M)  dx 


-/(s 


x  grad  -J  .  dS 


t-t. 


■i...1 


By  expansion  and  integration  of  div  **)  over  x-x.  and  curl  -  over 

S.  I,  reduce  this  to  r  6  r 

i  •  «n 


(curl  M) 
r 


dS 
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4-130.  Obtain  the  result  of  the  previous  exercise  by  writing 


div  (partial)  j  M  x  grad  ±  dr 


■  div  (partial) 


curl  M 


dr  -  div 


dS  x  -  —  div 


dS  x 


M 

r 


S 


6 


in  accordance  with  equation  (4.19-2).  Bearing  in  mind  that  the  6 
sphere  moves  with  0,  show  that  the  above  expressions  may  be  brought 
into  the  form 


•  dS  ♦  j  <0S*H)  •  *rad  i  *  J  f  *  {“*  5  '  dS*  5} 

Sl..n£  S« 

M 

Integrate  curl  -  and  its  expansion  over  to  demonstrate  the 

mutual  cancellation  of  the  first  two  terms,  and  show  that  the  third 
term  may  be  expressed  as 


(curl  M) 


^..n1 


f 


(curl  M) 


dS 


4-131.  Substitution  of  M  for  J  in  the  expression  for  curl  partial  pot  J  in 
Table  2,  p.  331  yields 


curl  (partial) 


M  x  grad  -  di  + 


dS 


X 


M 

r 


T-T 


<5 


S 


6 


Obtain  the  result  of  the  previous  two  exercises  by  taking  the 
divergence  of  both  sides  of  this  equation,  bearing  in  mind  that  the  6 
sphere  moves  with  0. 


4-132.  Expand 


curl 


M  x  grad  -  dx  - 


14 


(mx  grad 
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at  exterior  point  of  t  by  differentiation  of  the  derivatives  of  -  to 
obtain 


curl 


l  M  x  grad  ^  dt 
T 


grad  -dr 


4-133.  By  writing 


curl  (partial)  J  M  x  grad  i  dt 

T-x  „ 


-  curl  (partial)  J  dt  -  curl  <f  dS  x  ^  -  curl  j>  dS  x  5 

t-t.  S,  I  S, 

6  1 . .n  6 

and  making  use  of  the  volume  Integral  of  curl  ^curl  and  its 
expansion  over  t-t,,  show  that 

curl  (partial)  f  M  x  grad  i  dT 


j  dS  x  CU^  ~  -  I  (curl  M)  x  ^3  dT  +  j  (dSxM)  x  ^3  -  curl  j>  dS  *  ” 


T-T. 


Sl..nJ 


Expand  the  last  term  (moving  6  sphere)  and  combine  with  the  first  to 
reduce  the  above  expression  to 


(curl  M)x^  dT  +  6  (dSxM) 


j  (dSxM)x^  +  i  j  ^ 


{ (dSxgrad  M  )  -  (dSxgrad  M  )  } 

z  y  y  z 


Sl..nJ  S 

Show  that  the  final  term  may  be  replaced  by 


IT/{^  X  My  grad  ^  J  -  (dS  *  Hz  grad  £)j  "  M  x  (dS  x  grad  - 
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4-134.  Make  use  of  the  field-slipping  technique  to  expand 


curl  (partial)  j  M  *  grad  -  dr 

T-T, 


(SI  <> 

T-Td  T”T6 

and  show  that  the  result  can  be  brought  into  the  form 


(div  M)  dx  -  j  M.dS  fs  +  j  M  8rsd  £  •  dS 
_t6  Sl..nr  S6 


Transform  this  via  equation  (4.17-4),  modified  for  an  integration 
region  T-xfi  and  surfaces  Sfi,  into 


(curl  M)  x  dt  +  |  (dSxM)  x  ^  ^M.dS  ^  +  (dSxM)  x  p  -  M  ^  . 


dS  ; 


i  S,  Z  n . 

d  l..n  6 

Show  that  the  last  term  may  be  reduced  to 


i  M 


J 


x  (dS  x  grad  - 


whence  obtain  the  result  of  the  previous  exercise. 

r_  i 

Show  that  the  first  form  of  curl  (partial)  M  *  grad  -  dr  developed 

T‘Td 

above  may  be  replaced  by 


-  grad  (partial)  j*  M  .  grad  |  dt  +  ^  f M  grad  ^  .  dS  +  M  *  dS  «  grad  ^ 
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4-135.  In  Sec.  4.19d  it  was  stated  that 


“o  f  (dSxM)  x  p 


-  I  ttM 
3  o 


where  0  is  the  centre  of  the  6  sphere. 

Prove  this. 

4-136.  Derive  the  values  of  the  Laplacian  of  J  M  x  grad  i  dx  at  interior  and 

T 

exterior  points  of  x  by  writing 


v2  J  M  x  grad  i  dx  =  grad  div  f  M  x  grad  i 


dx  -  curl  curl  M  x  grad  -  dx 

r 


and  (a)  applying  (4.19-4),  (4.19-10)  and  (4.19-11). 

(b)  putting  J  Mx  grad  ^  dx  =  curl  f  |  dx  and  writing 


curl  curl  curl  as  curl  (grad  div  -  V2) . 


4-137.  By  writing 


V2  (partial)  f  M  x  grad  -  dx 


t-x, 


grad  div  (partial)  f  M  x  grad  i  dx  -  curl  curl  (partial)  f  M  x  grad  i  dx 


x-x, 


x-x{ 


and  applying  the  results  of  Ex. 4-129.  and  4-134.,  show  that 


V2  (partial)  f  M  x  grad  i  dx  =  -  <£  fYdSx^  div  M  +  ( dS***)  x  curl  M 


x-x, 


+  2 


"xJj)  grad  Mx  +  p.dS  curl  M 


dS 
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4-138.  By  writing 


V2  (partial)  f  M  x  grad  £  dr 


and  demonstrating  that 


V2  (partial)  /  ~ ~  M  dx  -  V2  j  dS  x 


t-t. 


Sl..nE’  S6 


v2  6  ds  -  M 


-  o 


Sl..nS 


and 


V2  ^  dS  x  ^  .  ^-(dsx^x  curl  M  -  2  y  i  (dS  x  ^  .  grad 


+  div  M  (dS  x  +  I  (curi  M)  ds 

arrive  at 

V2  (partial)  f  M  x  grad  -  dx 


T-T, 


'  f[(d?  .  curl  M+(dSx^x  curl  M  -  (dS  x  div  M 
S, 


+  2^  I  (dis  X  ij)  .  grad  Mx  j 


and  show  that  this  expression  is  identical  with  that  derived  in  the 
previous  exercise. 


4-139.  Since 


curl 


(partial)  J  £  dx  -  J  M  x  grad  £  dx  +  j  dS  x  2 


T-T.  T-X, 


nisei 
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we  may  write 


curl  curl  (partial)  J  j-  dx  •  curl  (partial)  J  M  x  grad  |  dt  +  curl  j  dS  x 
T-TS  t_t«  S« 

whence,  from  a  result  of  Ex. 4-134.  above. 


curl  curl  (partial)  /* dT 
T-T, 


■  -  j  div  M  grad  «  dt  +  (j  M.dS  grad  i  +  (j  M  grad  ^  .  dS  +  curl  |  dS  x  ^ 

t"t6  Sl..nE  S6  S6 

Expand  the  final  term,  bearing  in  mind  that  in  this  case  M  alone  is 

variable,  and  by  making  use  of  an  expansion  for  grad  div  partial  pot  J 
in  Table  2,  p.  331,  arrive  at 

curl  curl  partial  pot  M  •  grad  div  partial  pot  M  +  ^  j^M  ^  |^J  dS 


4-140.  Simplify  the  expressions  in  Ex. 4-137.  and  4-138.  by  demonstrating  that 


/  E(d5x^3 


3 )  grad 
x 


mx  -  j(a 

s. 


x  -3j  x  curl  M 


and 


11 


I  (dS  x  ^ 


grad  M 
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TABLE  3 

The  Scalar  Potential  Punctlon  [ P  .  grad  j  dr  and  its  Derivatives 


l  P  .  grad  ±  dx  -  I  -(-~-d1^  P)  dx  +  j  j 


dx  -  /  -~-d*v  dx  +  <1  -  .  dS  (Interior  and  exterior 

r  '  r  points  of  x) 


S,  I 
1.  .n 


(2) 


partial  [  P  .  grad  ^  dx  -  j  dx  +  6  -  .  dS  (evaluated 

J  J  r  J  r  moving  6  s 


t-x. 


Sl..nE’  S6 


at  centre  of 
moving  5  sphere  within  x) 


(3) 


cavity  /  P  .  grad  -  dx  ■  /  iv— ^  dx  +  0  -  .  dS  (defined  throughout  fixed 

*  r  J  r  J  r  6  sphere  within  x) 


x-x„ 


t-x. 


Si..nS’  S6 


(4) 


grad  /  P  .  grad  -  dx  »  /  (-dlv  P)  dx  +  0  P.dS  ^3  (Interior  and  exterior 
J  r  J  r  J  r  points  of  x) 


S,  Z 
1.  ,n 


(curl  P)  x  dx  -  0  (dSx?)  x  ^5 


Sl..nZ 


f  (exterior  points 
of  x) 


-  curl  /  P  x  grad  -  dx 
x 


1  J  (curl  P)  »  ^3  dx  -  |  (dSxP)  x  -p  +  4i?p 


S.  I 
1 .  ,n 


•  -  curl  f  P  *  grad  -  dx  +  4wP 


(interior 
^  points 
of  x) 
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grad  (cavity)  J  P  .  grad  i  dr  -  J  (-div  P)  ^3  dx  +  j>  P.dS  -Jj 


Sl..n2'  S6 


(curl  P)  X^dT-|  (dSxp)  x  ^ 


Sl..nZ’  Sfi 


-  -  curl  /  P  x  grad  -  dt 


grad  (cavity)  j  P  .  grad  i  dr  -  grad  j  P  .  grad  £  dr 


for  evaluation  at  the  centre  of  the  5  sphere. 


grad  (partial)  I  P  .  grad  -  dr 


(-div  P)  ^  dT  +  j  P.dS  p  -  |px(^dSx^ 


8l..»E  S6 


p)  x  *3  dt  -  j  (dSxP)  x  +  j  p  grad  i  . 


-  -  curl  (partial)  j  P  x  grad  i  dT  -  j  j^P  dS  .  +  P 


72  /  P  .  grad  |  dt  *  0  at  exterior  points  of  t 
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TABLE  3(CONTD. ) 


(9) 

V2  J  P  .  grad  -  dr  •  4ir  div  P  at  interior  points  of  t 

T 

(10) 

V2  (cavity)  J  P  .  grad  £  dx  -  0 
T'T« 


(11) 

V2  (partial)  J  P  .  grad  |  dr 
T-T6 


P  dS 


+  (curl  P) 


TABLE  U 

The  Vector  Potential  Function  [  M  x  grad  |  dx  and  its  Derivatives 


(1) 


M  x  grad  -  dr 


cu--^-^  dx  -  C  dS  x  -  (interior  and  exterior  points 

r  J  r  of  x) 

S.  E 
l..n 


(2) 


partial  j  M  x  grad  ^  dx  -  f  M  dr  -  MS  x  ^  (evaluated 

J  J  J  moving  6  S' 


T-T, 


Sl..n2‘  S« 


at  centre  of 
moving  6  sphere  within  x) 


(3) 


cavity  J  M  x  grad  I  dx 


curl  M  ,jT  _  £  ,js  x  ^  (defined  throughout  fixed 
r  6  sphere  within  x) 


t-t. 


Sl..nS’  S« 


(4) 


div  j  M  x  grad  ^  dx  ■  0  (Interior  and  exterior  points  of  x) 


(5) 

div  (cavity)  J  M  *  grad  i  dx  -  0 
t-t. 
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(6) 


div  (partial)  J  M  x  grad  j*  dt  -  J>  M  .  ^dS  x 


(7) 

curl  /  M  x  grad  ^  dr 


(curl  5)  x  ^3  dx  +  j  (dSxM)  x  ^5 


Sl..n£ 


-  j  (div  M)  £5  dt  -  jf  M.dS  £3 


SU.nE 


-  -  grad 


J  M  .  grad  | 


dt 


(div  M)  ^3  dr  -  6  M.dS  £3  +  4irM 


S,  I 
1.  .n 


-  -  grad  j  M  .  grad  j  dx  +  4irM 


(8) 


curl  (cavity)  j  M  x  grad  IdT  -  -  j  (curl  M)  x  £3  dr  +  j 


(dSxM) 


t-t. 


T-T, 


Sl..n£’ 


(div  M)  ^3  dT  -  6  K.dS  -Jj 


t-t. 


Sl..n£*  S6 


-  -  grad  j  M  .  grad  -  dt 


T-T, 


(Interior 
and  exterior 
points  of  t) 


(exterior 
points  of  t) 


(Interior 
points  of  t) 
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(9) 


curl  (cavity)  j  M  x  grad  i 


dx  ■  curl  j  M  x  grad  -  dx  -  |  irM 


for  evaluation  at  the  centre  of  the  <S  sphere. 

(10) 

curl  (partial)  j  M  x  grad  i  dx 
T-T. 


-  -  J  (curl  M)  x  dt  +  ^  (dSxM)  x  ^3  -  <j)  M  x  (^dS  x 


Sl..n£ 


-  J (dlv  M)  J3  dx  -  j  M.dS  £3  -  £  M  dS  . 


T-X, 


’W  s6 


-  -  grad  (partial)  J  M  .  grad  i  dx  -  ^  dS  .  J3  +  M  x  ^dS  x 


x-x. 


(11) 


V2  j  M  x  grad  ~  dx  -  0  at  exterior  points  of  x 


(12) 


V2  j  M  x  gTad  i  dx  ■  -4ir  curl  M  at  interior  points  of  x 
x 

(13) 

V2  (cavity)  J  M  x  grad  i  dx  -  0 


t-x. 


(14) 


1 


grad  dlv  j  M  x  grad  -  dx  •  0  (interior  and  exterior  points  of  t) 
x 


'4 

ij 


378 


FIELD  ANALYSIS  AND  POTENTIAL  THEORY 


[Sec. 4. 20 


TABLE  4(CONTD. ) 


(15) 

curl  curl  J  H  x  grad  j  dx  •  0  at  exterior  points  of  t 

T 

CX6) 

curl  curl  J  H  *  grad  j  dx  ■  4ir  curl  M  at  Interior  points  of  t 

T 

(17) 

V2  (partial)  J  M  *  grad  |  dx 
T“T« 


j  j^dS  .  curl  M  -  ^dS  x  ^  dlv  M  +  ^dS  x  ^  x  curi 


(18) 

grad  dlv  (partial) 


|Mx  grad  I  dT  •  £ 


d S  x  jjj)  x  curl  M 


(19) 


curl  curl  (partial)  |mx  grad  ^  dx  -  j^dS  *  dlv  M  -  dS  .  -p  curl  M 


4.20  Introduction  to  the  Macroscopic  Potentials 
4 . 20a  The  macroscopic  scalar  potential 


36 


Suppose  that  a  system  of  point  singlets  and  doublets  occupies  a  region  x 
of  space.  Then  provided  that  the  distribution  exhibits  a  sufficient 
degree  of  statistical  regularity,  Its  potential  may  be  approximated  at 
exterior  points  of  x  by  the  expression 


j  ^  dx  +  j  P  .  grad  £  dx 

X  X 


(4.20-1) 


36.  This  subject  is  treated  in  more  general  form  and  In  greater  detail  In 
Sec.  5.18. 
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where  p  and  P  are  continuous  point  functions  which  are  related  to  the 
source  strength/unit  volume,  and  the  source  polarisation/unit  volume 

37 

relative  to  a  local  origin  ,  in  a  neighbourhood  of  the  point  of 
evaluation. 

For  the  most  general  type  of  mixed  distribution  the  second  term  of 
equation  (4.20-1)  may  be  shown  to  derive  in  part  from  the  singlet 
component,  although  the  contribution  from  this  will  usually  be  small; 
when  doublets  alone  are  present,  only  the  second  term  survives.  This  may 
be  demonstrated  plausibly  in  the  following  way. 

It  is  shown  in  Sec.  4.1  that  the  potential  at  0  of  a  point  doublet 
located  at  P  is  given  by 


♦o  ■ 


(4.20-2) 


where  p  is  the  vector  moment  of  the  doublet  and  r  ■  OP. 

A  set  of  such  doublets,  when  occupying  the  subregion  At  whose  distance 
from  0  is  large  compared  with  its  dimensions,  gives  rise  to  the  potential 


where  P'  is  a  point  of  the  subregion. 

The  potential  of  a  set  of  juxtaposed  subregions  comprising  the  region  t 
is  consequently  given  approximately  at  exterior  points  by 

Zfft)  •  (erad  at} 


If  the  dimensions  of  the  individual  subregions,  when  restricted  to  values 
small  compared  with  their  distance  from  0,  are  nevertheless  sufficiently 
large  in  relation  to  the  'grain  size'  of  the  structure  for  conditions  of 

statistical  regularity  to  prevail  within  them,  with  varying  gradually 

from  one  subregion  to  the  next,  it  may  be  assumed  that  the  above 
summation  can  be  replaced  by  the  integral 

P  .  grad  ^  dx 


37.  See  p.  224. 
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where  P  is  smoothly  interpolated  between  the  individual  values  of 
asslgned,  say,  to  the  centre  of  each  subregion.  aT 

Equation  (4.20-1)  serves  to  define  the  'macroscopic'  potential  of  the 
mixed  source  system.  This  point  function  is  well-behaved,  not  only  at 
exterior  points  of  r,  where  it  approximates  the  'true'  or  'microscopic' 

Eai 

,  but  at  interior  and  boundary  points  as  well,  where  the 
ri 

microscopic  potential  may  be  undefined.  The  more  finely-grained  the 
distribution,  the  more  closely  does  the  macroscopic  potential  approximate 
the  microscopic  right  up  to  the  source  boundary. 

Macroscopic  potentials  may  also  be  defined  for  point  singlet  and  doublet 
line  and  surface  sources.  In  this  connection  it  will  be  observed  that 
equations  (4.2-10)  and  (4.3-3)  may  be  looked  upon  as  the  macroscopic 
potentials  of  normally-orientated  line  and  surface  doublets  in  a 
limiting,  finely-grained  configuration,  or  as  the  potentials  of  paired, 
continuous  line  and  surface  sources.  (Where  continuous  sources  are 
concerned,  the  terms  'macroscopic*  and  'microscopic'  are  superfluous.) 

For  present  purposes  we  will  prescind  from  singlet  distributions 
altogether,  and  suppose  that  potentials  of  the  form  I  £  dr  and/  ^  dS 

■'t  ■'s 

invariably  derive  from  continuous  volume  and  surface  sources. 
Correspondingly,  we  will  identify  J  P  ,  grad  -  dr  (or  its  surface 

equivalent)  as  the  macroscopic  potential  of  a  statlstlcally-regular 
volume  (or  surface)  distribution  of  point  doublets. 

4 . 20b  The  macroscopic  vector  potential 

It  has  been  shown  in  Sec.  4.12a  that  the  vector  potential  of  a  closed, 

uniform,  tangential  line  source  of  magnitude  I  and  vector  area  S,  which 

shrinks  about  a  point  P  while  maintaining  IS  constant,  is  given  at  an 
exterior  point  0  by 


(4.20-3) 


where 


IS 
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The  limiting  configuration  of  this  source  Is  known  as  a  whirl  or  vector 
doublet,  and  m  Is  said  to  be  the  moment  of  the  whirl,  by  analogy  with  p 
in  equation  (4. 20-2) 

It  is  clear  that  by  proceeding  from  (4.20-3)  as  from  (4.20-2),  we  can 
demonstrate  with  equal  plausibility  that  the  vector  potential  at  exterior 
points  of  a  statistlcally-regular  volume  distribution  of  whirls  is 
approximated  by 


l  M 


M  x  grad  -  dx 


where  M  is  a  continuous  point  function  which  is  smoothly  interpolated 
between  individual  values  of  ~  assigned,  say,  to  the  centre  of  each 
sub region. 


This  expression  serves  to  define  the  macroscopic  potential  of  such  a 


distribution.  Unlike  the  microscopic  potential 


•I  hf- 


which  is 


undefined  at  the  source  points,  the  macroscopic  potential  is  defined  and 
continuous  everywhere. 


For  a  mixed  volume  distribution  of  vector  singlets  and  doublets  the 
macroscopic  potential  takes  the  form 


J  •»  dr  +  J  M  *  grad  dr  (4.20-4) 

T  T 

where  J  is  evaluated  statistically  in  terms  of  the  singlet  distribution. 
This  is  entirely  analogous  to  equation  (4.20-1).  We  have  not  yet 
described  the  nature  of  the  vector  singlet,  nor  need  it  concern  us  here. 
For_present  purposes  it  will  be  supposed  that  integrals  of  the  form 

/  -  dr  derive  from  continuous  density  distributions  and  that  the 

T  f  -  1 

function  /  M  *  grad  -  dT  has  its  sole  origin  in  a  statistlcally-regular 
T 

volume  distribution  of  whirls. 


38.  This  involves  an  inconsistency  since  it  might  reasonably  be  expected 
that  the  moment  of  the  whirl  about  some  exterior  point  O'  would  be  defined 

as  j  r ’  k  I  dr*.  However,  the  result  of  Ex. 1-61.,  p.  78  identifies  this 

Integral  with  2m  rather  than  a.  As  in  the  case  of  the  scalar  doublet,  the 
moment  is  independent  of  the  position  of  O' . 
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A  statist ically-regular  open  surface  distribution  of  whirls  gives  rise  to 
the  macroscopic  potential  j  M  x  grad  *  dS,  where  M  is  now  related  to 

*  S 

the  vector  moment /unit  area  In  a  neighbourhood  of  the  point  of 
evaluation. 

When  the  whirls  are  aligned  normally,  ie  when  the  whirl  moments  are 
everywhere  normal  to  the  surface,  the  potential  is  continuous  through  the 

surface  at  interior  points  where  M  is  continuous. 

This  may  be  seen  by  writing 


M  x  grad  -  dS 


and  making  use  of  the  relationship  (4.14-8). 
If  M  -  n  M  and  M  is  constant  over  the  surface 


J  M  x  grad  £  dS 

S 


M  f  dS 


grad  - 


M 


f 


dr 

r 


r 


where  the  contour  integration  is  carried  out  right-handedly  in  relation 
to  the  positive  sense  of  the  normal  at  the  surface.  It  follows  that  the 
macroscopic  potential  of  this  particular  surface  distribution  of  whirls 
is  identical  with  the  vector  potential  of  a  tangential  line  source  of 
constant  magnitude  M  coincident  with  the  periphery. 

4.21  Inverse-Square  Vector  Fields  and  their  Relationship  to  the  Potential 
Functions 


4.21a  Inverse-square  fields  deriving  from  scalar  sources 

The  inverse-square  vector  point  function  U  deriving  from  Newtonian  point 
sources  is  defined  at  any  point  0  not  coincident  with  a  source  by 


U 


o 


(4.21-1) 


where  r^  is  a  unit  vector  directed  from  0  to  the  1th  source  element. 

It  is  seen  that  each  source  element  of  positive  magnitude  is  supposed  to 
give  rise  at  0  to  a  vector  contribution  directed  radially  away  from  the 
element  and  diminishing  as  the  square  of  the  distance  from  it. 
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For  simple  line,  surface  and  volume  sources  of  piecewise  continuous 
density  ve  have 

"o  ■  -  /  x  f*  ds  *  "o'-/  0  ^  dS  i  "o'-/  »  5  dT  (‘-21-2) 

r  s  t 

Reference  to  (4.6-3),  (4.7-1),  (4.7-7)  and  (4.8-1)  reveals  that  in  each 
case 

U  -  -  grad  *  (4.21-3) 

at  exterior  points  of  the  source,  where  $  Is  the  associated  scalar 
potential. 

It  Is  clear  that  equation  (4.21-3)  will  continue  to  hold  for  all 
combinations  of  source  elements  and  must  therefore  be  valid  for  point, 
line  and  surface  doublets  and  for  combinations  of  these. 

The  volume  Integral  in  equation  (4.21-2)  is  convergent  at  interior  points 
of  a  piecewise  continuous  source  (including  those  points  at  which  p  is 
discontinuous),  and  (4.21-3)  continues  to  apply  there.  An  outline  of  the 
proof  appears  in  Ex. 4-44.,  p.  282.  The  relationship  has  been  derived  for 
a  continuous  source  in  Sec.  4.8. 

It  follows  from  equation  (4.21-1)  that  in  the  case  of  a  volume 

distribution  of  point  doublets,  U  must  be  interpreted  as  the  negative 
gradient  of  the  microscopic  potential.  At  exterior  points  of  the 
distribution,  where  the  microscopic  potential  is  adequately  represented 
by  the  macroscopic,  we  may  consequently  write 

U  -  -  grad  f  P  .  grad  £  dr  (4.21-4) 


-  curl  |  P  *  grad  £  dT  from  (4.18-8)  (4.21-5) 

T 

This  falls  at  interior  points. 

Let  a  cavity  be  created  within  the  distribution.  Then  provided  that  the 
dimensions  of  the  cavity  are  sufficiently  large,  and  the  point  of 
evaluation  sufficiently  removed  from  the  walls,  the  inverse-square  field 
at  0  deriving  from  sources  outside  the  cavity  will  be  given  by 

Uo  (cavity)  -  -  grad  (cavity)  J  P  .  grad  i  dr  (4.21-6) 

T-T  ' 

(The  cavity  is  denoted  by  t 1  rather  than  since  the  analysis  will  hold 
for  any  regular  region.) 
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By  combining  equations  (4.18-4)  and  (4.18-10)  ve  find  that 
Uo  (cavity) 


where  S'  Is  the  bounding  surface  of  the  cavity  and  the  volume  Integrals 
relate  to  the  undisturbed  distribution. 

Nov  suppose  that  the  cavity  exhibits  point  symmetry  about  0.  Then  so 

long  as  dlv  P  Is  sensibly  constant  over  the  excised  region,  the  volume 
Integral  over  t*  vanishes  and 

UQ  (cavity)  -  -  grad  J  P  .  grad  |  dr  -  £  P.dS  ^3  (4.21-8) 

T  S' 

We  will  consider  explicitly  three  types  of  cavity: 

(1)  a  cylinder  of  large  length/dlameter  ratio  whose  axis  is  aligned 
with  the  direction  of  P  at  0  (needle-shaped) 

(2)  a  cylinder  of  small  length/dlameter  ratio  of  the  above  alignment 
(disc-shaped) 

(3)  a  sphere. 

The  overall  dimensions  of  these  cavities  are  supposed  to  be  the  minimum 

consistent  with  the  requirement  that  the  microscopic  potential  of  the 

distribution  In  a  neighbourhood  of  0  is  closely  matched  by  the 

—  39 

macroscopic.  Then  If  P  is  constant  over  the  excised  region  ,  an 

evaluation  of  the  surface  integral  shows  that 

U  (needle-shaped  cavity)  ■  -  grad  [  P  .  grad  -  dx  (4.21-9) 

o  r 

T 

(disc-shaped  cavity)  ■  -  grad  j  P  .  grad  |  dx  +  4*Po  (4.21-10) 

x 

U0  (spherical  cavity)  •  -  grad  J  P  .  grad  |  dx  +  5  irPQ  (4.21-11) 

T 


39.  This  requirement  Is  more  severe  than  necessary.  See  Ex. 4-145.  and 
4-146.,  p.  391. 


-  -  grad  /  P  .  grad  ±  dx  +  /  (-dlv  P) 


(4.21-7) 
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By  combining  equations  (4.21-9)  to  (4.21-11)  with  (4.18-9)  we  obtain  the 
alternative  forms 


UQ  (needle-shaped  cavity)  •  curl  J  P  x  grad  |  dx  -  4irPQ  (4.21-12) 

T 


Uq  (disc-shaped  cavity)  ■  curl  J  P  x  grad  i  dt  (4.21-13) 

T 


U  (spherical  cavity)  -  curl  f  P  x  grad  i  dx  -  f  irP  (4.21-14) 
°  J  r  J  o 

x 

It  should  be  noted  that  the  absolute  dimensions  of  the  cavity  are  not 
contained  in  any  expression. 

The  surface  Integral  which  appears  in  equation  (4.21-8).  and  is  evaluated 
in  subsequent  equations,  stems  from  the  restriction  of  the  integration 
region  to  x-x'.  The  presence  of  the  cavity,  as  such,  has  no  bearing  upon 

40  — 

the  situation  .  Thus,  in  the  determination  of  the  value  of  U  for  a 

o 

complete  source,  the  contribution  from  doublets  enclosed  by  S'  is  added 
to  the  external  contribution  as  expressed  above.  Since  the  value  of  U 

o 

must  be  independent  of  the  mode  of  division,  as  determined  by  the  shape 
and  size  of  S'  within  the  restriction  already  imposed,  it  is  apparent 
that  the  interior  contribution  is  primarily  dependent  upon  the  shape  of 
x ' .  In  a  number  of  cases  of  practical  importance  the  mathematical  model 
postulates  a  configuration  of  doublets  of  such  symmetry  that  when  the 
point  0  coincides  with  any  one  doublet  the  inverse-square  field  at  0 
deriving  from  all  other  doublets  In  t'  Is  zero,  provided  that  S'  is 
41 

spherical  .  This  result  lends  a  special  importance  to  (4.21-11)  and 
(4.21-14),  since  it  allows  us  to  express  an  essentially  microscopic 
effect  in  terms  of  macroscopic  functions.  The  subject  is  taken  up  again 
in  Sec.  5.20  where  it  is  developed  against  a  background  of  retarded 
potentials. 

Equation  (4.21-9)  plays  a  significant  part  in  an  alternative  approach  to 
the  definition  of  scalar  potential.  Suppose,  in  the  first  Instance,  that 
we  are  concerned  with  continuous  volume  sources  of  bounded  density  and 

finite  extent.  Then  U  »  -  grad  4  everywhere,  so  that  if  we  define  a 
scalar  point  function  4 1  by 


40.  It  Is,  of  course,  assumed  in  the  present  context  that  the  removal  of 
part  of  the  distribution  has  no  effect  on  the  remainder. 

41.  Or  cubical.  See  Ex. 4-148.,  p.  392. 
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*»  -  *•  • 
?0  ?P 


we  have 


(4.21-15) 


0 

♦o  -  ♦p  “  f  *.d?  -  *0  -  4p 

JP 


If  $p  is  postulated  to  be  zero  when  P  Is  some  point  of  an  Infinite 

spherical  surface  centred  upon  a  local  origin,  then  ♦  '  will  be  zero  at 

all  points  of  the  surface,  since  ju|  decreases  as  the  square  of  the 
distance  from  individual  source  elements  and  the  circumference  of  the 
sphere  Increases  as  the  first  power  of  the  radius.  Because  $  also  is 
zero  everywhere  on  the  sphere  we  may  write 


♦o 


♦o 


(4.21-16) 


for  all  positions  of  0. 

A  difficulty  arises  when  closed,  continuous  surface  sources  are 
introduced.  To  reach  interior  points  of  any  enclosure  the  contour  of 

integration  must  pass  through  the  bounding  surface.  U  is  undefined  upon 
this  surface  and  it  is  not  possible  to  determine  whether  or  not  a 
discontinuity  of  should  be  assigned  to  the  point  of  intersection. 
Thus,  the  presence  of  a  uniform  double  layer  with  its  attendant 
discontinuity  of  potential  cannot  be  detected  by  observation  of  the 
inverse-square  field  or  its  derivatives  on  either  side  of  the  surface. 

Equation  (4.21-16)  remains  valid  for  discrete  distributions  provided  that 
the  integration  contour  avoids  the  sources  and  $  and  4*  are  understood  to 
refer  to  microscopic  potentials.  However,  in  order  to  derive  a 
macroscopic  potential  at  interior  points  of  a  doublet  distribution  some 

non-microscoplc  form  of  U  must  be  employed  and  it  is  in  this  context  that 
equation  (4.21-9)  becomes  significant,  for  it  will  be  seen  that  by 

defining  a  'macroscopic  U' ,  identical  with  the  inverse-square  field  at 
the  centre  of  a  needle-shaped  cavity,  the  associated  potential  will 

approximate  j  P  .  grad  |  dT.  This  approach  to  the  macroscopic  potential 

JT 

via  a  cavity-defined  gradient  function  is  of  historical  interest  only  and 
42 

will  not  be  pursued  . 


42.  Likewise  the  substitution  of  the  inverse-square  field  at  the  centre 
of  a  disc-shaped  cavity  for  the  analytical  expression  on  the  right-hand 
side  of  aquation  (4.21-10). 
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A. 21b  Inverse-square  fields  deriving  from  vector  sources 

The  inverse-square  vector  point  function  W  deriving  from  piecewise 
contlnous  simple  line  or  surface  sources  is  defined  at  an  exterior  point 
0  by 


(4.21-17) 


where  r  is  directed  from  0  to  the  source  element. 

Each  source  element  is  seen  to  give  rise  at  0  to  a  vector  contribution 
which  diminishes  as  the  square  of  the  distance  from  the  element*  and  is 

directed  normally  to  the  plane  containing  r  and  I  or  r  and  K.  Reference 
to  equations  (4.1A-2)  and  (A. 14-6)  reveals  that  in  each  case 

W  -  curl  A  (A. 21-18) 

where  A  is  the  associated  vector  potential. 

It  is  clear  that  this  relationship  will  continue  to  hold  for  all 
combinations  of  source  elements,  including  line  and  surface  doublets. 

The  inverse-square  field  deriving  from  a  piecewise  continuous  volume 
source  of  density  J  is  given  by 


WQ  -  J^dt  (4.21-19) 

T 

The  integral  is  everywhere  convergent  and  the  relationship  W  -  curl  A  may 

be  shown  to  hold  at  all  points,  including  points  of  discontinuity  of  J. 
This  may  be  proved  by  an  obvious  extension  of  the  analysis  of  Ex. 4-44., 

p.  282.  It  has  already  been  demonstrated  for  points  at  which  J  is 
continuous  (Sec.  4.15). 

It  follows  from  equation  (4.21-18)  that  in  the  case  of  a  volume 

distribution  of  whirls,  W  is  identical  with  the  curl  of  the  microscopic 
potential.  At  exterior  points  of  the  distribution,  where  the  macroscopic 
and  microscopic  potentials  are  sensibly  equal,  we  have 

W  -  curl  J  H  x  grad  ±  dt  (4.21-20) 

T 

-  -  grad  j  M  .  grad  £  dr  from  (4.19-10)  (4.21-21) 

T 


This  fails  at  interior  points 
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Proceeding  as  in  Sec.  4.21a,  let  a  cavity  be  created  within  the 
distribution.  Then,  with  the  earlier  nomenclature, 

WQ  (cavity)  -  curl  (cavity)  Jm  *  grad  £  dr  (4.21-22) 

x-x' 


whence,  on  combining  equations  (4.19-6)  and  (4.19-12),  we  find  that 
Wq  (cavity)  - 


The  volume  Integral  over  T '  vanishes  when  the  cavity  exhibits  point 

symmetry  about  0,  provided  that  curl  M  is  sensibly  constant  across  it,  in 
which  case  equation  (4.21-23)  reduces  to 

Wo  (cavity)  -  curl  J  M  x  grad  £  dT  +  j  (dSxfi)  x  ^5  (4.21-24) 

t  S’ 

On  evaluating  the  surface  Integral  for  needle  and  disc-shaped  cavities 

whose  axes  are  aligned  with  the  local  direction  of  M  (assumed  constant 
over  t  * ) ,  and  for  a  sphere,  we  get 


curl  j  Mx  grad  ^  dx  +  j  (curl  M)  x  dx  +  ^  (dSxM)  x  ^ 

T  x’  S' 

(4.21-23) 


Wq  (needle-shaped  cavity)  *  curl  M  x  grad  -  dr  -  4xMq  (4.21-25) 


(disc-shaped  cavity)  -  curl  /  M  x  grad  -  dr 


(4.21-26) 


W  (spherical  cavity)  -  curl  /  M  x  grad  -  dx  -  f  wM  (4.21-27) 

o  /  r  j  o 


Equation  (4.21-27)  represents  an  approximation  of  (4.19-6),  viz 


curl  (cavity)  j  fi  x  grad  £  dx  -  curl  j  fix  grad  ^  dx  -  |  wfiQ 


See. 4. 21] 
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By  combining  equations  (4.21-25)  to  (4.21-27)  with  (4.19-11)  we  obtain 

Vq  (needle-shaped  cavity)  -  -  grad  j  M  .  grad  j  dx  (4.21-28) 

T 

Wq  (disc-shaped  cavity)  ■  -  grad  J  M  .  grad  ^  dx  +  4wMq  (4.21-29) 

T 


Wq  (spherical  cavity) 


grad  "  dT  +  3 


4  irM 


(4.21-30) 


4.21c  The  representation  of  a  vector  point  function  as  the  combined 
Inverse-square  fields  of  scalar  and  vector  sources 

It  follows  from  equation  (4.17-4)  that  a  vector  point  function  F,  which 
is  well-behaved  within  the  region  x  bounded  by  the  surfaces  ,  may 

be  represented  within  x  as  the  sum  of  Inverse-square  fields  deriving  from 

volume  sources  of  densities  -j—  div  F  and  t—  curl  F  throughout  t,  and 


surface  sources  on 
outward  normal. 


S.  t  of  densities  T^-*Fand 
l..n  4ir 


-(nxF) 

4ir 


where  n  is  the 


This  form  of  expression  Is  not  unique.  There  are,  In  fact,  an  infinite 
number  of  possible  combinations  of  sources  covering  the  surfaces 

and  the  space  within  and  without  x  which  produce  the  required  values  of  F 
at  Interior  points,  as  seen  from  the  considerations  of  Sec.  4.17. 

However,  when  F  is  defined  and  well-behaved  at  all  points  of  space 
outside  given  surfaces  and  vanishes  at  Infinity,  the  associated  source 

system  Is  unique  and  corresponds  to  volume  sources  of  densities  div  F 
1  — 

and  7—  curl  F  taken  over  all  space,  together  with  sources  upon  the 

i  A  ~ 

surfaces  of  discontinuity  having  the  densities  j—  A(n.F)  and  -j—  A(n*F)  in 
the  notation  of  Sec.  4.5. 


4.21d  Alternative  definitions  of  scalar  and  vector  potential 

The  terms  'scalar  potential*  and  'vector  potential'  are  frequently 
defined  without  reference  to  scalar  and  vector  sources. 

Thus  <p  Is  said  to  be  the  scalar  potential  of  the  point  function  F  In  the 
—  43 

region  r  if  F  ■  grad  ^  (or  -  grad  tj»)  In  t  .  This  relationship  requires 

that  curl  F  be  zero,  and  that  F  be  irrotitlonal  In  a  multiply  connected 
region  If  is  to  be  single-valued  (see  Ex.  1-38.,  p.  47).  In  any  case, 

Is  determinate  only  to  within  an  additive  constant. 


43. 

V  is,  of  course,  a  scalar  potential,  as  previously  defined,  whether  F  Is 
the  inverse-square  field  of  scalar  sources  or  not,  because  any  scalar  point 
function  can  be  expressed  as  the  sum  of  potential  functions. 
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Similarly f  c  is  said  to  be  the  vector  potential  of  F  in  t  if  F  -  curl  c 

in  t.  F  must  be  solenoidal  for  this  to  be  possible  (p.  62).  While  c, 
like  any  other  vector  field,  must  be  expressible  as  a  vector  potential  in 
the  general  form  given  by  equation  (3.3-4),  it  is  specifically  related  to 
volume  sources  in  t  and  tangential  surface  sources  upon  its  boundaries  by 

equation  (4.17-6).  c  is  determinate  only  to  within  an  additive  gradient 
function  since  curl  grad  is  identically  zero. 

It  will  be  observed  that  with  the  above  definitions  of  scalar  and  vector 
potential  it  is  no  longer  possible  to  predict  the  values  of  the 

44 

discontinuities  obtaining  at  the  Interfaces  of  juxtaposed  regions  . 


EXERCISES 

4-141.  A  closed  surface  S  is  Immersed  in  a  statistically-regular  volume 
distribution  of  (a)  point  doublets  and  (b)  whirls,  in  such  a  way  that 
it  does  not  Intersect  any  source  element.  If  the  subscripts  1  and  2 
refer  respectively  to  microscopic  and  macroscopic  functions,  show  that 

(a.l)  ^  U.dS  -  ^  (-  grad  ^.dS  -  0 

S  S 

(a. 2)  -  div  grad  4}  ■  dlv  U  ■  0  outside  each  doublet 

(a. 3)  -  dlv  grad  42  "  ~4ir  div  P  throughout  the  distribution 

(b.l)  j  W.dS  -  j  (curl  A}) .dS  -  0 
S  S 

(b.2)  div  curl  Aj  •  0  outside  each  whirl 

(b.3)  dlv  curl  A2  -  0  throughout  the  distribution 

(b.4)  curl  curl  Aj  -  0  outside  each  whirl 

(b.5)  curl  curl  A2  ■  4*  curl  M  throughout  the  distribution 

4-142.  A  volume  distribution  of  point  doublets  occupies  an  aperlphractic 
region  r  bounded  by  the  surface  S.  Two  points  P  and  Q,  exterior  to  t, 
are  at  such  distance  from  S  that  the  macroscopic  potential  of  the 
distribution  is  sensibly  equal  to  the  microscopic  potential  at  each 
point.  If  a  regular  curve  is  drawn  between  P  and  Q,  passing  into  and 
out  of  the  distribution  but  not  cutting  any  doublet,  show  that  the 
tangential  line  Integral  of  the  inverse-square  field  along  PQ  is  equal 
to  the  tangential  line  integral  of  the  pradlent  of  the  macroscopic 
potential.  (Note  that  the  normal  derivative  of  the  macroscopic 
potential  is  discontinuous  through  S.) 


44.  The  author  is  convinced  that  these  definitions  (which  appear  in 
practically  every  text  book)  are  the  primary  cause  of  the  confusion  which 
continues  to  permeate  the  subject  of  electrical  fundamentals. 
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4-143.  A  volume  distribution  of  whirls  occupies  an  aperlphractic  region  t 

bounded  by  the  surface  S.  r  is  a  closed  curve  exterior  to  t  and  at 

such  distance  from  S  that  the  macroscopic  and  microscopic  vector 

potentials  are  sensibly  equal  at  each  point  of  it.  A  regular  surface 

S'  spans  r  and  cuts  t  but  does  not  pass  through  any  whirl.  Show  that 
the  flux  of  the  Inverse-square  field  through  S'  is  equal  to  the  flux  of 
the  curl  of  the  macroscopic  potential.  (Note  that  the  tangential 
component  of  the  curl  of  the  macroscopic  potential  Is  discontinuous 
through  S.) 

4-144.  Show  that 


curl 


/ 


J  x  jh  dT 


at  points  of  discontinuity  of  J. 

4-145.  Evaluate  the  surface  Integrals  in  equations  (4.21-8)  and  (4.21-24)  for 
the  case  of  a  cylindrical  enclosure  of  length  1  and  diameter  d,  given 
that 


and 


P  -  (P0+ax+By+yz)  z 


M  -  (Mo+ox+gy4^z)  z 


where  z  is  axial,  the  origin  of  coordinates  is  the  centre  of  the 
cylinder,  and  a»  y  are  constants. 


[Note  that  under  these  conditions  div  P  and  curl  M  are  constant 
throughout  the  enclosure.] 

Ans: 


4irP_  J  1  - 


(1+ct2)  ‘ 


-4ttH 

o 


1 

(l+a2)* 


where  a  -  d/1 

4-146.  Show  that  for  the  values  of  P  and  M  given  In  Ex. 4-145,  the  surface 
integrals,  when  taken  over  a  spherical  enclosure,  continue  to  be  given 

by  i  ,P„  .nd  -  f  ,Mo. 


4-147.  The  potential  of  a  plane  rectangular  surface  source  of  constant  density 
o,  at  a  point  0  of  the  normal  to  the  surface  through  one  corner  A,  is 
given  by 


♦ 


J  ,  b-+-h  ,  k  ,  L_+_ii 

[  dZ  dl 


-  z  tan”1 
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vhere  B  and  C  are  corners  adjacent  to  A  and  distant  b  and  c  from  It,  D 
Is  the  diagonally  opposite  corner,  and 

z  »  AO  ,  dj  -  OB  f  d2  ■  OC  ,  d3  -  OD 


Make  use  of  this  to  evaluate  the  surface  Integral  of  equation  (4.21-8) 
for  a  rectangular  enclosure  of  dimensions  2b  *  2c  *  2d  vhere  the  side 

of  length  2d  is  parallel  to  P  which  is  assumed  to  be  constant  over  the 
enclosure.  Hence  show  that  the  result  for  a  cubical  enclosure  Is 

4  — 

Identical  with  that  for  a  sphere,  viz  ^  irP. 


Ans:  8P  tan”1  - - - 1 

d(b2+c2+d2)5 


4-148.  A  cube  Is  so  orientated  In  space  that  one  set  of  edges  is  vertical. 
Equal  scalar  point  doublets,  directed  vertically,  are  located 

(a)  at  the  centre  of  each  face 

(b)  at  each  vertex 

(c)  at  the  centre  of  each  edge. 

Use  the  result  of  Ex. 4-23.,  p.  256  to  show  that  the  inverse-square 
field  deriving  from  each  set  of  doublets  is  zero  at  the  centre  of  the 
cube.  Invoke  an  appropriate  transformation  to  demonstrate,  without 
further  analysis,  that  the  inverse-square  fields  deriving  from  sets  of 
vector  point  doublets  (whirls)  of  identical  orientation  and  disposition 
are  likewise  zero  at  the  centre. 

4-149.  Develop  a  field-slipping  analysis  to  show  that  an  inverse  nth  power 

vector  field  F,  deriving  from  a  well-behaved  volume  source  of  density 
p,  may  be  expressed  both  at  interior  and  exterior  points  of  the  source 
as 


¥  m  -  j  Q  dx  ■-  grad  U 


where 

U  *  duf  (n  <  3,n  *  1) 


U  -  J  p  In  i  dT  (n  -  1) 


Note,  however,  that  F  does  not  converge  at  infinity  unless  n  i  0,  and  U 
does  not  converge  unless  n  >  1. 
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Show  likewise  that  at  exterior  points 


div  F 


dx 


and  at  interior  points 


div  F 


(n  <  2) 


div  F  -  4irp 


(n  -  2) 


Observe  that  only  for  n  *  2  is  div  F  directly  related  to  the  ambient 
source  density.  Note  also  that  curl  F  ■  0  for  all  values  of  n  which 
allow  F  to  be  expressed  as  -  grad  U. 

4-150.  An  inverse  nth  power  radial  field,  deriving  from  a  point  source  at  P, 
is  given  by 


A 

F  -  R  a  R~n 


where  a  is  a  constant  and  R  denotes  distance  from  P. 


A  region  x  is  bounded  by  inner  and  outer  spherical  surfaces  Si  and  S2 , 
of  radii  ai  and  az,  centred  on  P. 

Express  F  at  any  interior  point  of  x  as  the  sum  of  inverse-square 
vector  fields  deriving  from  volume  sources  of  density  — a  R 
throughout  t,  and  surface  sources  on  Si  and  S2  of  densities  —  a7n  and 


Confirm  this  result  by  an  application  of  equation  (4.9-6),  noting  that 
source  elements  of  greater  distance  from  P  than  the  point  of 
observation  yield  no  net  contribution  to  the  inverse-square  component. 

4-151.  If  F  is  irrotational  in  the  simply  connected  region  x  bounded  by  the 
surfaces  Sj  nI,  show  that  it  may  be  expressed  within  x,  in  the 

notation  of  Sec.  4.17,  as 


4irF 

o 


div  F 
r 


dx  + 


_  A 

(n.F-Hii  .Fi) 


r 


dS  + - 


x 


Si 


A  _  A_  __ 

r  (n.F+n_.F_) 

- +  grad  6  - dS 


£ 
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where  Fj — — F  are  defined  as  follows: 

I 

Let  the  scalar  function  U  be  defined  at  any  point  Q  of  r  by 


where  P  is  a  fixed  point  of  T. 

Let  U, - U  be  the  solutions  of  the  interior  Dirichlet  problems  in 

*  n 

Ti - t  when  Ut - U  are  equated  to  U  over  Si - S  .  Similarly,  let  U„ 

1  n  *  n  1  n  E 

be  the  solution  of  the  exterior  Dirichlet  problem  in  t  when  U  is 

L  4 

equated  to  U  over  £.  Then  Fj  ■  grad  Uj  in  tj»  etc  and  F^,  ■  grad  in 

V 


CHAPTER  5 


RETARDED  POTENTIAL  THEORY 


5.1  Retarded  Scalar  and  Vector  Fields 


Let  V  be  any  continuous  function  of  space  and  time  within  the  region  R 
bounded  by  the  surfaces  Sj  nE,  over  some  particular  time  interval.  It 

is  clear  that  each  of  the  relationships  derived  previously  for 
time-invariant  fields  will  apply  to  the  V  field  under  consideration  at 
any  instant  of  time  within  the  specified  interval. 

Now  consider  a  point  function  [V]  which  is  derived  from  V  by  associating 
with  each  point  of  R  at  any  time  t  the  value  of  V  which  obtained  there  at 
r* 

the  time  t  -  ,  where  r*  denotes  distance  from  a  fixed  point  Q  within  or 

c  1 
without  R,  and  c  is  a  constant  . 

When  c  is  positive,  [V]  Is  seen  to  be  a  ’retarded'  field  (except  at  the 
point  Q  when  this  lies  within  R)  and  when  c  is  negative  it  becomes  an 
'advanced'  field.  To  simplify  nomenclature  we  will  refer  to  [V]  as  a 
retarded  field  but  will  bear  in  mind  that  c  may  be  negative.  We  may 
generate  from  the  parent  V  field  as  many  [V]  fields  as  we  please  by 
choice  of  the  position  of  Q  and  the  value  of  c.  Each  [V]  field  will  be 
well-behaved  throughout  R  for  each  point  of  time  within  some  particular 
interval,  provided  that  V  is  well-behaved  in  space  and  time  over  an 
appropriate  interval.  Under  these  conditions  many  or  the  relationships 
derived  for  static  fields  in  earlier  sections  remain  valid  for  retarded 
fields. 


Thus,  inter  alia,  we  have 


J  grad  [V]  dr 

t 


j  [V]  dS 


s 


I 


z 

.  .n 


grad 


IV] 


£  grad  [V]  +  [V]  grad  • 


f{ 


I  3 tV] 

'  “sr 


wh 


St  z 

L.  .n 


dS 


V2[V]  dx 


x 


(5.1-1) 


1.  It  will  be  seen  that  c  has  the  dimensions  of  velocity. 
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In  equation  (5.1-1)  the  origin  of  r  may  or  may  not  coincide  with  the 
origin  of  retardation  (Q) .  If  it  does,  then 

4 it  [V]  -  4itV 

o  o 

In  like  manner  we  may  derive  a  retarded  vector  field  [F]  from  any  parent 
field  F  which  is  appropriately  space  and  time-dependent  in  R. 

Then 


div  [F]  dr  -  6  [F].dS 


S,  I 
1 .  .n 


curl  curl  [F]  -  grad  div  [F]  -  V2[f] 


div  ill  -  i  div  [F]  +  grad  ±  .  [F] 


4ir[Fl 


•  f[‘®  ->»i§-.©K/ 

S  I  T 

1.  .n 


(5.1-2) 


4w[FL 


(-div[?l)  ^  dt  +  j  [ F ] . dS  ^ 


S,  Z 
1.  .n 


(curl[F])x34  dt  +  <S  (dS*[F])**7 


S,  Z 
1.  .n 


(5.1-3) 


where  the  origin  of  r  may  or  may  not  coincide  with  Q. 

It  will  be  observed  that  in  the  above  equations  the  origin  of  retardation 
(and  of  r)  is  supposed  to  remain  fixed  in  space  while  the  various  field 
operations  are  carried  out.  When  this  is  not  the  case  -  as  in  the 
differentiation  of  potential  functions,  where  the  origin  of  retardation 
is  identified  with  the  origin  of  r  -  it  is  not  possible  to  transform  non- 
retarded  into  retarded  relationships  by  the  simple  substitution  of 
retarded  for  unretarded  quantities.  This  matter  is  treated  in  detail  in 
subsequent  sections. 
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5.2  Expansion  of  Grad[V],  Div[F]  and  Curl[F] 

Let  the  coordinates  of  adjacent  points  Pt  and  P  be  and 
(xx+Ax.yi ,Zj)  respectively,  and  let  their  distances  from  the  origin  of 
retardation,  Q,  be  r{  and  r{  +  Ar'.  Then  at  the  time  t 


(V]p  -  (V]PI 


(  (ri+ir') 

V  (xj+Ax,yi ,zj ,t  -  ~ 

/  (r}+Ar' ) 

V  fx!+Ax,yi ,zx ,t  -  ~ 


-  V  ^Xx.yi.Zx.t  ) 

(rJ+Ar') 


“  v  (  xj ,yx ,Zj ,t  - 


) 


/  (rJ+Ar* \ 

+  V  (xlt  yi»slft  -  ~  ~  J  -  V  f  xltylvsi,t 


r{y 


whence,  by  the  mean-value  theorem, 

tviP  -  rvjPi  -  ft* 


yi 

2l 
t  - 


(rJ+Ar') 


+  3V  /_  4Lf 
c 

yi 

2l 

(rJ+Ar") 
t  -  - 


where 

Xi  <  x'  <  Xj  +  Ax 
0  <  Ar"  <  Ar' 

On  dividing  by  Ax  and  taking  limits  we  get 


)  .  [jv 

1  . 1  (ini') 

3V 

4,  L»d 

ip,  c  V3x  /p, 

3t 

(5.2-1) 


whence,  in  general. 


grad  [V]  -  [grad  V]  -  ~  p 


(5.2-2) 


where  r’  is  the  radius  vector  directed  from  the  origin  of  retardation, 

and  the  brackets  around  grad  V  and  imply  that  these  terms  are  to  be 

r*  dC 

evaluated  at  the  time  t  - . 

c 
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It  also  follows  from  equation  (5.2-1)  that  for  any  well-behaved  vector 
point  function  F 


div[F]  -  [div  F)  -  i  ^  . 


curl[F] 

It  should  be  noted  that 


[curl  F]  -  i  p  x 


3t 


m 

avj 

and  ^  -  1 

ana 

3F 

_3t 

21 

so  that 


51  t«rad  v' 


2- 

dt 


It  then  follows  that 


3 

3t 


but 


3_ 

dt 


dt 


•ft 

dlv  F] 

■ft 

grad  vj 

ll 

»  »  - 

3t 

curl  ?J 

div[F] 

-  div 

grad[V] 

-  grad 

curl[F] 

■  curl 

[div  F] 

«  div 

[dlv  H] 

[gr.d  |f] 


(5.2-3) 

(5.2-4) 

(5.2-5) 

(5.2-6) 

(5.2-7) 

(5.2-8) 

(5.2-9) 

(5.2-10) 

(5.2-11) 


etc 
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Now  consider  the  differentiation  of  a  retarded  function  [V]  with  respect 
to  the  coordinates  of  the  origin  of  retardation  -  say  (x^y'tz').  In 

n  O  O  O 

expanding  -r— 7  [V]  we  note  that  [V]  is  a  function  of  x'  in  virtue  of 

OX  O 

o 

retardation  alone,  so  that  at  the  point  (x,y,z)  we  have 


3[V]  1  3r^  3V 

“  c  3x '  3 1 

o  o - 


cr’ 


(5.2-12) 


The  local  space-variation  component  which  was  evident  in  equation  (5.2-1) 
is  now  missing. 

On  the  other  hand 


3 

( » [vA 

-  1  ir : 

3__  , 

1  3r '  [l2 

vl  +1 

3r'  3r' 

32V 

c  3x' 
0 

3t 

c  3x '  3t 

O  — 

3xJ 

3x'  3x 

0 

Ft7 

since  is  a  function  of  x'  both  through  space  and  time-dependence, 

ox  o 

3  [V] 

It  is  necessary  to  expand  —5 —  before  differentiating  with  respect  to  x*. 

O  X  o 

We  then  obtain 


3x* 

o 


1  3rl 


(5.2-13) 


3 2 V  |  1  f  3  /3r*y 

1  3r'  3r' 

32V 

3t3x  c  [_3x^  y3x  J 

3 1 

c2  3x'  3x 

O 

dt* 

5.3  Dynamical  Extension  of  Green’s  Formula 

The  theorem  to  be  derived  extends  Green's  formula  (3.3-1)  and  (3.3-3)  to 
the  case  in  which  V  is  both  space  and  time-dependent. 

Let  V  be  any  point  function,  well-behaved  in  space  and  time  within  the 
region  R  bounded  by  the  surfaces  over  the  time  Interval  required 

by  the  analysis,  and  let  the  origin  of  retardation  coincide  with  an 
interior  point  0.  Then  r*  ■  r  where  r  is  distance  measured  from  0.  It 
follows  from  equations  (5.2-2)  and  (5.2-3)  that  at  points  within  R 


div  grad[V] 


div [grad  V]  -  div 


[div  grad  V)  -  ~  l grad  V)  -  div  ^ 

[72v]  -  L.  .  [grad  |fj  -  HI  div  fj  -  grad 


3V 
3 1 


400 


FIELD  ANALYSIS  AND  POTENTIAL  THEORY 


[Sec. 5. 3 


72[V]  -  [V*V]  -  2-^.gr.d  ||]  -  ^  [0]  -  ^  ||]  (5.3-1) 

On  surrounding  0  with  a  6  sphere  and  proceeding  as  In  Sec.  3.3  with  [V] 
replacing  V,  we  obtain 


-  Hs [VI  dS 


Sl..nJ-  S« 


;  E2v  -  h  dT 


(5.3-2) 


ivl 

*  i 

nTi 

lid 

+ 

WJ 

div  c-p  m 


cp*grad  |ll]  +  i?  Iffl 


hence  the  second  volume  Integral  In  equation  (5.3-2)  may  be  replaced  by 
the  surface  Integral 


2  f  pj 

Sl..nE'  S* 


,  l  L  8r  3V 
J  cr  3n  3t 

Sl..nE*  S6 


whence 


Sl..nJ*  Si 


_  I  ILiJ  _  L.  3r  [av_|‘] 
r  3n  cr  3n  3t 


I  ;  E2v  -  ?  fp]  dT 

T-T, 


‘V>  fn  (f 


Sl..n2’  S4 


_  1  3V  _  1_  3_r  3V  |  .. 
r  3n  cr  3n  3t 


;  *  Ji  B\  * 
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On  taking  limits  as  the  6  sphere  shrinks  about  0  and  noting  that 
[V]  “  V  we  get3 


4wV 


/[Sl-  m  t  (S)  •  fe  g  1] « -  /  i  [»>'  -  i,  S3] « 


Sl..n£ 


(5.3-3) 


When  0  is  exterior  to  R  no  limiting  process  is  involved  and  the  left  hand 
side  of  equation  (5.3-3)  is  zero. 


It  will  be  seen  that  equation  (5.3-3)  reduces  to  (3.3-3)  when  c  ■  ±®  or 
when  V  is  invariant  with  respect  to  time  over  the  maximum  retardation 
interval  involved. 


If  Ui  is  a  point  function  which  is  well-behaved  within  ti,  ie  the  region 
bounded  by  Si,  then  for  an  origin  of  r  within  ti  we  have 


0 


[Ul] 


JL  fl\  +X.  Sr. 

3n'  \tJ  cr  3n' 


where  the  positive  sense  of  n’  is  directed  into  r. 

By  combining  this  with  similar  equations  for  the  regions  T2....T  and 
with  equation  (5.3-3)  we  get  n 


(5.3-4) 


2.  It  is  clear  that  the  same  limit  obtains  when  S,  is  replaced  by  any 
regular  closed  surface. 

3.  Equation  (5.3-3),  with  the  surface  integral  equated  to  zero,  was  proved 
by  Lorenz  in  1861;  with  the  volume  Integral  equated  to  zero  by  Klrchhoff 
in  1882,  and  in  general  by  Beltrami  in  1895. 
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Since  Uj,  U2...  are  arbitrary  functions  it  la  clear  that  Vq  nay  be 
expressed  in  terns  of  surface  and  volune  Integrals  over  S,  E  and  t, 
Tj  Q  in  an  infinite  nunber  of  ways  for  any  given  value  of  c.  When  V  is 

defined  throughout  all  space  and  is  well-behaved  everywhere  except  upon 
the  surfaces  S,  then,  provided  that  the  surface  integral  over  £ 

vanishes  as  Z  recedes  to  infinity,  V  is  uniquely  represented  at  all 

points  not  coincident  with  S,  by 

l .  .n 


4irV 

o 


+  k 


.n 


1_  i£ 
cr  an 


A 


1 


c-5 


dt 


(5.3-5) 


where  the  A  notation  is  that  used  previously  (p.  246). 


It  is  a  sufficient 
Integral  at  infinity  that  R 


condition^ 

av 


3R 


for  the 
,  [V]  and  R 


disappearance 
3V 
3t 


of  the  surface 
vanish  as  R-*«>  for  non¬ 


zero  values  of  c,  where  R  represents  distance  from  a  local  origin.  This 
is  not  a  necessary  condition.  Thus,  if  V  assume  the  asymptotic,  form 


the  surface  integral  vanishes  although  R 


not  vanish  individually. 


and  R 


do 


It  should  be  noted  that  equation  (5.3-5)  continues  to  hold  when  different 
values  of  c  are  assigned  to  different  regions,  provided,  of  course,  that 
the  volume  integral  and  the  components  of  the  surface  Integral  are 
Interpreted  accordingly. 


The  results  are  applicable  to  vector  fields  having  the  required  degree  of 
continuity  since  the  scalar  field  may  be  identified  with  each  of  the 
Cartesian  components  of  the  vector  field  in  turn.  Multiplication  by  the 

unit  vectors  and  subsequent  addition  leads  to  formulae  in  which  F 
replaces  V.  In  particular. 


[F] 


9_ 

9n 


+ 


L_  3r 
cr  3n 


/  ?  [v2?  -ha?* 


(5.3-6) 


for  an  interior  or  exterior  origin  of  r. 

The  operator  (V  -  is  kno™  as  the  d'Alembertian,  and  is 

variously  written  as  □  ,  D2  and  dal  (and  sometimes  as  -O2). 
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EXERCISES 


5-1.  Equation  (5.1-3)  haa  been  derived  from  one  form  of  the  unretarded 

grad-curl  theorem  (4.17-4)  by  substitution  of  [ F ]  for  F.  By  expanding 
In  accordance  with  equation  (5.2-3)  and  (5.2-4),  and  taking  the  origin 
of  retardation  to  coincide  with  the  origin  of  r,  derive  one  form  of  the 
retarded  grad-curl  theorem,  viz 


-  f  [div  F]  dT  +  <f  [FJ.dS  * 


*3 


S,  £ 
1 .  .n 


l  [curl  F]*^  dr  +  j  (dSx(F])xj^  +  J 
1  Sl..nr 


a 


dr 


5-2.  If  F  is  a  vector  point  function  having  continuous  first  derivatives  in 
space  and  time  and  if  (x\y\z^)  are  the  coordinates  of  the  origin  of 

retardation,  prove,  by  expansion  after  the  manner  of  equation  (5.2-13), 
that 


5-3.  By  replacing  V  with  [V]  and  substituting  ^  e^T  for  U  in  (3.1-2),  with  y 

a  real  constant  and  the  origin  of  retardation  identified  with  the  origin 
of  r,  derive  the  relationship 


f 


L*(l 

3n  \r 


Sl..nr’  S« 


1  rr  3[Vl) 


3n  j 


dS 


/, IV)  72  (;  *Tr)  -  ?  72'v’ dt 

T-T« 


Make  use  of  equation  (5.3-1)  and  the  expansion  and  subsequent  volume 


integration  of  div 


ito  arrive  at 


!^’(K]) 

/['*' fe  (}•")-}•"  SI  -  is 


HI  > 


dt 


T-T. 
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1  yr  3V 
r  3n 


tVI  In  (r  *tr 


+  1_  TI-  |r  JV  j 
cr  3n  [_3tjj 


S.  Z 

1.  .n 


-/  * •"  E*-” •  ?  H -  !■  9] 


according  as  0  lies  within  or  without  t . 

5-4.  Let  the  scalar  point  function  V  take  the  form-^  fi(r',t)  +  f2(x,y,r,t) 

in  a  neighbourhood  of  the  point  P,  where  r'  is  distance  measured  from  P 
and  f}  and  f2  are  well-behaved  functions  of  space  and  time.  Show  that 
to  take  account  of  this  singularity  within  the  integration  space,  the 
final  equation  of  the  previous  exercise  must  be  modified  by  the  addition 

4ireYTP  (  rp\ 
to  the  right-hand  side  of  the  term  — - — -  fj  [0,t  -  — J 


5-5.  Substitute  [V]  and  [U]  for  V  and  U  in  equation  (3.1-1)  and  expand  in 
accordance  with  equations  (5.2-2)  and  (5.3-p.  Then  apply  the 


divergence  theorem  to  the  expansion  of  div[V]  jj^  ^  and  proceed  to 


V  3n  U  In*  dS  - 


[V  V2U  -  U  V2V]  -  [V  grad  U  -  U  grad  V]j  dx 


S,  I 
1.  .n 


«  - 


[V  V2V]+|  [grad  Vl  | 2  -  \\  grad  V2  dx 


S,  Z 
1 .  .n 


5-6.  Use  the  results  of  Sec.  2.12a  to  show  that  the  curvilinear  surface 
counterparts  of  equations  (5.2-2),  (5.2-3)  and  (5.2-4)  are 


gr.d.[Vl  -  (gr.d.  V]  -  |1t  Jfj  ♦  !  |S'  H 


dlv.[?l  -  tdiv.?]  -^,.[||]  +||i'.[|| 
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cur!s[F]  -  [curls  F]  -  — f x  ^  +  5 

J  cr*  [atj  c3n  X[3t_ 

5,4  Uniqueness  Theorems  for  Tine-Dependent  Fields4 
5*4a  Uniqueness  of  the  scalar  field 

Ut  th.  scalar  point  function  V'  b«  well-behaved  In  space  and  tine  In  the 
closed  region  R  bounded  by  the  surfaces  S  I.  Then 

1  ♦  *n 


iU  ft  Brad  v)  -  |f  ,1V  +  grad  |f  .  grad  V 

*  If  j^V-pV-q  |f  -  . 

+  ft  [_4fv’2+lr  (|f)2  +  )  | grad  V|2j  +  q  (|f-X2 
where  p,  q  and  r  are  functions  of  position  (or  constants). 


If  If  dS  -  /  If  (v2V'-pV-q  If  -  r  ||f  |  dr 


V.n* 


+  4rf  f  ipV'2+ir  ( If' 


IF  J  |_»<>V'2+‘'  fr)  +i  I  grad  V|2j  dt  ♦  /  ,  (If)2  dt 


the  filling  condltlonsfhaVe^  fU”Ctl°nS  °f  8P‘C'  Md  «“  Bhlch 

<1)  V2V  -  pv  -  q  -fj-  -  r  fr  la  a  specified  function  of  position  In  R 
for  t  2  0 

(2)  V  and  are  specified  throughout  R  at  t  -  0 

(3)  either  or  is  specified  upon  Sj  nE  for  t  >  0. 


4.  We  are  concerned  here  primarily  with  fields  which 
time,  although  the  analysis  is  quite  general, 
conditions  apply  to  periodic  fields  and  these  are  most 
a  complex  exponential  treatment  (Ch.6). 


are  not  periodic  in 
Alternative  boundary 
easily  determined  by 
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On  writing  V1  -  V2  ■  V'  we  then  obtain 


■fc/[ 


JpV,2+Jr 


3V* 

3t 


+§ | grad  V 


'l2j  +  j 


iSl 

3t 


dr  for  t  2  0 


Then  provided  that  q  Is  nowhere  negative,  the  second  volume  integral  must 
be  zero  or  positive  for  t  2  0  and  the  first  must  consequently  have  a 
constant  or  decreasing  value.  But  the  latter  Integral  is  zero  at  t  -  0 
and  can  never  become  negative  so  long  as  p  and  r  are  nowhere  negative. 
Hence  in  these  circumstances  both  Integrals  remain  zero  for  t  >  0.  It 
then  follows  that  if  conditions  (1)  to  (3)  are  satisfied  and  p,  q,  r  are 

nowhere  negative,  grad  V'  ■  0  and  grad  V  is  unique  at  all  points  of  R  for 
t  >  0.  Further,  V'  -  0  and  V  is  unique  if,  in  addition,  either  p  or  q  or 
r  is  positive  throughout  some  subregion  of  R.  When  r  is  everywhere  zero 

3V 

it  is  unnecessary  to  specify  —  throughout  R  at  t  ■  0. 

O  C 

5.4b  Uniqueness  of  the  vector  field 

The  results  of  the  scalar  investigation  above  are  directly  applicable  to 
vector  fields.  Specification  of  V2F  -  pF  -  q  -  r  throughout  R  for 

t  2  0,  together_with  the  specification  of  F  and  throughout  R  at  t  -  0 
3F  3F 

and  of  — -  or  —  on  S,  t  thereafter,  determines  the  three  Cartesian 

3t  3n  l .  .n  __ 

components  of  F  in  R  for  t  >  0  and  consequently  F  itself  (for  appropriate 

values  of  p,  q,  r) 

A  vector  analogue  of  the  scalar  treatment  may  also  be  developed  as 
follows: 

Let  the  vector  point  function  F'  be  well-behaved  in  space  and  time  in  the 
closed  region  R  bounded  by  the  surfaces  ^E.  Then 


div  x  curl  F* 


curl  F'.curl  -  |^-.curl  curl  F’ 


-  curl  F'.curl  |p  -  —  .grad  div  F'  +  |~  .  v2F' 


f  rM.,|li.r|pi].||:.grad <lvf. 


■■fi  [Mr’I’+lr 


3t 


+j | curl  F' | 2  |  +  q 


3F ’  2 
3t 


where  p,  q  and  r  are  functions  of  position  (or  constants) 
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Hence 


*curl 


S 


1 .  .n 


Z 


dS 


T 


f  .grad  div  F'  dx 

} 

T 


♦fe 


ip  I F* |2+Jr  ||-  +$ | curl  F' 1 2[  dr  +  I  q 


•I  2 


!  3t 


3F_ 

3t 


:*l  2 


dx 


Let  Fj  and  F2  be  well-behaved  functions  of  space  and  time  which  satisfy 
the  following  conditions: 

_ _  gp  g  2p 

(1)  72F  -  pF  -  q  —  -  r  ^2  is  a  specified  function  of  position  in  R 
for  t  £  0 

(2)  div  F  is  a  specified  function  of  position  in  R  for  t  a  0 

—  3  j? 

(3)  F  and  ^  are  specified  throughout  R  at  t  *  0 

—  jp  —  _ 

(4)  either  n  x  —  or  n  *  curl  F  is  specified  upon  S,  Z  for  t  >  0 

at  1 .  ,n 

On  writing  Fi  -  F2  ■  Ff  we  then  obtain 


0  ’  9t 


l2+*r  |f 


»l  2 


+J  I  curl  F* | 2 


dx  + 


3F* 

at 


dx  for  t  a  0 


Then  provided  that  q  is  nowhere  negative,  the  second  volume  integral  must 
be  zero  or  positive  for  t  a  0  and  the  first  must  consequently  have  a 
constant  or  decreasing  value.  But  the  latter  integral  is  zero  at  t  ■  0 
and  can  never  become  negative  so  long  as  p  and  r  are  nowhere  negative. 
Hence  in  these  circumstances  both  integrals  remain  zero  for  t  >  0.  It 
then  follows  that  if  conditions  (1)  to  (4)  are  satisfied  and  p,  q,  r  are 

nowhere  negative,  curl  F'  -  0  and  curl  F  is  unique  at  all  points  of  R  for 

t  >  0.  Further,  F*  ■  0  and  F  is  unique  if,  in  addition,  R  can  be  divided 
into  a  set  of  subregions  such  that  throughout  each  subregion  one  or  more 
of  the  factors  p,  q,  r  _is  positive.  When  r  is  everywhere  zero  it  is 
3F 

unnecessary  to  specify  jj-  throughout  R  at  t  ■  0. 

EXERCISES 

5-7.  Given  that  grad  V*  ■  0  throughout  R  for  t  i  0  under  the  conditions 
stated  in  Sec.  5.4a,  show  that  V1  is  likewise  zero  provided  that  p  or  q 
or  r  Is  positive  throughout  some  subregion  of  R. 
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Given  that  curl  F*  -  0  throughout  R  for  t  £  0  under  the  conditions 

stated  in  Sec.  5.4b,  show  that  F*  is  likewise  zero  provided  that  R  can 
be  divided  into  subregions  throughout  each  of  which  one  or  more  of  the 

factors  p,  q,  r  is  positive.  Show  further  that  F*  «  0  throughout  R  for 
t  >  0  provided  that 

(a)  conditions  (I)  to  (3)  are  satisified 

(b)  p,  q,  r  are  nowhere  negative 
and  either 

35* 

(c)  r—  is  specified  over  S.  I  for  t  £  0 

at  1 . . n 

or  in  the  event  of  a  single  bounding  surface  S, 

—  9F 

(d)  n  x  —  is  specified  over  S  for  t  2  0. 

5-8.  The  thermal  conductivity,  density  and  specific  heat  of  a  conducting 

region  R  bounded  by  geometrical  or  physical  surfaces  S.  £  are  well- 
”  1  • .  n 

behaved  positive  functions  of  position.  The  region  is  free  from  sources 
and  sinks  of  heat.  Use  the  result  of  Ex. 3-28.,  p.  208  and  an 
application  of  the  divergence  theorem  to  the  expansion  of 
div  T(k  grad  T) ,  where  k  represents  conductivity,  to  show  that  the 
temperature  T  at  each  point  of  R  is  uniquely  determined  as  a  function  of 
time  t  provided  that  the  temperature  at  all  points  of  R  is  a  given 
continuous  function  of  position  at  t  -  0  and  the  temperature  at  all 
points  of  nZ  is  a  given  function  of  position  for  t  >  0.  [Note  that 

the  result  of  Sec.  5.4a  is  applicable  to  the  present  problem  only  when  k 
is  constant  throughout  R. ] 

5.5  The  Retarded  Potentials  of  Scalar  and  Vector  Sources 


Retarded  potential  functions  are  derived  from  their  unretarded 
counterparts  by  time  retardation  of  the  source  density  functions,  the 
origin  of  retardation  being  identified  with  the  point  of  evaluation. 
Thus  the  particular  source  field  involved  in  the  evaluation  of  the 
retarded  potential  $  at  a  point  0  at  a  given  Instant  will,  in  general, 
depend  upon  the  position  of  0. 

For  a  volume  source  we  have 


where 


[p] 


(P) 


t 


o 


T 


r 

c 


(5.5-1) 
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The  Integration  region  T  must  Include  all  points  where  the  retarded 
density  Is  non-zero;  it  may  consequently  extend  beyond  the  parent 
unretarded  field  as  seen  at  the  moment  of  evaluation  since  the  latter 
may.  In  virtue  of  Its  time  dependence,  appear  or  disappear  in  certain 

subregions^. 

$  will  be  everywhere  convergent  and  continuous,  for  bounded  values  of  t, 
provided  that  [p]  is  piecewise  continuous  and  everywhere  finite.  This 
will  be  so  if  p  satisfies  the  same  conditions  and  is  everywhere  piecewise 
continuous  in  time  over  a  finite  time  interval,  with  c  assumed  to  be 
non-zero.  In  these  circumstances  4  will  also  be  continuous  in  time  at 
all  points,  in  spite  of  possible  time-discontinuities  of  p.  This 
behaviour  is  best  appreciated  with  the  assistance  of  the  following 
constructions: 

(a)  Let  a  spherical  surface  move  outwards  from  0  at  t  -  tQ  with 

velocity  c  through  the  unretarded  source  field  reversed  in  time 
from  t  -  tQ.  Then  the  value  of  p  at  any  point  of  the  spherical 

surface  is  the  value  to  be  assigned  to  [p]  in  the  evaluation  of 
the  retarded  potential  at  0  at  t  ■  t  . 

[If  the  advanced  density  is  required  the  field  is  not  reversed  in 
time .  ] 

(b)  Let  the  region  occupied  by  the  source  field  be  divided  into  a  set 

of  volume  elements  fixed  in  position  relative  to  0.  From  each 
element  let  a  continuous  stream  of  particles  be  emitted  with 
velocity  c  in  the  direction  of  0.  The  magnitude  of  each  particle 
is  equated  to  the  unretarded  source  strength  associated  with  the 
volume  element  at  the  time  of  emission,  divided  by  its  distance 
from  0.  The  sum  of  the  magnitudes  arriving  at  0  at  any  instant 
is  equal  to  the  value  of  the  retarded  potential  at  0  at  that 
instant.  [It  does  not  seem  to  be  possible  to  provide  a 

satisfactory  construction  of  this  type  for  the  advanced 
potential. ] 

It  will  be  apparent  from  (b)  that  a  time  discontinuity  of  p  which 
produces  a  jump  in  the  value  of  J  |  dx  cannot  be  felt  all  at  once  at  0. 

T 

The  initial  effect  derives  from  a  point,  or  a  line,  or  a  surface,  but  not 
from  an  element  of  volume,  consequently  J  dT  remains  continuous  In 

T 

time.  Its  first  derivative,  however,  may  be  discontinuous  (Ex. 5-9., 
p.  415). 


5.  A  particular  case  Is  that  of  a  moving  source  of  fixed  density 
distribution.  Such  sources  are  given  special  treatment  later,  but  are 
Included,  nevertheless,  in  general  terms  in  equation  (5.5-1)  when  t  is 
adjusted  accordingly. 
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The  partial  and  cavity  retarded  potentials  are  defined  in  the  same  way  as 
their  unretarded  counterparts,  and  are  required  to  perform  the  same 
functions  in  subsequent  analyses. 


In  writing 


(5.5-2) 


we  restrict  our  consideration  to  surfaces  at  rest  relative  to  0  and 
having  bounding  curves  which  enclose  all  points  where  a  may  be  non-zero. 
The  Integral  is  then  adequate  to  describe  the  retarded  potential  function 
because  [a]  is  zero  everywhere  outside  S. 

4>  is  everywhere  convergent  and  continuous  in  space  and  time  provided  that 
o  satisfies  the  conditions  laid  down  above  for  p. 


The  retarded  potential  of  a  line  source  is  given,  correspondingly,  by 


r 


where  T  is  at  rest  relative  at  0  and  the  end  points  of  T  enclose  all 
elements  where  X  may  be  non-zero. 

The  potential  is  logarithmically  infinite  at  those  points  of  T  where  X  is 
non-zero. 


In  writing  the  retarded  potential  of  a  set  of  point  sources  in  the  form 


(5.5-4) 


it  must  be  supposed  that  the  sources  are  stationary  with  respect  to  0, 
since  the  notation  cannot  adequately  describe  the  integration  region 
associated  with  movement.  The  sources  are  also  required  to  be 
non-conservative  since  conservation,  in  the  case  of  a  point  source 
system,  implies  the  constancy  of  individual  source  strengths  with  respect 
to  time.  [The  latter  restriction  does  not  apply  to  the  piecewise 
continuous  source  systems  considered  previously  because  temporal 
variation  of  density  from  point  to  point  is  not  inconsistent  with  the 
constancy  of  the  spatial  density  integral]. 
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We  may  define  a  time-dependent  double  layer  source  to  have  the  same 
limiting  geometrical  configuration  as  the  time-invariant  surface  doublet 
described  in  Sec.  4.3  with  the  additional  requirement  that  the  unretarded 
simple  surface  densities  have  equal  and  opposite  instantaneous  values 
(apart  from  correction  for  surface  curvature)  at  corresponding  points  of 
the  component  surfaces.  Thus  if  we  designate  the  'negative’  surface  by 
the  subscript  1  and  the  'positive'  by  2  the  contribution  to  the  retarded 
potential  of  a  matched  pair  of  surface  elements  is  given  by 


d*o 


t^ldSih 

- + 

*1 


lo2dS2]2 

*2 


[odS] i  [adS)2 

-  +  - 

rl  r2 


since  OidSi 


a2dS2  =  adS 


[adSh 
~ 2 

-  [odS] i 


[adS] i  [odS]2  radS] i 
+  T2  r2 

(k +  ([odSlj'[adsll) 


Then  on  making  use  of  mean-value  theorem  expansions,  on  the  assumption 
that  the  first  time  derivative  of  a  is  continuous  throughout  the  interval 
defined  by  [aJi  and  [a]2,  and  on  taking  limits  as  surface  2  approaches 
surface  1,  we  obtain  for  the  complete  source 

♦o  -  /  I s  (!)  -  s  £ 

s 

A 

where  n  is  the  unit  normal  directed  from  the  'negative'  to  the  'positive' 
surface  and  v  is  the  unretarded  doublet  density  (moment  per  unit  area) . 

It  is  supposed,  of  course,  that  the  surface  is  at  rest  relative  to  0.  As 
in  the  unretarded,  time-invariant  case  there  is  a  discontinuity  of 
potential  of  +4tru  in  passing  through  the  surface  in  a  positive  sense  at 
an  Interior  point  where  the  unretarded  density  is  continuous  in  space  and 
time  and  its  Instantaneous  value  is  p. 

Corresponding  expressions  for  the  line  and  point  doublet  may  be  written 
down  by  inspection.  In  the  notation  employed  for  the  unretarded  cases  we 
have 


|*rl  I  as 


(5.5-5) 


and 


1_ 

cr 


1  dr  [dpi 
cr  dl  dtj 


(5.5-6) 


o 


(5.5-7) 
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-  [?].gradi-^. 


(5.5-7(a)) 


Retarded  vector  potentials  derive  from  vectorial  volume,  surface  and  line 
sources  in  the  same  way  as  their  scalar  equivalents  derive  from  the 
corresponding  scalar  sources.  The  same  behaviour  with  respect  to 
convergence  and  continuity  will  therefore  obtain,  provided  that  the 
scalar  components  of  the  source  densities  satisfy  the  conditions  laid 
down  above  for  scalar  sources.  In  terms  of  the  notation  employed  for 
unretarded  potentials  we  have 


volume  source  (5.5-8) 


A 


o 


S 


simple  source  source  (5.5-9) 


simple  line  source  (5.5-10) 


_L  ir 

cr  3n 


dS 


surface  doublet 


(5.5-11) 


A 


o 


i/l\  1_  3r 
3n*\r/  cr  3n' 


ds 


line  doublet 


(5.5-12) 


The  association  of  a  vector  magnitude  with  a  stationary  point,  and  the 
subsequent  definition  of  an  unretarded  point  singlet  vector  potential, 
has  little  practical  significance  and  was  consequently  omitted  from  the 
considerations  of  Sec.  4.12.  On  the  other  hand,  the  association  of  a 
retarded  vector  potential  with  a  moving  point  has  considerable  practical 
application  and  merits  a  detailed  examination.  This  will  be  found  in 
Sec.  5.10.  Correspondingly,  the  unretarded  source  whose  potential  is  the 
vector  analogue  of  the  scalar  point  doublet,  as  discussed  on  p.  305,  does 
not  comprise  a  vector  point  doublet  In  the  conventional  sense  -  although 

the  potential  of  the  latter  would  take  the  form  pi  ~  and  could 
justly  be  called  the  vector  equivalent  of  the  scalar  doublet  potential 
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p  ^  Qy  -  but  a  whirl,  ie  the  limiting  configuration  of  a  closed 
tangential  line  source  whose  potential,  m  x  grad  is  treated  as  the 
vector  analogue  of  the  scalar  doublet  potential  when  expressed  in  the 
form  p.grad 

We  now  proceed  to  show  that  this  equivalence  continues  to  hold  in  the 
retarded  case,  where  the  potential  of  the  whirl  may  be  expressed  as 


[m] 


grad  -  - 


r 


and  consequently  treated  as  the  vector  analogue  of  the  retarded  scalar 
doublet  potential  when  written  in  the  form 


[p] .grad  i  - 


& 

at 


r 

^2 


Prior  to  limiting,  the  potential  of  the  whirl  at  an  exterior  point  0  is 
given  by 


A 


o 


dr 

r 


r 


Let  Q  be  a  point  in  the  vicinity  of  r,  distant  rT  from  0.  Then  provided 

dl  IT  r* 

that  is  continuous  throughout  the  interval  defined  by  t  -  -  and  t  -  — 
we  have 


[I] 


1 

c 


(r-r* ) 


where  t  -  is  a  point  of  the  interval. 
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Hence 


*  .  (i)  j a.  ifm  lizzD 

o  v  Jr  c  \dt/  „  J  r 

c  r  r 


(IU  r..  f  ?  sln‘e  / 


t-c  r 


since  6  dr  -  0 


(1)  ,j  dS  X  grad  i  -  f  (£)  [  dSxfs 

c  S  t-<T~  s 


where  S  spans  r. 

Then  In  the  limit  as  r  shrinks  about  Q 


A„  -  (I>  r,  dS«(«radi)  -(«) 

'T  /(5  V  t-f 


so  that  in  general 


[m]  x  grad  -  - 


r 


(5.5-13) 


where  m  is  the  limiting  value  of  IdS. 


It  is  now  evident  that  we  may  interpret  equation  (5.3-3)  in  the  light  of 
the  retarded  potentials  described  by  equations  (5.5-1)*  (5.5-2)  and 

(5.5-5).  We  see  that  any  scalar  point  function  V,  with  continuous 
second-order  space  and  time  derivatives  In  a  bounded  region  of  space  R, 
may  be  expressed  within  R  as  the  sum  of  the  retarded  potentials 

associated  with  a  volume  source  throughout  R  of  density  -  dal  V  and 

simple  and  double  surface  sources  on  the  boundary  of  respective  densities 
1  3V  V 

—  and  -  j—.  A  well-behaved  vector  point  function  may  be  described 
similarly  in  terms  of  vector  potentials. 

It  will  also  be  apparent  from  the  result  of  Ex. 5-3.,  p.  403  that  a  scalar 
(or  vector)  point  function  with  appropriate  degrees  of  continuity  may  be 
represented  as  the  sum  of  retarded  potentials  which  are  exponentially 
enhanced  or  attenuated  with  distance  from  the  source*  ie  potentials  based 
I  vr  1 

upon  the  factor  -  eT  rather  than  -.  In  the  case  of  an  unbounded 
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integration  region  the  surface  integral  at  infinity  vanishes  for  negative 

R  3V 

values  of  y,  provided  that  R  grad  V,  RV  and  -  rr  are  bounded  at  infinity 

C  dC 

in  space  and  time.  The  corresponding  representation  for  the  non-retarded 
case  was  considered  in  Ex. 3-15.,  p.  183  and  Ex. 4-30. »  p.  258. 

EXERCISES 


5-9.  Let  $  be  the  retarded  potential  at  0  of  a  bounded  volume  source  which  is 
everywhere  finite  and  piecewise  continuous  in  space,  and  constant  In 
time  until  t  ■  tQ.  At  t  ■  tQ  the  density  jumps  by  the  common  value  Ap 

over  a  subregion  of  the  source  which  may  or  may  not  embrace  0.  Show 
that  $  is  continuous  in  time  for  t  i  0.  Show  also  that  the  first  time 
derivative  of  $  may  or  may  not  be  continuous  for  t  >  0,  depending  upon 
the  shape  and  orientation  of  the  subregion,  but  that  if  the  subregion 

embrace  0  the  first  time  derivative  of  4  is  discontinuous  at  t  -  t  . 

o 

5-10.  Let  E  be  a  well-behaved  point  function  which  satisfies  the  equation 


throughout  the  region  R  bounded  by  the  surfaces  S  I,  where  a  and  0 
are  positive  constants.  ”n 

Show  that  E  may  be  expressed  at  any  interior  point  of  R  as  the  sum  of 
exponentially-modified,  retarded  (or  advanced)  vector  potentials  of 

y2  - 

surface  and  volume  sources,  the  volume  density  being  given  by  E  and 
the  constants  y  and  c  by  * 


Show  further  that  when,  in  addition,  E  varies  sinusoidally  in  time  at 
all  points  of  R  with  angular  velocity  w  and  fixed  direction  at  each 
point,  the  volume  integral  may  be  eliminated  by  putting 


where  y  and  c  have  opposite  signs. 
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5.6  The  Gradient,  Divergence  and  Curl  of  Retarded  Potentials 

5.6a  Gradient  of  the  retarded  scalar  potential  beyond  the  source 


Consider  first  the  case  of  a 
bounded  by  the  surfaces  S,  E . 

le«n 

of  the  density  p  be  continuous. 


volume  source  of  integration  region  t 
Let  the  first  space  and  time  derivatives 

Then  if  0  is  an  exterior  point  of  t 


dr 


gradj  kJ  dx  -  -j  j[ 


[pl  grad  -  - 


dT  (5.6-1) 


But 


grad  -  i  grad  [p]  +  [pl  grad  | 


(5.6-2) 


-  “  [grad  p]  - 


h  +  [p]  grad  l  (5.6-3) 


whence  by  substitution  in  equation  (5.6-1)  and  application  of  (1.17-5)  we 
get 


grad  /  ^  dr 


and 


£  (grad  p]  dt  -  j)  ^  dS 


Sl..n£ 


(5.6-4) 


grad  [  dt 


-  grad  (pj  + 


r 

cr- 


dr  -  0  dS  (5.6-5) 
Sl..n2 


The  gradient  of  the  retarded  potential  is  coi  tlnuous  through  the  boundary 
of  a  volume  source  provided  that  p  and  its  space  derivatives  are  finite 
and  piecewise  continuous  in  space  and  time.  This  follows  from  arguments 
similar  to  those  adduced  in  connection  with  the  gradient  of  the 
unretarded  potential  (p.  278). 

The  results  for  simple  surface*  line  and  point  sources  may  be  written 
down  by  analogy  with  equation  (5.6-1). 
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grad 


-  I  [to]  grad  i  -  ijfj  ^  dS 


(5.6-6) 


grad  J  ds 


grad  - 


ajil  r  "j 

ill 


ds 


(5.6-7) 


grad 


Lil 


[a]  grad  -  - 


(5.6-8) 


The  gradient  operation  on  the  right  hand  side  of  equation  (5.6-8)  is,  of 
course,  carried  out  at  the  source  while  that  on  the  left  is  carried  out 
at  0. 


It  is  clear  that  the  retarded  potential  of  a  simple  surface  source  is 
continuous  for  movement  through  the  source;  as  a  consequence  the 
tangential  component  of  the  potential  gradient  la  likewise  continuous. 
The  normal  component,  however,  is  discontinuous  to  the  same  extent  as  in 
the  non-retarded  case,  ie 


A  grad  J  dS  ■  -  4iro  n  (5.6-9) 

S 

A 

where  n  Indicates  the  sense  of  movement  and  c  denotes  the  local  surface 
density  at  the  Instant  of  evaluation  (see  Ex. 5-11.,  p.  423). 

5.6b  Gradient  of  the  retarded  scalar  potential  within  a  volume  source 


We  proceed  as  in  Sec.  4.8  for  the  unretarded  case  by  first  determining 
the  variation  of  partial  potential  deriving  from  movement  of  the  point  of 
evaluation.  Following  the  notation  of  that  section  and  Fig.  4.8b  it  is 
observed  that  when  the  unretarded  field  is  slipped  backwards,  the 
increment  at  0  of  the  retarded  potential  associated  with  the  typical 

volume  element  Ax  is  -^P  —  At,  where  the  time  delay  for  both  pf  and 
p  is  £.  Some  reflection  will  then  reveal  that  ([p']“[p])  ®ay  be  replaced 

by  |^-  Ax,  where  the  derivative  is  evaluated  at  some  point  of  the  slip 

path.  It  will  be  apparent  that  it  is  the  derivative  of  the  unretarded 

field  at  the  approximate  time  t  -  -  with  which  we  are  concerned.  On 

c 

following  Che  procedure  In  Sec*  4.8  we  arrive  at 


(partial)  f  dT 


1 

r 

T-T, 


dT 


-fV 


dS 


Sl..n£ 


(5.6-10) 


L 
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whence 


grad  (partial)  f  ^  dx 


-  [grad  p]  dx 


-  i  leJ  a 


(5.6-11) 


Sl..nr 


On  substituting  equations  (5.6-2)  and  (5.6-3)  in  (5.6-11)  we  get 


grad  (partial)  /  dx  - 


and 


i  gr.d  tp)  +  [|f|  jjs]  dx  -  f  M  iS 


Sl..nr 


(5.6-12) 


grad  (partial)  /  ^  dx  - 


[p]  grad  -  - 


dx  + 


Mds 


(5.6-13) 


The  Uniting  forms  of  the  above  expressions  as  6+0  are  identical  with 
equations  (5.6-4),  (5.6-5)  and  (5.6-1),  hence  the  latter  expressions  are 
valid  for  points  of  evaluation  within  or  without  the  source. 

The  gradient  of  the  cavity  potential  corresponds  with  that  obtaining  for 
an  exterior  source  but  with  the  additional  fixed  bounding  surface 

which  must  consequently  appear  in  equations  (5.6-4)  and  (5.6-5),  together 
with  a  modified  volume  Integral. 

All  of  the  above  formulae  are  brought  together  in  Table  5,  p.  439. 

5.6c  Divergence  of  the  retarded  vector  potential  beyond  the  source 

Let  the  density  J  of  a  volume  source  have  continuous  first  derivatives  in 
space  and  time.  Then  at  an  exterior  point 


x 


(5.6-14) 
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Since 


dlv  ^  div  [J]  +  [JJ  .grad  ^ 


(5.6-15) 


p  Idiv  J]  - 


3j|  r 


+  I J] .grad  i 


(5.6-16) 


we  have  also 


dlv  /  S  dt  - 


-  i 


-  [dlV  J]  dT  -  0  — — ^  • dS 


(5.6-17) 


and 


dlv  /  dx  - 


j  dlv  [J]  + 


fl'c-p]  dT  '  f  ^•ds 


S,  I 
1 .  .n 


Similarly,  for  simple  line  and  surface  sources, 


(5.6-18) 


dlv  ili  ds 
*T 


[I]. grad  i  - 


. ”^2  ds 
cr* 


(5.6-19) 


div  I  151  ds 


[K] .grad  ±  - 


•^1  « 


(5.6-20) 


f  Kl 

The  discontinuity  of  div  /  dS  which  accompanies  movement  through  the 


surface  S  at  an  Interior  point  is  identical  with  that  obtaining  In  the 
non-retarded  case,  le 


A  div  /  l£i  dS 


-4irn.K 


(5.6-21) 


where  n  defines  the  sense  of  movement  through  the  surface  and  K  is  the 
local  surface  density  at  the  Instant  of  evaluation. 
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5.6d  Divergence  of  the  retarded  vector  potential  within  a  volume  source 
From  equation  (5.6-10) 


s  r  'V 

—  (partial)  J  —  dr 


hence 


dlv  (partial)  j  HI  dx 


t-t. 


r  .  [ZJ  1 

/skN- 

t  iJxi 
f  ~r~  4sx 

T’T6 

Sl..n£ 

j  [div  J]  dx  - 

j 

(5.6-22) 

’T6 

Sl..n£ 

On  substituting  equations  (5.6-15)  and  (5.6-16)  in  (5.6-22)  we  get 


div  (partial)  j  HI  dt 


t-t. 


[J] .grad  -  - 


r 

’cr 


dx  + 


iil.dS 

r 


T-T, 


and 


div  (partial)  j  dx 


(5.6-23) 


|ii!  dr  -  f  [i  div  [J]  + 


_r 

cr 


dx 


-  j 


(5.6-24) 


The  limiting  forms  of  the  above  expressions  as  6+0  are  identical  with 
equations  (5.6-17),  (5.6-14)  and  (5.6-18)  hence  the  latter  expressions 
are  valid  for  points  of  evaluation  within  and  without  the  source. 

5.6e  Curl  of  the  retarded  vector  potential  beyond  the  source 

At  a  point  beyond  the  integration  region 


curl 


T 


L  *r 

cr  5y; 


'V 


dx 
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Ml 


curl  I  dr  - 


[J]  x  grad  -  - 


3J 


3t 


r 

cr- 


dx  (5.6-25) 


Since 


curl  HI  -  i  curl  [J]  +  grad  1  x  [J] 


(5.6-26) 


-  [curl  J]  + 


3j|  r 

Fj  x  s? 


+  grad  i  x  [J] 


(5.6-27) 


we  have  also 


curl 


1  [curl  J]  dx  -  j  dS  x  H^ 
Sl..nE 


(5.6-28) 


and 


curl 


Hidt  -  r  ft 


curl  [J]  - 


r 


Similarly,  for  simple  line  and  surface  sources. 


curl  /  —  ds 


r  -Ti  ^  1 

[]  x  grad  -  - 


J.  lm 


dx 

-  j)  dS 

Sl. 

f 

- 

aTl 

r 

it' 

crzj 

ds  (5.6-30) 


and 


curl  f  Hi  dS 
‘  S 


j  UK]  x  grad  1  - 

j  S  L 


3k] 

r 

JtJ 

x  - 5 

cr2j 

dS  (5.6-31) 


The  discontinuity  of  curl  j  Hi  dS  which  accompanies  movement  through  S 


at  an  interior  point  is  identical  with  that  obtaining  in  the  unretarded 
case,  le 
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A  curl  /  [-|l  dS  -  -4*(nxK) 


(5.6-32) 


The  normal  component  of  the  curl  is  seen  to  be  continuous  through  the 
surface  irrespective  of  the  orientation  of  K. 

5.6f  Curl  of  the  retarded  vector  potential  within  a  volume  source 
From  equation  (5.6-10) 

curl  (partial)  f  l-Zl  dT  -  ^  i|^|- (partial)  [  dT-  ^-(partial)  [  -^dxj 


(f(i; 

~3J  " 

_  i 

3J 

\  r  AJ  1  [J  1  \1 

z 

— 1 

)dT  -  6  (  — —  dS - dS 

l  _  I 

Lay- 

r 

3z  _ 

/  j  \ r  y  r  z/J 

c  r 

1 .  .n 


curl  (partial)  j  Lil  dt 


T-T( 


-  [curl  J]  dr 


-^dsxHl 

Sl..nE 


(5.6-33) 


On  substituting  equations  (5.6-26)  and  (5.6-27)  in  (5.6-33)  we  get 


curl  (partial)  /  1^1  dt  ■  f  J [J]  x  grad  ^  - 


r 

T-T, 


dT  +  j  is  x 


T-T. 


and 


curl  (partial)  j  L-L  dT  ■ 


[J] 


(5.6-34) 


-  curl  [J]  - 


JE  x  dt  ‘  /  dS  x  iP 


Sl..nr 


(5.6-35) 


The  limiting  forms  of  the  above  expressions  as  6-*0  are  identical  with 
equations  (5.6-28),  (5.6-25)  and  (5.6-29),  hence  the  latter  expressions 
are  valid  for  points  of  evaluation  within  and  without  the  source.  As  In 

the  cases  of  grad  partial  pot  [p]  and  dlv  partial  pot  [J],  the  same 
limits  obtain  when  the  6  sphere  is  replaced  by  any  regular  excluding 
region. 
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The  formulae  for  divergence  and  curl  are  brought  together  in  Table  6, 
p.  441. 


EXERCISES 

5-11.  Apply  equation  (5.6-6)  to  the  evaluation  of  grad  f  dS  at  a  point  on 

S 

the  axis  of  a  circular,  disc-shaped  source  of  uniform,  time-dependent 

density.  Show  by  integration  that  for  finite  values  of  §7  the  second 

L?  \j 

component  of  the  surface  integral  does  not  contribute  to  the 
discontinuity  of  grad  J  ~  dS  on  passing  through  the  source.  Hence 

S  _A 

conclude  plausibly  that  a  discontinuity  of  -4ira  n  will  obtain  at 
interior  points  of  any  smooth  surface  source  where  the  local  surface 
density  a  and  its  first  time  derivative  are  continuous  in  space  and 
time. 

Make  use  of  a  similar  analysis  to  show  that  there  is  an  increment  in  the 
retarded  potential  of  4iry  on  passing  in  a  positive  sense  through  a 
scalar  surface  doublet  of  local  density  p.  Demonstrate  the  equivalent 
result  for  a  vector  surface  doublet. 

5-12.  For  the  conditions  of  continuity  stated  in  the  previous  exercise  show 
that 

4  h  /  TT  ds  -  » 

S 

3 

where  —  is  any  tangential  derivative,  and 

A  dS  -  -4irK 

3n  j  r 

S 

Show  further  that 


A  div  J  IH  dS  -  -4ff (n.K) 
S 

and 


A  curl  J  I|I  dS  -  -4ir(nxK) 
J  S 
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Hence  conclude  that 


A  grad  /  .  dS 


_  A_  ^ 

-4ir(M.n)n 


A  div  |  dS  x  [Ml  .  o 

'  S 


A  curl  /  dS  x  [Ml  - 
S 


-4irnx(nxM)  ■  4irM 


—  —  i 

where  Mt  is  the  vector  tangential  component  of  M  and  n  corresponds  with 

the  positive  sense  of  dS. 


5-13.  It  has  been  assumed  In  earlier  pages  that  the  discontinuities  of  4>  and  A 
and  their  derivatives,  which  accompany  movement  through  simple  regular 
surface  sources,  may  be  determined  by  evaluation  of  the  discontinuity 
obtaining  with  motion  along  the  axis  of  a  uniform  disc-shaped  source 
having  the  local  (continuous)  surface  density.  While  this  is  true  for 
the  potentials  and  their  first  derivatives  it  may  fail  for  higher-order 

derivatives.  Demonstrate  this  by  evaluating  A  grad  o  -  dS  for 

3n  Jr 

S 

constant  o,  where  S  is  (1)  a  disc  (2)  a  closed  spherical  surface  cf 
radius  R,  and  noting  a  numerical  discrepancy  of  8wo/R  In  the  results. 


The  matter  is  taken  up  again  in  Ex. 7-4/5,  p.  633  . 


5-14.  By  making  use  of  the  relationship  div  [F]  -  div  ~  [F]  show  that  at 


exterior  points  of  t 

grad  j  «vJl]  dt  .  £  -  f  _1  d_iv_fi  dT 


div  [F]  grad  i  dT  -  ^  jUJ.gr.d  i  dt  +  0  ^5  (jfj.ds 


Sl..nr 


-  -  (div  F]  grad  i  dr  +  0 

J  r  ,  cr  L?LI 


.dS 


s.  r 

1 .  .n 
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An  alternative  expansion  takes  the  form 


grad  I  “VJU  dT 

T 


“  -  t  div 


[F]  grad  j  dT  +  |  [div  |f  £2  dr  +  j  i  grad  (fj.jff  )  dr 


Prove  this 

(a)  by  writing 


grad  J  SlJll  dT  -  grad  j  M  dT  -  grad  j  [|f 


*cr2  dT 


and  utilising  equation  (5.6-4)  as  the  initial  step  in  the 
expansion  of  the  first  term,  or 


(b)  by  writing 


grad 


div  [F] 


dr  - 


L 


3  div  [F] 

5F0  f 


’  E  1  /  [dlv  [?1  37  (?)  +(?)  JT  ('dlv  -  U4 


dT 


5-15.  The  results  of  the  previous  exercise  lead  to  the  conclusion  that  for  an 
exterior  origin  of  r 


Give  an  Independent  demonstration  of  this  by  proving  and  utilising  the 
following  relationships 


/  Ev  if]  zp  dT 


ZP 


+  -^5  — 


r_ 

cr~ 


dx 
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T  T 


5.7  The  d’Alembert lan  of  the  Retarded  Potentials 

5.7a  d'Alembert lan  of  the  retarded  scalar  potential  beyond  the  source 

Let  the  scalar  source  density  have  continuous  second  derivatives  with 
respect  to  time.  Then  at  an  exterior  point  of  the  source 


x 
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whence 


(5.7-1) 


at  exterior  points 

dal  pot  [p]  -  0  (5.7-l(a)) 


By  similar  argument 


dal  /  l£i  dS  -  dal  pot  [a]  «  0 


(5.7-2) 


dal  j  IA]  ds  -  dal  pot  [X]  -  0 


(5.7-3) 


dal  Lll  -  dal  pot  [a]  -  0 


(5.7-4) 


Since  the  d'Alembertlan  of  the  retarded  potential  of  a  set  of  Individual 
simple  sources  Is  zero  beyond  those  sources  it  is  fairly  obvious  that 
dal  $  will  be  zero  outside  any  doublet  source.  This  may  be  demonstrated 
by  direct  differentiation  of  the  doublet  potential.  (See  Ex. 5-17., 
p.  432.) 

5 . 7b  d* Alembertlan  of  the  retarded  scalar  potential  within  a  volume 
source 


If  the  source  density  has  continuous  second  derivatives  in  space  and 
time,  then  from  equations  (5.6-11)  and  (5.6-22) 


f  [pi 


dlv  grad  (partial)  1  —  dr 
i  r 


T-T. 


-  dlv  (partial)  f  l8r*-g-1  dt  -  dlv  j> 


dS 


Sl..n£ 


.  '  £]  dT  .  ,f  (Mi Ls)  .  ds  -  V  -L  I  l£i  ds 

r  ;  1  L  ix o  .  r  * 


Sl..nr 


Sl..nE 
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J  |  [div  grad  p]  dr 
T“T« 


i  grad  [p].dS 


St  Z 
I.  .n 


3C 


Z 


n 


.dS 


dS 


x 


f  i  [div  grad  p]  dt 
T-T6 


j  ~  grad  [p].dS  -  2  j>  ||  .dS  +  [p]  grad  \.dS 


Sl..nE 


S,  Z 
1 .  .n 


S .  Z 

1 .  .n 


(5.7-5) 


On  substituting  for  [div  grad  p]  in  accordance  with  equation  (5.3-1), 
(5.7-5)  becomes 


l  fv2[p]  +  ff*  •  grad 


^4 

St2 


cr 


3t 


dT 


T-T, 


r  .dS 


Sl..nE 


Now 


Green's  formula  when  applied  to  [p]  in  the  region  t-Tfi  yields 


0  - 


Sl..nS’  S« 


r 

T— T  . 


hence  the  previous  expression  may  be  written  as 


dt-2 


Ifi. 

3t 


&-dt  + 


Sl..nE 


-[P] 


IJ 

3n' 


dS 


div 


lfi| 

at 


But 
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so  Chat 


cr^ 


S« 


\h 

.  dS  -  / 

1b 

latj 

J  l 

at_ 

2  .  2r  . 

— 5  +  — j  .grad 
crz  crz  6 


l£ 

at 


dr 


Substitution  then  yields 


lp] 


div  grad  (partial)  j  dr 
T“T« 

-  f[;H£  -hi  k  (?)  +  k  k  LHD  ds  +/  A  1*8  dt 
6 

'  1  ^  {  .  3_  ( i\  M  3: 

r  [anj  “  lpJ  3n  \rj  cr  3i 


/[i 


dS  +  h  f?  j  ^  dT 


dal  (partial)  j  IgJ  dt  -  j  ^  [gj  -  [p]  f„  (i)  +  g  |jf]J  «  (5.7-6) 


1  '6  5 

On  taking  limits  we  obtain 


dal  J  IeJ  dx  ■  -4-rrp 


(5.7-7) 


where  p  is  the  Instantaneous  value  of  the  source  density  at  the  point  of 
evaluation. 

5.7c  d'Alembertian  of  the  retarded  vector  potential  beyond  the  source 

It  follows  from  equation  (5.7-1)  that  if  the  Cartesian  components  of  the 
vector  density  J  have  the  required  degree  of  continuity  then 


dal 


f 


-  0 
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But 

v*  /  HI  dt  -  ^  I  72  J 

X  T 

—  dr 

hence 

**  j  m  dx 

t 

-I  **&/ 

T 

■  i5  a I5/ 

X 

if!. 

whence 

dal  J  L£l  dx  -  0 

T 

at 

(5.7-8) 

exterior  points 

or 

dal  pot  [J]  -0 

(5.7-8(a)) 

Similarly, 

dal  j  dS  -  0 

S 

(5.7-9) 

dal  j  ds  -  0 

r 

(5.7-10) 
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5.7d  d'Alembertian  of  the  retarded  vector  potential  within  a  volume 
source 


Proceeding  as  above,  and  for  a  density  function  having  continuous  second 
derivatives  in  space  and  time,  ve  have 


V2  (partial) 


III 


dx 


T-T 


6 


l 


I  V2  (partial) 


T-T 


6 


and 


dal  J  dx  -  -4wJ  (5.7-12) 

T 


An  alternative  derivation  of  (5.7-11)  and  (5,7-12)  involve^  the  expansion 
of  curl  curl  (partial)  dx  and  grad  div  (partial)  J  dx.  This  is 

T"Tfi  T_Tfi 

the  subject  of  Ex. 5-20.  to  5-22.,  pp.  434-8. 

Like  their  unretarded  Laplaclan  equivalents,  dal  pot  [p]  and  dal  pot  [J] 
are  convergent  since  equations  (5.7-6)  and  (5.7-11)  continue  to  hold  for 
any  regular  excluding  region. 
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5-16.  Make  use  of  equation  (5.3-3)  to  show  that 


dal 


dS  -  0 


Sl..n* 


within  and  without  the  region  R  bounded  by  Sj  QZ,  when  dal  |  •  0  In  R. 
Show  that  this  continues  to  hold  when  dal  4  *  0  in  R  provided  that  the 

av  a  v 

second  derivatives  of  f—  and  —  with  respect  to  time  exist  everywhere 
30  0 1 

upon  Sj  nE,  and  that  the  relationship  subsists  when  referred  to  an 
element  of  surface  dS. 

5-17.  From  equation  (5. 5-7 (a))  the  retarded  potential  of  a  scalar  point 
doublet  is  given  at  an  exterior  point  by 


*  -  -  ipl  -  h  - 


dt 


r 


where  p  Is  the  vector  moment  of  the  doublet. 
Show  that 


1 

dp 

I  3r  - 

dp 

r  - 

d2p 

cr2 

dt_ 

'  5*  r*  ! 

c*P  r' 

dt* 

Hence  prove  that 

**♦  - 


d2p 

dt* 


1  - 
-  ^  r* 


d3p 

dt* 


_  -L. 

1?  at* 


or 


dal  4  -  0 


Show  further  that 


c«i  [-  [pi » f3  -  m » -  -  ««•>  [*  iPi-T?  -  m  -  ^ 


d2p 

dt* 


5-18.  Proceed  in  the  following  way  to  evaluate  the  d'Alembertlan  of  the 
retarded  potential  at  an  interior  point  of  a  volume  source. 

Expand  grad  div  (partial)  f  dr  and  curl  curl  (partial)  [  ^  dr 


t-t. 


T“T. 


~*l  u 


RETARDED  POTENTIAL  THEORY 


433 


in  accordance  with  equations  (5.6-11),  (5.6-22)  and  (5.6-33),  and  after 
further  expansion  and  cancellation  of  terms  derive 


V2 


(partial) 


HI 


dr 


T-T 


<5 


i  [V2J]  dx  +  j  (dS  x  curl  £ J] )  -  i  div  [J]  dS  -  2 

x  S,  Z 

6  1 .  .n 


r 

T-T 


i?  • ds 


+  grad  i  -  [Jl.grad  A  ds  +  [J]  grad  A.dS 

S,  Z 

1 .  .n 


Bring  this  into  the  form 


[V2J]  dT  +  j  jdS 


curl 


HI  -  dlv  HI  ds  +  2  [j]  grad  £.dS  -  2 


HI  jc 


-^.dS 

cr* 


T-T, 


s,  z 

1.  .n 


and  apply  equation  (1.17-13)  to  obtain 


i  [V2J]  dT  +  j  ^2 


[J] 


grad  |.dS 


-  (ds.v)  HI  -  2 


T-T, 


s,  z 

1.  .n 


c-j5.ds 


Reduce  this  to 


f ;  [»JJ]  dr  +<f 

\[J]  dS.grad  i  ;  (dS.V)  [J]  -  2 

m 

3t 

.dS 
cr^  J 

J  J 

l 

T-T  S,  Z 

6  1 .  .n 


and  make  use  of  the  analysis  following  equation  (5.7-5),  of  which  the 
above  expression  is  the  vector  analogue,  to  arrive  at 


/ 


T-T6 


+  I_  ii 

cr  3n 


dS 


dal  (partial) 
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and 

dal  J  III  dx  -  -4ttJ 

T 

5-19.  By  working  from  equations  (5.6-14)  and  (5.6-25)  show  that  at  points 
beyond  the  source 


T 

and 


curl  curl 


j  j^([JM)  grad  i 

T 


r  .  r 
+  — r 

<-  r*-  i»r" 


,  _ r  - 

+  44  r. 

czr3 


dr 


1 

‘I* 


5-20.  Prove  that 
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at  Interior  points  of  x, 

by  proceeding  in  the  manner  outlined  below, 
grad  div  partial  pot  [J] 


i  grad  div  [J]  +  j  grad  ■jjj. 


+  jp  div 


+  r. 


dx 


i 


+  0  J[J].dS  grad  £  -  £  div  [J]  dS  -  —j . 


dS  - 


.dS 


S.  I 
1 .  .n 


div  [J]  grad  ^  r. 

J  L  r  cr 


a7 

aj 

r  — 

32J 

■> 

3 1 

+  ^  div 

3t 

+  ~t~ 3  r. 

dx 


T~Tt 


1  r 


+  6  UJj.dS  grad  -  - 


.dS 


+  j)  div  [J]  dS  + 


dS 


Sl..nE 


J  grad  i  - 

T-T, 


/ 

3J~ 

-A  r  r  — 

aT 

r  — 

{ 

3t_ 

•V  o'?  +  c"?  r-: 

3 1 

+  r. 

l^jj 

dx 


+  6  j  i  [div  J]  dS  -  [J].dS  grad  j  +  ^2 


In 

.dS 

5-21.  Prove  that 


curl  curl  pot  [J] 
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at  interior  points  of  x, 

by  establishing  the  following  relationships: 

(a) 

curl  curl  partial  pot  [J] 

«  J  •  [curl  curl  J]  dx 


/[■ 


grad  -  x  (dSx [J] )  -  dS  x 


S.  Z 
l..n 


I 

r 


curl  [Jj  -  dS  x 


(b) 

[  ~  [curl  curl  J]  dx 


xcurl 


3J 

at 


-  grad  jf  )"  *rad  ;*curl  (J)  +  W 


T-T 


6 


+  (j)  |  dS  x  i  curl 


/  C 

s 


1  s. 

1 .  .n  5 


[J]  +  dS  x 


x 


(c) 


* 


cr 


+ 

cr* 


x  curl 
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whence 


-X,  |H 

c>LatJ  dS 

^1 . .n^*  Sfi 


~S.V 

cr 


.v )  -S  +  ~S  X  curl 
1  crA  crA  x 


dr 


t-t. 


.v)  -s  -  -hr 

1  crA  cr^ 


+  ~Z2  x  curl 


T-x, 


l|21]dT  +  / 

[|j] 

liilJ  j 

:  3t 

-^.dS 

n  y*' 


Sl..n£-  SS 


(d) 


grad  (7(i)-Ul)  -  (0)0  [J]  +  (U1.7)  v(i0  10 


lx  curl  [J] 


whence 


[J] .grad  i  dS 
Sl..n£’  S« 


V(Y)*V)  8rad  J  +  «rad  ^  x  curl  [J] 


dx 


r0 

|(tJ].V)  grad  i  +  grad  j  »  curl  [J]")  dt  +  t{  [j]  grad  I.ds 


Sl..aE-  S6 
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curl  curl  partial  pot  [J] 


UJ].V)  grad  i  -([§f].v)  ^5  +  jp,  r.  |^j  +  r-p]]dl 


~hdhJ^Pdr+f  [dSxr  lCUTl  +  grad  r  X  ([dl*dS)  "  x  (  ft  X  dS) 


5-22.  Use  the  expressions  derived  In  Ex. 5-20.  and  5-21.  above  for 
grad  dlv  partial  pot  [J]  and  curl  curl  partial  pot  [J]  to  show  that 


dal  partial  pot  [J]  ■  6  div  —  dS  -  dSxcurl  +2  -^9  .dS-2[J]dS.grad  ~ 

/  ]  r  1  (7i-  cr  I 


I  QA  I  r-  jc_or  tuc  I  ; 


and  transform  this  by  means  of  equation  (1.17-13)  into 


dal  partial  pot  [J]  -  j  |j  -  [J)  (j)  +  7r  H  [ft] j  dS 


5-23.  By  proceeding  via  equations  (5.6-22),  (5.6-11)  and  (5.6-6)  show  that 


grad  dlv  partial  pot  [J] 


[div  J]  -jh  +  “  div  J  dT 


fm.ds  ^  +  Hfl.ds  i 


S!..nE 


+  f  ~  [div  J]  dS 
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Show  similarly  that 


curl  curl  partial  pot  [J] 


[curl  J]  *  ^3  +  ||i  jj  x  ^2]  dT 


T-T, 


+  6  (dSx[jJ)  x  p  +  l ds  k 


^2  +  MS  x  j  [curl  J] 


S,  Z 
1 .  .n 


TABLE  5 


The  Retarded  Scalar  Potential  Function  /  -1— -  dx  and  its  Derivatives 

r  - 


CP] 


(1) 


pot  [p]  ■  j  dT  (Interior  and  exterior  points  of  t) 


(2) 

partial  pot  [p] 

(3) 

cavity  pot  [p] 


(evaluated  at  centre  of  moving  6  sphere 
within  r) 


T-T 


6 


(defined  throughout  fixed  6  sphere  within  t) 
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TABLE  5 (CONTD) 


grad  pot  [p]  = 


“  [grad  p]  dx 


S.  Z 

I .  .n 


interior 


[p]  grad  ±  -  -§£  ^  j  dx 


exterior 
points  of  x 


|  Brad  [p]  +  ||  dr  - 


f^dS 

Si  ^ 
1.  .n 


grad  partial  pot  [p]  =  \  -  [grad  p]  dx  -  <f  ^  dS 


si  £ 

1 .  .n 


[p]  grad  -  - 


H  £ *  +  f  ¥  * 


i  grad  [p]  +  |f  ^j]  dr  - 


0  dS 

r 

S.  Z 

1.  .n 


grad  cavity  pot  [p]  =  [  -  [grad  p]  dx  -  (f  dS 


Si  s* 

1  •  .n  o 


[p]  grad  -  - 


3p  r 
3t  ^2  dT 


i  grad  [p]  +  |f  dx  -  j)  tfl  dS 

T6  Sl..nZ'  Se 
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(7) 

dal  pot  [p]  »  0  at  exterior  points  of  t 

(8) 

dal  pot  { p  ]  -  -4irp  at  interior  points  of  x 

(9) 


72  partial  pot  [p] 


partial  pot 


[v2p]  f±H£l  -(Plfn("j:' 


+ 


j_  _3r 
cr  3n 


(10) 


dal  partial  pot  [p] 


3p 

3n 


S 


6 


[Pi 


L  +  i_  ir  fi£  "■ 

3n  \ r  cr  3n  3t 

\  /  _  . 


dS 


(11) 

dal  cavity  pot  [p )  -  0 


TABLE  6 

The  Retarded  Vector  Potential  Function  ^  dT  and  its  Derivatives 

(1) 

pot  (J)  •  dr  (Interior  and  exterior  points  of  t) 


(2) 

partial  pot  (Jj  •  d’  (evaluated  at  centre  of  aovlng  <*  sphere 

r  within  y ) 
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TABLE  6(CONTD) 


(3) 


cavity  pot  [J]  ■  j  dx  (defined  throughout  fixed  6  sphere  within  x) 

T“T. 


(4) 

div  pot  [J] 


£  [div  J]  dx  -  j  ^LdS 
Sl..nL 


[J] .grad  -  - 


•A  dx 


;  div  [J]  + 


r 

•cT2 


dx  -  0  ^.dS 


interior 

and 

exterior 
points  of  x 


(5) 


div  partial  pot  [J]  -  -  [div  j]  dx  -  0  ^ 


a.ds 


SU.J 


[J] .grad  ±  - 


•J?]  dr  +  f  tFJ-ds 


T-t, 


i  div  [J]  + 


'  cr^ 


ir-ja 


Gl.dS 


V.n1 
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(6) 


TABLE  6(CONTD) 


div  cavity  pot  [J]  -  f  £  [div  J]  dr  -  ^  I^i.dS 


Sl..nE’  S6 


-  -  r 

j 


[J] .grad  -  - 


.2  <*T 


T-T. 


-  div  [J]  + 


r 

’cr 


dr  - 


t-t. 


III. dS 

Sl..nE'  Sd 


(7) 

curl  pot  [J] 


j  ±  [curl  J]  dr  -  £  dS  x  Lli 


Sl..nE 


[J]  x  grad  -  - 


3J 

3t 


*  cr^ (  dT 


•  c^l  [J]  - 


cr‘ 


dr  -  MS  x 


dS  x  ill 


s,  i 

1 .  .n 


interior 

and 

exterior 
points  of  t 
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TABLE  6(CONTD) 


(8) 


curl  partial  pot  [J] 


~  [curl  J]  dr  -  0  dS  *  til 


t-t. 


Sl..nr 


T-T 


m  . i -  g] .  Jjj  d,t|d5,a 

s. 


'  curl  [J]  - 
T-T. 


sp] dT  -  /  «  *  E f 


(9) 


curl  cavity  pot  [J]  - 


£  [curl  J]  dr  -  6  dS  x 

r  7  T 


t-t. 


[J]  *  grad  £  - 


Sl..n* 


SI..„£-  S6 


if) *  sp]  dT 


T-T, 


[  ~  curl  [J]  - 


^  dr  -  l  dS  *  S 


t-t. 


Sl..nZ'  S6 


(10) 


dal  pot  [J]  ■  o  at  axtarlor  points  of  t 

(11) 

dal  pot  [J]  -  -4wJ  at  int#rior  points  of  t 

(12) 


dal  cavity  pot  [J]  .  5 
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(13) 


TABLE  6(CONTD) 


dal  partial  pot  [J] 


J]  -  (f  fdiv  Si  dS-dSxcurl  ®  + 


J  i 

Sr 


^2  .dS-2[J]dS.grad  jj 


.  £  fi  [SI  .  r jj  L  fk)  +  I_  il  Ik 

J  lr  li«J  J  3n  W  cr  3n  1L 


dS 


(14) 


V2  partial  pot  [J] 


partial  pot 


S 


1 


E 

.  .n 


+ 


L  *1 

cr  3n 


dS 


(15) 


grad  div  pot  {JJ 


-  /  [[dlv  j]  *3  +  Jiv  j)  di  -  «  [(Jl.dS  \i  +  [jj]  .dS  Jjj 


S1..„E 

(interior  and  exterior  points  of  r) 


(16) 


grad  div  pot  {J] 


<UM)  grad  l- 

T 


+ 


dT 


(exterior  points  of  t) 
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(17) 


TABLE  6(CONTD) 


grad  div  pot  [J] 

( 


\litj 


.7U  +  ^  t. 

>  crz  crH 


Ml +  ^ r-  d^j 


dx 


Llm 


(interior  points  of  t) 


+  ;“o  J  ([J]'7)  8rad  £  dx  -  j)  (J).dS  grad  ± 
t-t’  S' 


(18) 


grad  div  partial  pot  [J] 


[div  j]  £  +  Hi  div  j]  dT  -  j  [tJJ.dS  fs  +  gj.dS  ^5 


T“T, 


S,  ^ 

1 .  .n 


+  j  \  [div  J]  dS 


(19) 


grad  div  partial  pot  [J] 


-  _  «r*d  ;  -  ZP  +  ^  r- [If]  +  *• 


dx 


T-T, 


♦  *  ;  [div  J]  dS  -  [  J  ] .  d  S  grad  i  *  -S  '  I.  d  S 

•  **  r  cr  [»tj 


(20) 


rl  curl  pot  fjj  -  grad  div  pot  [J]  -  ^  ill  dr  (exterior  points 

*  .  of  r) 
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(21) 


TABLE  6(CONTD) 


curl  curl  pot  [J]  -  grad  div  pot  [ J]  -  **7  *r~9  f  Si  dT  +  4irj  (Interior 

c  J  r  points 

T  Of  t) 

(22) 


curl  curl  pot  [J] 


-It 


[curl  J] 


dT 


ft 


(dSx[J])  x  -£3  +  (  dS  * 


Sl..nE 


(interior  and  exterior 
points  of  t) 


(23) 


curl  curl  partial  pot  [J] 


-  - 1  [[cun  j]  *  fs  +  [|-t  curl  jj  «  dr 


+  f  *  £  +  («  *  H3)  *  £]  +  f  dS  «  i  [curl  J] 


s,  z 

1.  .n 


(24) 


curl  curl  partial  pot  [J] 
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[Sec. 5.8 


5.8  The  Gradient  and  d1 Alembert ian  of  the  Scalar  Point  Function 


[P] .grad 


dx 


This  section,  and  that  which  follows,  parallels  the  developments  of 
Sec.  4.18  and  4.19,  to  which  the  reader  should  refer.  The  function  under 
consideration  is  identical  with  the  retarded  potential,  at  exterior 

points,  of  a  limiting  configuration  of  point  doublets,  P  being  a  well- 
behaved  point  function  derived  from  the  doublet  moment  per  unit  volume  as 
discussed  in  Sec.  4.20a.  The  integral  is  known  as  the  macroscopic 
retarded  potential  of  the  doublet  system.  It  continues  to  be  well- 
behaved  at  interior  points  of  the  source,  whereas  the  true  or  microscopic 

*cr^j  becomes  discontinuous  at  the 

doublets  themselves. 


potential ,  viz 


n 


Ip] -grad  -  - 


[p] 

It  is  easily  shown  by  expansion  of  div  i — - ,  and  subsequent  volume 
integration,  that  for  an  exterior  point  of  evaluation 


[P] .grad  -  - 


r 

‘cr 


dx  “ 


[-  div  P] 


dx  + 


s.  z 

1.  ,n 


(5.8-1) 


The  same  relationship  holds  for  an  interior  point  of  evaluation  provided 
that  we  interpret  the  volume  integrals  as  the  limiting  values  of  such 
integrals  when  taken  over  the  region  x-x',  where  x'  is  a  subregion  of  t 
which  includes  0  and  shrinks  uniformly  about  it.  It  follows  that  the 
macroscopic  potential  is  equivalent,  at  interior  and  exterior  points  of 
t,  to  the  combined  retarded  potential  of  a  volume  source  throughout  x  of 
—  —  i 

density  -div  P  and  a  surface  source  over  Sj  ^Z  of  density  P.n.  It  is 

consequently  convergent  and  continuous  everywhere,  while  its  gradient  is 

_  _A 

discontinuous  through  Sj  by  -4irP.n  n. 

The  partial  and  cavity  macroscopic  potentials  are  defined  in  the  usual 
way  in  terms  of  an  excluding  6  sphere. 
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5.8a  Gradient  of  J  jjP].grad  -  - 
points  of  t 


r 

'cr 


dx  at  Interior  and  exterior 


Since  equations  (5.8-1)  and  (5.6-1)  are  valid  at  Interior  and  exterior 
points  of  x,  we  have  In  each  case 


grad  j  j[P] .grad  -  - 


r 

'cr 


dx 


”  grad 


[-  dlv 


d.  +  grad  f  S. 


dS 


s.  z 

1 .  .n 


[dlv  P]  grad  |  -  [|t  dlv  fj  ^2  dx  -  ^  jjP].dS  grad  \  -  ^2  ffj-dS 


Sl..nE 


(5.8-2) 


Reference  to  equation  (5.6-17)  reveals  that  the  right  hand  side  of 
(5.8-1)  is  identical  with  -dlv  f  dx  at  interior  and  exterior  points 


of  x ,  so  that  we  have  also 


grad  j  j  [P] .grad  -  - 
*  -  grad  dlv  f  —  dx 


3P 

r 

dt 

‘cr2 

dx 


(5.8-3) 


[  [p] 


■  -  curl  curl  ’  dx  -  V2  I  ~  dx 


[P] 


(5.8-4) 


The  curl  curl  term  may  be  variously  transformed  as  follows: 
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rpi 

curl  curl  j  dx  ■  curl 


1  _ 

3P 

r 

r 

litj 

X  — 5 

cr* 

dr 


(5.8-5) 


curl  f  LsaiLH  dT .  curi  i  as  x  III 


(5.8-6) 


S.  I 
1.  .n 


[curl  P]xgrad  £  -  curl  pJx^^J  dT  +  <^jgrad  i  x(dSx[P])  -  x  (dSx  ~ 


Sl..nE 


(5.8-7) 


In  particular*  a  combination  of  equations  (5.8-4)  and  (5.8-5)  with 
(5.7-8)  or  (5.7-12)  leads  to  the  relationship 


grad 


T 


dT 


xgrad  - 


m 


dx  + 


0  _ 
_4irP 


X 


(exterior 
(interior 
points 
of  x) 


(5.8-8) 


It  will  be 
when  c-°°  or 


seea.  that  equation  (5.8-8)  reduces 
3p1  - 

-  0,  ie,  when  retardation  is 


3P 

_3t 


time-invariant  over  the  relevant  Interval. 


to  (4.18-8)  or  (4.18-9) 
absent  or  the  system  is 


The  corresponding  expressions  for  the  gradient  of  the  cavity  potential 
are  derived  from  those  of  the  above  formulae  which  apply  to  exterior 
points  of  x  by  modification  of  the  volume  integral  and  the  addition  of  Sfi 
to  the  surface  Integral. 


5.8b 


d'Alembertlan  of j  |[P].grad  i  - 
exterior  points  of  x 


dT 


at  interior  and 


From  equation  (5.8-1) 


dal 


U“ 


[P]  .grad  -  -  Vt  dx  - 


dal 


d,  -  d.l  f  'Is-'  ds 


s,  r 

1 .  ,n 


within  and  without  the  source 
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hence  from  equations  (5.7-l(a)),  (5.7-2)  and  (5.7-7) 


dal 


[Pj.grad  -  - 


la 

3t 


•S&i  dT 


0  _  (exterior  points  of  t) 

4irdlv  P  (Interior  points  of  t) 

(5.8-9) 


It  follows  at  once  that  dal  cavity  pot  *  0 


The  above  relationships,  together  with  the  corresponding  formulae  for 
partial  potentials,  are  brought  together  in  Table  7,  p.  460. 

5.9  The  Divergence,  Curl  and  d* Alembertian  of  the  Vector  Point  Function 


/ 


grad  - 


dx 


The  function  under  consideration  is  identical  with  the  retarded  vector 
potential,  at  exterior  points,  of  a  limiting  volume  configuration  of 


whirls,  M  being  a  well-behaved  point  function  derived  from  the  doublet 
moment  per  unit  volume  as  discussed  in  Sec.  4.20b.  It  is  known  as  the 
macroscopic  retarded  potential  of  the  system  of  whirls  and,  unlike  the 

—  "i 


true  or  microscopic  potential,  viz 


l 


[■] 


grad  i  - 


cr^j  * 


it  is 


well-behaved  throughout  the  source  complex, 
rg, 

Expansion  of  curl  —  and  subsequent  volume  integration  leads  to  the 
relationship 


I  jjM]  x  grad  - 


[curl  M] 


dt 


-  0  ds  -  aj] 


(5.9-n 


S,  I 
1 .  .n 


at  exterior  points  of  t.  This  holds  at  interior  points  also  since  the 
surface  Integral  taken  over  an  excluding  surface  drawn  about  0  vanishes 
in  the  limit  as  the  surface  shrinks  uniformly  about  0,  and  the  associated 
volume  Integral  is  convergent.  The  macroscopic  potential  is  consequently 
identical  with  the  retarded  potential  of  a  volume  source  throughout  j  of 

density  curl  M  and  a  surface  source  over  of  density  M  *  n  and,  as 

such,  is  everywhere  convergent  and  continuous. 
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5.9a  Divergence  and  curl  of 


[M]  x  grad  i  - 


j)  dx  at 


interior  and  exterior  points  of  x 


Since  equations  (5.9-1)  and  (5.6-28)  are  valid  within  and  without  x  we 
have  in  each  case 


[M] 


1  _ 

3M1 

r  . 

r 

atl 

x  - 2 

cr*j 

dx  ■ 


curl  /  dx  (5.9-2) 


whence 


div  f  f[M]  x  grad  i  - 

J  i  r 

x 


3M 

r 

dt_ 

x  - 2 

cr* 

dx 


(5.9-3) 


at  interior  and  exterior  points  of  x. 

The  divergence  of  the  cavity  potental  must  likewise  be  zero. 
Fro®  equations  (5.9-1)  and  (5.6-25) 


curl  [M]  *  grad  i  - 


r 

cr: 


dx 


.  [curl  M]  i  A  jF  [M] 

curl  - - -  dx  -  curl  0  dS  x 

r  J  r 

T  S.  Z 

1 .  .n 


-  [curl  M] "grad  ^  -  ||^  curl  Mjx-^j  dT  +  ^8Tad  ^*(dSx[M])  -  ^x  (dSx  | 


at  interior  and  exterior  points  of  x. 
Also,  fro®  equation  (5.9-2) 


curl  '[N]  *  grad  p  -  j  *  ^2  j  dx 


Sl..nE 


3M  j 

at  I  yj 


(5.9-4) 


curl  curl  — -  dx 

r 


(5.9-5) 


See. 5. 9] 


retarded  potential  theory 


5 


*  grad  div 


T 


(5.9-6) 


The  grad  div  term  may  be  variously  transformed  as  follows: 


grad  div  J  ~  dr 

T 


(5.9-9) 


A  combination  of  equations  (5.9-6)  and  (5.9-7)  leads  to  (5.8-8)  with  M 

replacing  P.  Since  the  divergence  of  the  macroscopic  potential  is  zero 
at  both  interior  and  exterior  points  of  the  source ,  its  discontinuity 
through  any  bounding  surface  is  likewise  zero.  This  result  follows 
independently  from  the  observation  that  the  divergence  of  the  first  term 
of  the  right  hand  side  of  (5.9-1)  is  everywhere  continuous  and  that 


A  div  /  dS  X  [£!  -  o 

S 

in  accordance  with  a  result  of  Ex. 5-12.,  p.  423. 

the  curl  of  the  potential  for 
of  S^  is  given  by 

►  -  -4irMt 

component  of  M. 


Correspondingly,  the  discontinuity  of 
outward  movement  from  t  through  a  point 


where  is  the  local  vector  tangential 
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5.9b  dT Alembert ian  of 


j^M]  x  grad  i  - 


3M 

at 


X  335  dx  at  interior 
cr  '  - 


dal 


and  exterior  points  of  t 
From  equation  (5.9-1) 


3M 

at 


[M]  x  grad  -  - 


X  — 2  dx 

crz  ' 


dal 


[curl  M] 


dx  - 


dal  <J  dS  x  IM 


S,  l 
1 .  .n 


whence  from  equations  (5.7-8(a)),  (5.7-9)  and  (5.7-12) 


dal  /  {  [M]  x  grad  -  - 


9M 


9t 


x  — y  dx 
cr^  1 


0 

-4tt  curl  M 


(exterior  points  of  x) 
(interior  points  of  x) 

(5.9-10) 


The  d’ Alembertian  of  the  cavity  potential  is  consequently  zero. 


Exercises  involving  the  determination  of  the  derivatives  of  the  partial 
macroscopic  potential  appear  in  the  following  pages.  The  results  are 
listed,  together  with  those  developed  above,  in  Table  8,  p.  464. 


EXERCISES 

5-24.  In  subsequent  exercises  involving  partial  potentials  it  is  required  that 

the  derivatives  of  certain  surface  integrals  over  S.  be  calculated  at 

o 

the  centre  of  the  moving  sphere  (radius  6).  Fill  in  the  missing  steps 
in  the  following  transformations. 


U) 


grad  (j)  ^  .dS 


mt 


-  [div  P]  dS  + 


i  -  {  (dSx  [grad  pz  ]  )y-  (dSx  [grad  py3)z} 


i  [div  P]  dS  +  df  [P]  x  (dSxgrad  i 


BP 

at 


x  dS  x  — « 
v  crz 


[div  P]  dS 
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(b)  div  0  dS  x  IM1 


-  [curl  M] .dS 


[Mj.dS  x  grad  i  - 
■  m 


m 

3t 


,  dS  x  — 2 
crz 


(c)  curl  0  dS  x  1*0 


-  fdS  x  [curl  M]j  + 


1  f  “  { (dSx [grad  M^] ) ^-(dSx [grad  Mz])y} 


-  (dS  x  [curl  M] )  - 


[M]  x  (dS  x  grad  -)  + 


m 

8t 


x  dS  x 


cr 


|  (j)  dS  x  [curl  M] 
S, 


(d) 


V2  0  .dS 


div  grad  0  ^Zl.dS 


div  -  p  [div  P]  dS 


fe  diV  P 


dS 
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(•)  curl  curl  d  d?  *  1211 
T  r 


curl  |  ^  dS  *  [curl  M] 


■  7  1  #  dS  [dlv  curl  M]  - 


[gr«d(curl  M) 


1  M)  l.dS^l 


*  -  5  *  k curl  s  ds 


(f)  72  £  ds  *  mi  .  1  f  [L 

T  r  J  f  3n 


curl  M  dS 


5-25.  By  writing 


| [P] -grad  ±  - 


3P  r  . 
[ftj'cr2]  dT 


i  [-div  P]  dx  +  6  Ill.dS 


Sl..nZ’  S« 


show  that 


grad  (partial)  /  i[P].grad  i  -  |f  <*T 


“  [grad  div  P]  dx  +  j  ji  [div  P]  dS  -  [P].dS  grad  9  +  ^7  |||  .  dS 


Sl..nE 


+  grad  0  ^—.dS 
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l 

t-T 


[div  P]  gr*d  i  _ 


r  cr* 


fjt  dtv  f  j  dT  ♦  j  jjjj  if  .dS  -  (PJ.dS  ,r.d  i 


5-26.  By  writing 

j  |jMI  *  grad  i  - 


— -“"1 

r 

X 

T-T, 


•how  that 


S.  r 

1 .  .n 


dr  - 


-  [curl  M]  dt  -  j>  dS  *  ^ 


a 


T-T  . 


Sl..nC-  S« 


curl  (partial)  j  jjfij  .  grad  i  -  ||j  .  d. 


/  r  (curl  curl  "I  dr  +  j  jgrad  i  x  (dSx(fij)-ds  ,  i 


T-T, 


-  curl 


W 


[curl  M]  -  x  dSx 


/_  l^siv 

kb: 


^dSx  [|1 


[curl  M]  x 


grad  -  + 

r  cr 


r 

nT2 


curl  M 


dt 


■ft 


grad  -  x  (dSx[M]) 
l 


1.  .n 
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5-27 .  By  writing 


[M].grad  -  - 


DM  r 

37  'Sr5  dT 


■  ”  div  (partial)  [  ^  dx  +  0  ^.dS 


[M]  x  grad  - 


DM  r 

a?  x  cT5  dT 


curl  (partial)  J  dT  -  dS  x  1-50 


show  that 


curl  (partial)  [M]  x  grad  -  - 

r 


DM  r  , 
rr  x  — 2  dx 
9  tj  crzJ 


grad  (partial)  /  J[M].grad  - 


DM  r  ( 

ift  'S?5  dT 


V2  (partial)  /  dx 


+h  {[div  M]  dS  -  dS  x  [curl  M] } 
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5-28.  Use  equations  (1.17-13)  and  (5.7-11)  to  transform  the  result  of  the 
previous  exercise  into 


curl  (partial)  j  j[M]  x  grad  i  - 
t-t* 


m 

9t 


x  — 5  )  dx 
crz 


1  __ 

9M 

r 

r 

_at_ 

crzJ 

,  1  32 

dx  "  72 


[M] 


T-T  , 


r 

T-T  f 


dT 


6^  +  c<5 


9M 
9 1 


dS 


5-29.  Prove  that 


div  (partial)  j  j[M]  x  grad  -  - 


T-T, 


3M 
9 1 


cr 


dx  =  0 


5-30.  Use  the  results  of  Ex. 5-28.  and  5-29.  to  show  that 


dx 


V2  (partial)  J  ^[M]  x  grad  i  - 


1  _ 

9M 

r 

r 

_9 1_ 

x  ■ — x 

crzJ 

t-t  , 


-  curl 


+  h 


9M 
9 1 


1  9^ 

dS  +  —j  rr 2  curl  (partial) 

C  d  t 


[M] 


r 

T-T, 


dx 


and 


dal  (partial)  f  J [M]  x  grad  i  - 


L 

t-t, 


9H 

at 


x  — 5  dx 
crz 


h  [~  curl  M]  -  is 


9 1 


curl  M 


1 


dS  x 

r 
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Confirm  this  by  writing 


dal  (partial) 


[M]  x  grad  -  - 


9M 

9t 


x  -^2  dx 
crzl 


T-X, 


=  dal  (partial)  /  i  [curl  M]  dr  -  dal  I  dS  x 


T-Tj 


Sl..nJ'  S6 


5-31.  Show  that 


dal  (partial) 


T-T, 


1  _ 

ap 

r 

r 

at 

'cr2 

dx 


k  tdiv  p]  +h 


at 


div  P 


dS  - 


i  a2 

?  at2 


Kl.dS 


5-32.  The  analytical  treatment  of  the  above  exercises  has  been  simplified  by 
the  assumption  that  the  excluding  region  is  spherical  and  centred  upon 

the  point  of  evaluation  0.  Observing  that  the  factors  ydS  x  grad  and 

(dS  x  which  appear  in  the  expansions  of  Ex. 5-24.  (a),  (b)  and  (c) , 

remain  intact  when  the  operators  grad  div  and  curl,  as  appropriate,  are 
re-applied,  show  that  the  same  limiting  expressions  obtain  in  Ex. 5-25. 
to  5-31.  when  the  6  sphere  is  replaced  by  any  regular  region  which 
shrinks  uniformly  about  0. 


TABLE  7 

The  Scalar  Potential  Function  ff[P].grad  - 


Derivatives 


L 


ap 

r 

j>t_ 

dx  and  its 


(1) 


[P] .grad  -  - 


1? 

at 


r 


dx 


[-  div  P] 


dx  + 


m.ds 

r 

S.  I 

1 .  .n 


(interior 
and  exterior 
points 
of  x) 
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(2) 


partial 


[P] .grad  -  - 


£P 

at 


•sM  dT 


dT  +  L  m.ds 


T-T, 


T-T, 


Sl..nZ’  SS 


(evaluated  at  centre  of  moving  6  sphere  within  t) 


(3) 


cavity 


[P]. graft  i  - 


3P 

at 


_r 

cr 


dx 


t-  dlv  *1  dr  +  i  til.dS 

r  r 


T~T  , 


T“T, 


S1  r*l> 

1 .  .n  o 


(defined  throughout  fixed  6  sphere  within  x) 


(4) 


grad  /  )[P] • grad  -  - 


RP 

at 


.-^2  dx 
crz ' 


[-div  P]  ^3  - 


Ft  div  p 


[I  dT+f  [lPl-dSP 


3P 

at 


.dsj 


s.  r 

.  1 .  .n 


curl  j  j[P]  x  grad  -  - 


ap 

at 


r  ,  i  o 

F*  dT-?i? 


(interior  and  exterior  points  of  x) 

i  a2 


[P]  To  __  (exterior 

~r~  T  (4ttP  (interior 


points 
of  x) 


[curl  P]x^3  + 


Ft  curl  p 


r 

x  — s 
crz 


dx  - 


|^(dSx  j 

S,  l 

1 .  .n 


- 

— tlSr- 

3P 

\  r 

(  dSx 

at 

)x^\ 

1  a2 
?  3? 


[P] 


r 


dx  + 


0  ___  (exterior  points  of  x) 

4ttP  (interior  points  of  x) 
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gr«d  (partial)  /  [PJ.grad  I  -  -L*  dT 

L  r  cr* | 


j  [[~  div  PI  ■  h dlv  p_  ci2] dT  +  f 


S1  r 
l .  .n 


I?)  »  (ds  »  f?)  +  [if]  «  fas 


L»*J  V' 


dS  x  -*j 


-  -  curl  (partial)  J  j[p]  .  gr.d  i  .  |fj  „  JQ 


dr  -  i,  &  f  tZl  dT 

cz  3t2  r  dT 


[P]  dS. 


>  *  [S  +  if)  *  (« -  *j)  +  ||f 


X  dS  X  -*1 
\  cr- 


/  [PJ.grad  i-  f* 


3P  r  J 
J~t  *c“P  dT 


4ir  div  P 


(exterior  points  of  r) 
(interior  points  of  t) 


dal  (cavity)  /  ([PJ.grad  i  -  2?  ,-E- 
J  L  r  [3t  ‘ct2 
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<UI  (partial)  f  if  P].  grad  i  -  dT 


-  lldiv  P]  dS.j,  +  [f-t  dtv  fj  dS.^j 


[curl  P].,dS  *  fj )  +  r-  curl  P  ,idS  * 

V  r  /  3t  v  erf' 


Tha  Vactor  Potantlal  Function 
Derivatives 


[M]  *  grad  ^  -  j~|  *  ^  dT  and  lta 


L(S]  “  gr*d  4  -  Ilf  "  ^5  dT 


r  _  (intarlor 

tSHLMJ  dT  .  4  d5  ,  (HI  «d 

r  r  exterior 

_  r  points 

l..n  of  t) 


partial  J  \[H)  x  grad  ±  -  ||  x  j  dx  -  MJ  dr  -6  dS  »  ! 


|dS*1^ 
S1..»E’  S6 


(evaluated  at  centre  of  moving  6  sphere  within  t) 


cavity  /  j[M]  x  grad  i  - 


PI  *  -*■ 

3tJ  cr' 


^3  dT  * 


(curl  M] 


dt  -  6dS  * 


IS  X  HU 


Sl..n£-  S« 


(defined  throughout  fixed  6  sphere  within  t) 
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(4) 


div 


[M]  x  grad  - 


3M 

at 


x  2 
crz 


dx  38  0 


(interior  and  exterior 
points  of  x) 


(5) 


r.-. 


1  _ 

aM 

r 

r 

at 

x  — 5 
crz 

dr  =  0 


T-T  , 


(6) 


div  (partial)  /  j"[M]xgrad  - 


L 

T“X, 


3M 

at 


r 

x  — o 
crz 


dx 


[M].dS  x  ^3  + 


3M 

at 


.dS  x  -  2 
crz 


(7) 


curl  /  )[M]  x  grad  -  - 


3M 


at 


X  - o (  dx 

crz  1 


[curl  M]x^*  + 


at 


curl  M 


cr 


)  / rwi\  r 


dx  +  0  (dSx[M])x^  +  (dSx 


L 

S,  I 
1.  .n 


aM 

at 


cr- 


(interior  and  exterior  points  of  x) 


grad  J  jjM]  .grad  ~ 


3M 

at 


1  92  /  [M]  ,  ,  j 0  (exterior 

-  -  —  /  rr  dT  +  i  ,  „  (lnterior 

points  of  x) 


cr2i  c2  at2  j  r  u  L  ^  (^4-rrM  (interior 


[div  M]  ^3  + 


ti  div  M 


r 

cr: 


dx 


jjMl.ds  +  ^2 

S1  r,Z 

1 .  .n 


8M 

at 


.dS  -  — o 


1_ 

c2  at2 


™  dt  +  t; 
r  (4ttH 


(exterior 
(interior 
points  of  x) 
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curl  (cavity)  j[M]  *  grad  - 


3M  r 


3t  cr 


r  .  3 


[curl  M]x^-  +  ^  curl  M  dx  +  6  |(dSx[M])x^  +  (dSx 


Sl..nr’  S6 


-  grad  (cavity)  [  j[M].grad  i  -  |^ 


3M  _r; 
3t  *cr: 


I  £  f  [M] 


dT  -la  8? 


[div  M]^J  +  ^  div  M  ^jjdr-i  |[M].dS  -dS 


S1  ^ 
I . .  n  o 


1  iL  [  M] 

c2  3t2  J  r 

T“T 


5^0  curl  (cav±ty)  /  [M3  x  grad  i 


3M  r 
3i  X  ^  dT 


=  curl  /  [M]  x  grad  - 


3M 

r  1 

3t 

x  s?j 

for  evaluation  at  the  centre  of  the  6  sphere. 
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(10) 


curl 


liai  *  •*-  ?  -  HD « *]  * 


t-T. 


-  /  ltcurl  S>*^  +  (ft  ««n  sj«c-fi]  dr  +  j  [«5.[m])  ,  fj  +  (ds,®)  x 

,  -J  J 


Sl..nE 


-  grad 


(p*rtl,1)  /  l(Sl-*”d  ;  -  i-i]  *  -  if  Hf  /  ®  -t 


T-T, 


t-t, 


*/ 


dS-^2  +  [H]  x  fdS 


5>  *  1  ■  («  ■  *)) 


(U) 


dal 


(12) 


jjM]  x  grad  i  - 


r 

cr* 


dt  - 


1  .  -  (exterior  points  of  t) 

.-4w  curl  M  (interior  points  of  T) 


dal  (cavity) 


/  L[5) 


T-T, 


x  grad  i  - 


£*}  dT 
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(13) 


dal  (partial) 


[M]  x  grad  i 


T-T. 


j  jjcurl  MJ  dS.^3  + 


h  curl  s 


dS.^  -  [dlv  M] 


dS  x 


fs)  x  [curl  M]  + 


dS  x 


curl 


m]} 


+  2  /([((a «  £»  Sj  +  jj^dS  x 


31 


dS  x 


[S] 

r 


S 


6 


S 


6 


5.10  The  Lienard  -  Wlechert  Potentials 


5.10a  Translation  of  a  volume  source 

Let  a  rectangular  system  of  axes  maintain  parallelism  with  a  fixed 
reference  system  while  Its  origin  O'  moves  In  a  straight  line.  Then  if 
the  density  p  of  a  volume  source  which  Is  a  function  both  of  space  and 
time  can  be  expressed,  for  appropriate  motion  of  O’,  as  a  function  of 
position  alone  in  the  moving  system,  the  source  is  said  to  have  motion  of 
translation  as  a  whole  Identical  with  that  of  O'. 

5.10b  Retarded  scalar  potential  of  a  translating  volume  source 

Fig.  5.1  depicts  the  region  of  space  occupied  by  a  volume  source  at  the 
rP 

instant  of  time  t  - — ,  where  P  Is  a  point  of  the  source.  It  is  required 
c 

to  determine  the  retarded  potential  of  the  source  at  an  exterior  point  0 
at  the  time  t. 


See. S. 10] 
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While  an  element  of  the  source  at  P  will  contribute  directly  to  the 
required  potential  in  virtue  of  its  position,  an  element  at  Q  will  not  so 
contribute  unless  OQ  *  rp.  Nevertheless,  the  latter  element  will 

rp 

contribute  at  the  time  t  - —  +  At,  when  it  will  have  moved  to  Qf , 
rP  C  r- 

provided  that  t  -  —  +  At  •  t  -  —  where  r*  ■  OQ* .  If  the  velocity  of 

rp 

the  source  and  its  time  derivatives  at  the  Instant  t  -  —  are  written  as 
j_  c 

v,  v,  v  ...  then  the  required  condition  becomes 


-  \  <vr’> +  2!  h  <vr')2  +  31  !*  <vr’>3  +  •••• 


which  gives  rise  to  the  three  scalar  equations 

x* 

y* 

where  (x,y,z)  and  (xf .y*,*’)  are  the  coordinates  of  Q  and  Q*  in  the  fixed 
reference  system. 

An  appeal  to  the  construction  detailed  on  p.  409  suggests  that,  so  long 
as  v  <  c  at  all  times,  a  single  solution  exists  for  x',  y\  z '  In  terms 

of  x,  y,  z ,  rp,  v,  etc,  and  Qf  approaches  Q  as  Q  approaches  P.  Then  if 
all  points  (x,y,z)  of  the  distribution  as  shown  at  the  Instant  t  -  —  are 


-  *  +  ?  *  h  <«p-',>*  +  5!  £  <rp*r')3  + . 

V  V  V 

-  y  +  ^  (rp-r»)  +  jy  ^  <rp-r’)2  +  J]  $  .(Vr’)3  + .  (5.10-1) 

-  i  +  +  21  I*  <rp-r')2  +ii  s*  <rp-r’>3  + . 
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moved  to  the  appropriate  source  configuration  Is  obtained  for 
the  evaluation  of  the  retarded  potential  at  0  at  the  time  t.  On  the 
other  hand.  If  no  restriction  Is  placed  upon  v  ve  may  expect  multiple 
values  for  (x',y *  ,*'),  In  which  case  the  source  will  contribute  to  the 
retarded  potential  on  more  than  one  occasion  during  Its  movement.  This 
possibility  will  be  ignored  In  the  present  analysis. 

A  volume  element  centred  upon  Q  does  not  retain  its  magnitude  In  passing 
from  Q  to  Q'.  It  has  been  shown  in  Sec.  2.11  that  if  At  and  At'  are  the 
respective  magnitudes  then 


at*  -  j f zLaLiZl)  At 

v  x,y,z  1 


(5.10-2) 


where  J 


x.y,z 


3x_* 

3x* 

3x* 

3x 

3  Y 

3z 

111 

ixl 

3y' 

3x 

ay 

3z 

1*1 

1*1 

3z ' 

3x 

3y 

3z 

(5.10-3) 


Now  It  follows  from  equation  (5.10-1)  that 
v 


3x' 

3x 


or 


1 _ *  111  _  — £  (r  _r* )  ill  _  -L  *  (r  _r*\2  ill 

1  c  3x  c7  UP  ;  3x  21  c^  *rP  r  ;  3x 


111  .  !  .  i  ill 

3x  3x 


where 


1  •  r  +  $  (rp'r,)  +  h  ^  <vr'>*  + 


Similarly, 


1*1  -  .  i  ill  and  1*1  -  -  i  Hi 
3y  3y  3*  3z 


Further, 

|£l 

3x 

1*1 

3x 


3r* 

lx!  - 

1  -  m  Hi 

ill 

3x 

37 

37 

3z 

ill 

3z  *  _ 

-  n  ^ 

1*1 

3x 

37 

37 

3z 

3z 

"If 


(5.10-4) 
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where 


^+-^(Vr’>+51^(rp-r'>2  + 


and 


"  *  <vr,)  +  27  ^3  (v')2  +  .... 

On  multiplying  out  we  find  that 

jfiltzliiT)  .  1.i|£i..te! 

\  x»y»*  )  ax  ay  az 


But 


and 


3r’  _  ar^  3x^  3rj  ar^  3z^ 

ax  "  ax’  ax  ay’  ax  a«*  ax 


r’  -  {(x’-x  )2+(y'-y  )2+(z*-z  )*>* 


hence 

ar' 


_  .  (X,-’'o)  ^  .  (y'-V  „  Sr:  .  „  111 

3x  r*  v  1  ax )  r’  B  ax  r’  n  3x 


or 


i4  *  *  ^  ■  <z>’ *  ■ - 

3  x  ^ 

Similar  equations  hold  for  and  ~* 

Substitution  In  equation  (5.10-5)  then  yields 

_ 1 _ 


x’  -  x 


Ej 

x.y»*  ) 


.  (y’-V 

1  +  1  — +  ■  — ~T»  +  n  — p— 


(5.10-5) 


(5.10-6) 
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or 


J 


(rp-r')  + 


A-  Y, 
2!  ? 


0rp-r')2 


(5.10-7) 


Since  p  is  supposed  to  remain  constant  during  the  movement  of  an  element 
from  Q  to  Q',  the  required  retarded  potential  may  be  written  as 


♦  - 


(5.10-8) 


where  Tf  Is  the  region  defined  by  all  points  Q* ,  and  this  may  be  replaced 
by 


4 


P  dT _ _ 

<vr’>  +  2rl  <rP-r'>2  ♦  ••••)] 


(5.10-9) 


where  the  integration  Is  carried  out  for  each  element  At  of  the 

instantaneous  source  distribution  t,  but  where  r'  relates  to  the  position 

of  the  corresponding  element  At*.  (This  mixed  type  of  Integration  Is 
necessary  because  r*  has  not  been  expressed  explicitly  in  terms  of  the 
coordinates  of  At). 

5.10c  Retarded  vector  potential  of  a  translating  volume  source 

It  has  not  been  possible  In  earlier  pages  to  associate  a  vector  potential 
with  a  volume  source  of  scalar  density. _  This  is  effected  In  the  case  of 

a  translating  source  by  substituting  ^  for  p  where  v  Is  the  velocity  of 

the  source.  In  the  present  Instance  this  leads  to  a  retarded  vector 

potential  defined  by6 


(5.10-10) 


where  v*  is  the  velocity  associated  with  the  element  At'  (ie  the  velocity 
of  the  source  when  the  typical  point  Q  has  moved  to  Its  appropriately 
retarded  position  Q’). 


6.  The  presence  of  the  retardation  constant  c  in  the  denominator  of  the 
expression  has  no  theoretical  significance  but  permits  of  the  development 
of  certain  relationships  in  the  so-called  Gaussian  form.  See  also  the 
footnote  to  p.  519. 
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Since  Che  expression  for  Che  velocity  of  Che  source  in  a  neighbourhood  of 
rP  -  -  1  - 

Che  cine  C  -  ^  is  given  by  v  +  vAt  +  v  (Ac)2  +  ....  vc  have 


»'  -  v*l  (r  -r')  +  p  (rp-r’)2  + 


whence 


p  lv  +  J( rp-rV^  (rp-r-)2  +  ...)dx 


A  - 


v 


(5.10-11) 


T  |> +  £»•(* + ;  <vr’>  +  27  ?  <rP-r’>2  +  - 


5.10d  Recarded  pocenCials  of  a  point  source 

If  Che  volume  source  described  above  is  allowed  to  shrink  uniformly  about 
P  while  Che  source  strength  f  pdr  is  maintained  constant  and  equal  to. 


(5.10-12) 


say,  a,  then  since  r'-»Tp  as  r*rp,  we  have  in  the  limit 

♦  -  - ; - 


Vrp 

'p  l1  +  -hf 


a  v„ 


A  - 


Vp-rp 

“F  11+TF 


(5.10-13) 


The  general  expressions  for  the  potentials  of  a  moving  point  source  are 
consequently 


(5.10-14) 


(5.10-15) 


These  expressions  were  originally  derived  by  Lllnard  and  Wlechert,  circa 
1900,  and  are  known  as  the  Lllnard-Vlechert  potentials. 


474 


FIELD  ANALYSIS  AND  POTENTIAL  THEORY 


[Sec. 5. 10 


It  Is  convenient  at  this  stage  to  denote  the  retarded  quantities 
associated  with  point  sources  by  capital  letters.  This  renders  the 
square  brackets  redundant  and  makes  lower-case  letters  available  for  the 
representation  of  instantaneous  quantities.  In  addition,  the  positive 
sense  of  the  radius  vector  will  now  be  taken  to  be  directed  away  from  the 
source.  The  above  expressions  are  consequently  replaced  by 


(5. 10-14(a)) 


A  - 


where  VR  is  the  resolved  part  of  V  along  R. 


(5. 10-15(a)) 


EXERCISES 

5-33.  Solve  equation  (5.10-1)  for  x' ,  y',  and  z*  in  terms  of  x,  y,  z  rp  and  v 
for  uniform  motion  with  v  <  c.  Hence  derive  a  single-valued  expression 
for  r'  -  r  and  confirm  that  r*-»xp  as  r+rp. 


Ans: 


5-34.  By  decomposing  a  uniformly  moving  source  into  a  system  of  elementary 
prisms  lying  parallel  to  the  direction  of  motion,  and  making  use  of  the 
'expanding  sphere*  construction  detailed  on  p.  409,  show  that  the 
contribution  of  each  prism  to  the  retarded  potential  at  an  exterior 

point  is  Increased  approximately  by  the  factor  — as  a  result  of 

the  motion,  where  V  refers  to  some  point  of  the  prism.  Show  further 
R 

that  the  expression  becomes  exact  for  a  point  source  irrespective  of  the 
density  distribution  before  condensation. 

5-35.  A  particular  source  translates  with  constant  acceleration.  Show  that 
although  the  time  reversal  of  source  density,  as  required  by  the  'moving 
sphere'  construction,  Involves  a  reversal  of  source  velocity  at  t  -  tQ, 

the  acceleration  is  unaffected.  Show  also  that  the  ratio  At* /At 
exhibits  a  variation  across  the  source  because  of  the  transit  time  of 
the  spherical  surface  and  that  this  complication  vanishes  when  the 
dimensions  of  the  source  approach  zero. 

5-36.  If  the  velocity  of  a  source  having  constant  acceleration  is  unrestricted 
the  source  may  contribute  once,  twice,  three  or  four  times,  or  not  at 
all,  to  the  retarded  potential  at  a  specified  place  and  time,  depending 
upon  the  position  and  velocity  of  the  source  at  the  instant  of 
evaluation.  Demonstrate  this  for  the  case  of  a  source  moving  radially 
with  respect  to  the  point  of  evaluation. 


r*  - 


p*2  _  v2 


v . r+crp- v . r+crp) *+  ( c 2-v2 )  (r2-rp2)V 
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5.1i  Space  and  Time  Derivatives  of  the  Llenard-Wiechert  Potentials 
5.11a  Fundamental  relationships 


[in  this  and  subsequent  figures,  arrowheads  are  placed  in  the  centres  of 
the  associated  vectors  if  required  to  ease  congestion.] 

Fig.  5.2 

Fig.  5.2  depicts  the  path  Afi  of  a  point  source  which  occupies  the 
position  Pj  at  the  time  tj '  and  P2  at  the  time  t2*.  The  source,  when  at 

R1 

Pi »  contributes  to  the  retarded  potential  at  0  at  the  time  t. ’  + — -  tj; 

h. 

when  at  P2,  at  the  time  t2’  +  c  «  t2. 

Hence 


t2  -  tj  -  V  -  V  + 


R,  -  Rl 


If  Vj  is  the  velocity  of  the  source  when  at  Pt  then 

r2  _  Rl  *  -  Vj  (tj'-tj*)  cos  e  -  -  VR  (tj'-t^) 


where  VR  is  the  radial  component  of  V  at  Pj,  hence 


t2  -  tj  * 


(ta’-fi') 


1 


c 
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If  ve  restrict  our  considerations  to  the  case  V  <  c  then  the  factor 

1  - —  Is  always  positive,  so  that  later  contributions  to  the  retarded 
c 

potential  at  0  are  associated  with  later  positions  of  the  source  In  the 
path  AB  and  a  1:1  correspondence  obtains  between  t,  t ’  and  a  point  of  the 
path. 

We  now  take  t  to  be  the  Independent  variable  and  write 


1  - 


c 

whence  in  general, 

dt'  1  1 

dt  V.  “  a 

1  -  — 
c 


where 


1 


V.R 

cR 


It  follows  that 


(5.11-1) 


(5.11-2) 


dR  dR  1 
dt  "  dt'  a 


(5.11-3) 


and 


dR  dR  1  _  _  V 

dt  "  dt’  a  a 


Similarly 

dV  dV  1  V 
dt  "  dt1  a  "  a 


(5.11-4) 


(5.11-5) 


where  V  Is  the  acceleration  of  the  source  In  its  retarded  position. 
Further 


<fa 

dt 
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whence  we  find  fro*  equations  (5.11-3)  to  (5.11-5)  chat 


da  _  1  CvJ.  Vi  (V.R)2! 

dt  ~  c  )  aR  '  aR  at3  J 

We  have  also 


d2R  d_  ( V.R\  _  V.R  dfl  c  d_  (vX\ 

dt7  "  ”  dt  \oR  )  "  ?R  dt  "  S  dt  UR  J 

.  c  da 
a2  dt 


or 


d2R  V.R  .  V2  (V.R)2 

+  P»T 


Finally 

d2R  _  _  d_  ff\  m  V  dg  _  1  d V 
dt7  dt  \^o/  a2  dt  a  dt 

or 


(5.11-6) 


(5.11-7) 


d2R  .  _  V  fll  _  Vi  (V.R)2"  V 

dt2  ca2  (aR  aR  aR^  j  ~a^ 


(5.11-8) 


We  now  proceed  to  derive  expressions  for  the  space  derivatives  at  0  of  R, 
V,  a  etc,  corresponding  to  s  fixed  time  of  evaluation  In  a  neighbourhood 
of  0. 


Fig.  5.3 
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Let  Q2  in  Fig.  5.3  be  the  retarded  position  of  the  source  corresponding 

to  evaluation  of  the  potential  at  0  at  the  time  t  and  let  Qi  be  the 

o  A 

retarded  position  for  evaluation  at  O'  at  the  time  t  .  Suppose  that  the 

o 

source  occupies  the  positions  Qj  and  Q2  at  the  times  tj 1  and  t2* 
respectively,  and  that  00’  -  Tax.  Q2T  is  equal  and  parallel  to  00’. 

Now 


*1 


t 


o 


hence 


v  -  *r 


R1  “  R2 


c 


But 


_  R1 

Rl  -  R2  *  QiT  cos  *  =*  (VjCtj’-t^J+iAx).— 


where  Vi  is  the  velocity  of  the  source  at  Qj 
so  that 


(Rl  -R2  ) 


Vi.Ri\  i.Ri 

-  %  - 

cRl  R1 

✓ 


whence,  in  general 


3_R  _  i.R 

3x  "  aR 


Also 

.  _  -  _  - 
Rl  -  *2  "  QiT  *  Vj  — - -  +  iAx 


(5.11-9) 


3R  _  V  3R  ,  t 
3x  c  3x 


whence.  In  general 
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at,  from  equation  (5.11-9), 


li  .  T  4.  V  i.R 
3x  1  +  ocR 


Further, 


(5.11-10) 


3V  3V  3t_*  ^  3t *  3R  _  V  3R 

3x  "  3t’  3x  JR  3x  c  3x 


or 


3V  . 

3x  acR 


(5.11-11) 


Finally, 


3a  -  1  3  /v.rN  ^  1  R  +  ^  5*  V.R  SEX 

3x  "  ’  c  3x  \  R  )  "  “  c  \^x'R  R'  3x  “  R*~  dxj 


whence  from  equations  (5.11-9)  to  (5.11-11) 


3g  V.R  i.R  _  l.V  V2i.R  V.R  I.R 
3x  "  oc2R^  cR  oc2R2  "ocP 


(5.11-12) 


5.11b  Derivatives  of  the  potentials 

It  is  now  a  straight-forward  matter  to  differentiate  the  Lienard-Wiechert 
potentials,  provided  that  the  results  are  expressed  in  terms  of  retarded 
quantities. 

Taking 


a 

oR 


we  have 


1 

a 


!± 


3x 


1 

o2R  3x 


3x 


whence  we  obtain 


1  3± 

a  3x 


V2i.R 

c^r3 


V.R 


i.R 
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so  ehae 


l  grad  4 


jf.R  R 

<*Vr3 


(5.11-13) 


Similarly 


whence 


Again,  with 


we  have 


it  .  _  -i,  3a  _  a 
3t  o^R  3t  oR2  3t 


whence  we  find  Chat 


5  dlv  A 


(5.11-14) 


(5.11-15) 


or 


diy  A  -  -  ;  |£ 


(5.11-16) 


Also 


-  curl  A 


sV  .  y  (A)t 

a  x\3y  3z/  /  1  \3y  \nR/  3z\aR/J 


which,  on  expansion  and  simplification,  yields 


|  curl  A 


(5.11-17) 
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Finally 


whence 


c3A  V*S  JL3V  V3R 

l  3t  "  “  ?R  3t  aR  3t  '  aR2  3t 


c  3A 
a  at 


V2V  A  V  V.R  .  V 
a3cR2  a3cR2  a2R 


5.11c  The  E  and  B  fields  of  a  moving  point  source 
Consider  the  vector  point  functions  defined  by 


(5.11-18) 


E 


(5.11-19) 


B  -  curl  A 

From  equations  (5.11-13)  and  (5.11-18)  we  find  that 


(5.11-20) 


E 

a 


V  .  ( R  VV V.R  +  c2-V2 


(5.11-21) 


and  from  equation  (5.11-17) 


B 

a 


-»*  <«> 


(5.11-22) 


It  is  evident  that 


B  •  |  x  E  (5.11-23) 

so  that  B  is  perpendicular  to  1  and  to  the  retarded  radius  vector. 

Important  relationships  subsist  between  the  E  and  B  fields  deriving  from 
one  or  more  point  sources. 

It  follows  directly  from  their  definitions  and  the  principle  of 
superposition  that 

curl  E  -  -i||  (5.11-24) 


dlv  B 


0 


(5.11-25) 
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It  may  also  be  shown7  by  differentiation  of  equations  (5.11-21)  and 
(5.11-22)  that 

div  E  -  0  (5.11-26) 

curl  B  -  (5.11-27) 

By  combining  equations  (5.11-16)  and  (5.11-24/27)  we  easily  find  that 

dal  $  -  dal  A  -  dal  E  -  dal  B  -  0  (5.11-28) 


In  Fig.  5.4  P  represents  the  retarded  position  of  a  point  source 
corresponding  to  evaluation  at  0  at  some  particular  instant.  Q  is  the 
actual  position  of  the  source  at  that  Instant.  It  Is  apparent  that  Q 
must  lie  within  the  spherical  surface  centred  upon  P  and  passing  through 

R 

0  since  PQ  5  -  V  <  R  (the  maximum  source  velocity  during  the 
C  Bfc&X 

retardation  period  being  less  than  c.)  If,  for  a  particular  position  of 
P,  we  reduce  R  continuously  (and  alter  the  instant  of  evaluation  at  0 
accordingly)  Q  approaches  P  continuously.  Since  the  various  expressions 
derived  above  are  clearly  valid  outside  the  spherical  surface  they  must 
likewise  subsist  outside  an  arbitrarily  small  sphere  centred  upon  Q  ie 
the  expressions  hold  everywhere  beyond  the  Instantaneous  position  of  the 
source. 


7.  See  Ex. 5-51.  and  5-52.,  p.  487 
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At  sufficiently  great  distance  from  the  retarded  source,  ie  in  the 

so-called  'far  zone',  only  those  components  of  E  and  B  which  are 
associated  with  acceleration  survive;  these  fall  off  as  the  first  power 
of  distance  while  the  remainder  fall  off  as  the  square.  In  this  case  it 
is  easily  shown  from  equation  (5.11-21)  that 


E  R  (l-V2/c2) 
a*R  “  azR2 


(5.11-29) 


whence  we  see  that  -==+0  as  R+«,  ie  E  becomes  transverse  to  the  retarded 
£  ^  m 
radius.  It  then  follows  from  equation  (5.11-23)  that  E,  B  and  R  are 
mutually  perpendicular  in  the  far  zone  and  that  E  •  B. 


When  the  motion  of  the  source  is  uniform  over  any  period  which  exceeds 
the  retardation  time 


V  -  0  and  R  -  R  -  r 

where  r  is  the  radius  vector  directed  from  the  instantaneous  position  of 
the  source  to  the  point  of  evaluation. 

Then 


|  -  r  (5.11-30) 

and,  since  V  x  R  -  V  x  r, 

5  .  (5.11-31) 

where  v  now  replaces  V. 

These  expressions  may  be  transformed  (Ex. 5-40.,  p.  484)  into 


I  r(l-y2/c2) 

*  ’  r3  (l  ^ 

I  .  fi^U-vVc2)  _ 

*  cr3  (l  -  tj** 


(5.11-32) 


(5.11-33) 


where  6  is  the  angle  between  v  and  r. 
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We  have  also 


B  -  -  *  E  (5.11-34) 

c 

It  is  seen  that  the  E  field  Is  directed  radially  away  from  the 
instantaneous  source  position  and  is  of  an  Inverse- square  nature. 
However,  it  is  not  spherically  symmetrical  and  the  asymmetry  Increases 
with  Increase  of  v. 


EXERCISES 


5-37.  Verify  equations  (5.11-17)  and  (5.11-18). 

5-38.  Show  that  the  far  E  field  can  be  expressed  in  the  form 


E 

a 


5-39.  In  terms  of  the  current  notation  R.P.  Feynman  has  given  the  following 
elegant  expression  for  E. 


E 

a 


R  d_ 
c  dt 


Show  by  expansion  that  this  Is  identical  with  equation  (5.11-21),  but 
note  that  the  last  term  expands  into  nine  terms  of  which  only  three  fall 
off  inversely  as  retarded  distance;  all  other  terms  of  the  expression 
fall  off  as  the  square. 

5-40.  If  Fig.  5.4  is  restricted  to  a  source  moving  with  uniform  velocity  v, 
observe  that 


OP  -  R  -  RvR/c  +  r  cos  /POQ 


and  proceed  to  prove  equation  (5.11-32)  by  substitution  in  (5.11-30). 

5-41.  Evaluate  the  surface  integral  of  equation  (5.11-32)  over  a  spherical 
surface  centred  upon  the  Instantaneous  position  of  the  source,  and 
extrapolate  the  result  via  equation  (5.11-26)  to  any  simple  surface 
which  encloses  the  source. 

Hint:  Change  the  variable  0  to  x  *  cos  0  and  tote  that 

f  - fe.  „  _ ? _ 

1  (bV)  h  bJ(bW)‘ 
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5-42.  In  Fig.  5.4  P  represents  the  cobod  retarded  position  of  the  source  for 
evaluation  at  each  element  of  the  spherical  surface  shown,  so  that 

j>  E.dS  may  be  determined  for  that  surface  by  integration  of  (5.11-21) 

with  R,  V  and  V  constant.  Show  first  that  for  V  -  5,  0  E.dS  -  4ira  and 

hence  confirm  the  result  of  the  previous  exercise. 

Then  show  that  for  V  *  0  the  additional  contribution  to  the  surface 
integral  is  zero  -  it  is  not  necessary  to  evaluate  the  integral  for  this 
purpose  -  and  complete  the  generalisation  by  means  of 
equation  (5.11-26). 

5-43.  Make  use  of  equations  (2.6-6),  (2.6-7),  (5.11-32)  and  (5.11-33)  to 
confirm  that  in  the  case  of  a  uniformly  moving  source 


5-44.  A  regular  surface  S  encloses  a  point  source  which  moves  in  any  manner 
(v<c). 

Show  that 


0 


5-45.  A  point  source  has  motion  of  translation  with  a  velocity  V  and 

acceleration  V  at  the  time  t* .  The  far  E  field  is  evaluated  at  0  at  the 
R  — 

time  t'  +  -  where  R  is  directed  from  the  source  to  0  and  makes  an  angle 

y 

0  with  V.  Show  that  for  a  given  acceleration  and  for  -  «  1  the 
_  c 

magnitude  of  E  is  proportional  to  sin  6  and  Independent  of  V,  but  that 
in  the  limit  as  j-  *1  the  magnitude  is  a  maximum  when  0  (\  - 

radians  and  is  then  proportional  to  Tl  - 
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5-46.  A  point  source  of  strength  a  moves  in  a  circle  of  radius  r  with  angular 
velocity  u.  At  the  time  tQ  the  radius  vector  drawn  fro*  the  centre  of 

the  circle  to  the  source  is  normal  to  the  vector  R  drawn  from  the  source 
to  a  distant  point  0  in  the  plane  of  the  circle  and  defines  a  direction 

s  from  which  the  swept  angle  6  is  measured,  the  positive  sense  of  u 
being  defined  by  r  *  R. 

Show  that  when  0  recedes  to  infinity 


E0(t> 

where  t  -  t  +  -  +  - 
owe 

centre  of  the  circle. 

5-47.  For  the  conditions  stated  in  Ex. 5-46.  plot  E  (t)  against  6  over  the 

V  0 

range  0  ■  0  to  0  ■  2*  for  -  ■  0.1,  0.5  and  0.9.  In  each  case 

superimpose  the  plot  of  Eq(0  against  0  ^1  -  ^  without  change  of 

scale.  The  latter  curves  represent  E (t)  as  a  function  of  t  with  0-0 

^  d  d  2  IT 

and  0  -  2v  corresponding  respectively  to  t  -  t  +  “  and  t  +-  +  =-. 
EQ(t)  is  clearly  periodic  in  time  with  a  period  equal  to  that  of  the 
source  motion. 


- 

c~rd 


4  aVi_  (T-COS0 


1  -  -  cos  0 


r  sin  0 


•  d  being  the  distance  of  0  from  the 


Observe  that  the  functional  forms  of  both  E  (t)  and  t  conspire  to 

^  V 

produce  a  'pulse* -type  waveform  for  the  larger  values  of  comprising  a 

short-duration  crest  and  long-duration  shallow  trough  having  vastly 
accentuated  characteristics  as  V  approaches  c. 


5-48.  We  may  define  the  pulse  length  of  the  waveform  discussed  in  the  previous 

exercise  as  the  time  interval  at  0  between  zero  values  of  E  taken 
symmetrically  about  the  crest.  Show  that  this  time  interval  approaches 

£  (■  - 1) ;  -• 

—  V 

Show  further  that  the  time  average  of  EQ  for  all  -  <  I  is  given  by 


-  1 

s  - 


1_  aVL 

2 it  c*rd 


2k  {V 

-  -  cos  0 
c 


l  -  z  cos  e 
c 


de  - 


8  J- 

2k  c2rd 


.  sin  0 , 


-i  2k 


'  v 

1  -  -  cos  0 
c 


-  0 


'JO 


5-49.  In  Ex. 5-46.  to  5-48.  attention  has  been  confined  to  the  inverse  distance 
component  of  E.  Now  derive  limiting  expressions  for  the  inverse  square 

components  of  E  for  a  single  source  as  d-*®,  and  show  that  the  time 
average  of  the  transverse  field  is  zero  while  that  of  the  radial  field 
is  equal  to  a/d2. 
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5-50.  When  the  single  source  of  the  above  exercises  is  replaced  by  a  system  of 
equal  sources  uniformly  spaced  around  the  circle  and  having  a  common 
angular  velocity,  the  inverse  distance  and  inverse  square  transverse 

components  of  E^  at  great  distance  reduce  to  zero  In  the  limit  as  the 

number  of  sources  approaches  infinity  while  the  total  source  strength 
remains  fixed.  Prove  this  by  demonstrating  that  the  sum  of  the 
contributions  from  all  sources  at  a  given  instant  is  proportional  to  the 

time  integral  of  E^>  as  derived  above  for  a  single  source,  over  the 

period  of  a  cycle. 

5-51.  Prove  equation  (5.11-26)  by  differentiation  of  (5.11-21),  in  accordance 
with  the  identities  developed  in  Sec.  5.11a. 

(NB  This  procedure  involves  a  considerable  amount  of  'algebraic  crank- 
turning'.) 

5-52.  Prove  equation  (5.11-27)  in  the  following  way: 

Show  first  that 


dal  A  -  dal  $  V  - 


and  combine  equations 
dal  $  -  0. 


V  dal  4  +  4>  dal  V  +  2 
(5.11-16),  (5.11-19)  and 


3*  3V  _  2  3^  dV 

3x  3x  "  c7  3t  3t 

(5.11-26)  to  show 


that 


Expand  the  remaining  terms  of  dal  A  in  accordance  with  Sec.  5.11a  and 
show  that  their  sum  is  zero. 


Then  make  use  of  equations  (5.11-16),  (5.11-19)  and  (5.11-20)  to  derive 
(5.11-27). 


5.12  Approximations  for  the  Li6nard-Wiechert  Potentials  and  Their  Derivatives 

g 

in  Terms  of  Unretarded  Quantities 


5.12a  Transformation  of  the  potentials 

The  point  P}  of  Fig.  5.5  represents  Che  retarded  position  of  a  source 
corresponding  to  some  particular  time  of  evaluation  at  0,  and  P2  is  its 
instantaneous  or  unretarded  position  ie  the  position  actually  occupied  by 
the  source  at  the  moment  of  evaluation. 


8.  Based  on  O'Rahllly'a  exposition  of  Rltz 
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Fig.  5.5 

The  coordinates  of  0  are  taken  to  be  (xo,yo#zo)  while  those  of  ?l  and  P2 
are  (x^y^zj)  and  (x2,y2,z2)  respectively. 

Then 

r2  “  (Vxl>2  r2  -  ^  (xo-x2)2 

where  R  and  r  are  the  retarded  and  instantaneous  distances  of  the  source 
from  0. 

Now 


’*2  +Tx('i) 

where  v  and  f  are  the  x  components 
ft  ^ 

since  -  is  the  delay  time  between  Pj 


of  velocity  and  acceleration  at  P2 , 
and  P2 , 


*1  " 


x2 


+  -  V  - 


1  R* 

2  7? 


hence 
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and 


d2  V  (  ,  R  1  R2  , 

L,\°  C  X  2  CZ  X 

-  \  f(x  -x2)2+  \v2  +  t  2  .*  .+2(x  -x2)  -  v  -(x  -x2)  f  . . . 

Zj  L  O  C  X  4  C  X  o  2  C  X  O  2  C2  X 


or 


R2  -  r2  +  v2 . +  2r  5  v  -  r  *§  f  .  (5.12-1) 

nt.  c  r  c‘  r 


where  v  and  f  are  the  radial  components  of  Instantaneous  velocity  and 

r  r  9 

acceleration  directed  towards  0. 

We  now  suppose  that  the  motion  of  the  source  is  such  that  all  terms  in 
^5“,  ^4  •  •  •  may  be  ignored.  Then 


«2(l-l4+^r)-2^R-r= 


On  solving  the  quadratic  equation  for  R  and  expanding  in  binomial  form  we 
obtain 


R  -  r 


(v  7  v2  rf  \ 

1+-r  +  fe  +  2^-2^  ••••) 


(5.12-2) 


But  if 


“  1  +  Y  then  |  "  (l"hr)  1  "  1  -  Y  +  Y2  •••• 


hence 


r  *  R(*  (5'u-3) 

We  now  proceed  to  express  VR  In  terms  of  instantaneous  quantities. 

Since 


I 


(X  -X,) 


R  Vx 


9.  In  this  Section,  as  in  the  latter  part  of  Sec.  5.11,  we  take  r  to  be 
directed  towards  0. 
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and 


V  «v  +  f  , 
x  x  x  V  c, 


f  R  , 

'>x  * z  {x 


whence 


Rf 


-L  m  £  +  x;  _  I  r 

c  Re  c2  Re2 


and  on  substituting  for  |  In  accordance  with  equation  (5.12-3) 


Then 


or 


On  combining  equations  (5.12-3)  and  (5.12-4)  we  obtain 


(5.12-4) 


where  ^  la  the  Lienard-Wiechert  scalar  potential. 


The  x  component  of  the  vector  potential  is 
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Now 


where 


x  x  \  cj  2  Rx  c2 


I  -  ^ 

8  dt 


hence 


.  — 


whence  from  equation  (5.12-2) 

i/2  v  w  2 


/v  rf  v  vz  v  v  2  rv  f  rv  f  r2g  \ 

\  -  ?(r  -  «•** +  £r  -  ^  ....)  (5.12-6, 


or 


•  S  -  -  g*  -  2  •#  ••••)  — » 


5.12b  Derlvatlvea  of  the  transformed  potentials 
From  equation  (5.12-5)  we  have 


’  \  9i;(1  +  !?-  if*'  1^5  +  (l  +!?  -*ji -1$  •••)  jjo(;) 

ly 

Now  r—  -  0  since  v  Is  independent  of  the  position  of  0. 


Also 


III  .  *  /v.'r\  .  v  5r  v^r 

3x«  3*^  r  /  ?*3*rt  "  ^  3x„ 


or 


3v_ 


v  v 
x  r 


sr  ‘  r  r  co*  <"* 

o 


»IC0| 
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Similarly 


3f  f  f 

_ £  _  x  r  .  x 

3xo  r  T  cos  (rx) 


Substitution  then  yields 


1 

a  3x 


(I+£ 


3  r 
2  c2 


VxVr  1 

2c^r  (fx"fr  C0S  (rx)) 


c^r 


whence 


(5.12-8) 


In  like  fashion  we  obtain 


1  3A  _”rw  f  l 

^  +  p-T  to  the  order 

hence  from  equation  (5.11-19) 


v  v 


(5.12-9) 


V  rfr  __ 
2?  ~  2?  I '  2c2t 


5  .  t  /  v2 

a  T*!,1  +  2?  ' 

On  differentiating  equation  (5.12-7)  »e  find  that  to  tha  order  -4- 

c 3 

»,(T)  |Vt  ,  V\  3VVr  r2*z  rVr  "rO 

r2  ( c  2c3  2c3  “  2c^  “  j 

t  fv„v  v  v  f  v  f 


(5.12-10) 


.  3A 

I  _ 5.  .  -  COS 

a  3y 


whence  we  may  proceed  to  obtain 


IT  (v*r)  (1  + 


(■ 


v2  3vr2  rfg 

2c2  ’  2c2  ‘  2c +  vr  (r*f  >  +  £Tt  <**'  +  rxi) 

(5.12-11) 

It  should  be  noted  that  the  approximation 


B 

a 


“4  (v: 

rrJ  ' 


xr) 


(5. 12-ll(a)) 


la  correct  to  tha  order  -4 

cz 
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5-53.  Show  that 


EXERCISES 


it 

at 


fj  C»r)  -  fT  -  £  +  -J-  (ct  Ex.  1-18.  *  p.  22) 


-  9- 


”  ~  Vp 


3t  "  8r  ”  r  +  r 


and  confirm  the  expansion 


13*  .  +  3vi_  llr!  _  3i^L_ir 

a  It  r2  y  +  2c^  2c*  2^J  +  2?*7  2c*  *** 

Then  show  hy  differentiating  equation  (5.12-6)  that,  to  the  degree  of 
approximation  involved. 


div  A 


>  I  ii 


c  at 


5-54.  Derive  equation  (5.12-11)  from  (5.12-10)  by  expanding  §  in  terms  of  - 

—  R  “  K  r 

and  employing  the  general  relationship  B  ■  g  *  E. 

[The  discrepancy  in  the  term  in  g  is  due  to  the  omission  of  the 

corresponding  term  in  equation  (5.12-10)] 


Ans: 


R 

R 


!r  v2  V 
c  2c^  +  2c^ 


5.13  The  Retarded  Potentials  of  an  Oscillating  Point  Doublet  with  Time- 
Dependent  Orientation 

Consider  point  sources  of  strength  ±a  and  spacing  2d  sin  wt  centred  upon 
a  fixed  point  S  (Fig.  5.6).  The  sources  coincide  with  Pf  and  Q'  at  the 
R 

time  tQ  -  -,  where  R  is  the  distance  of  S  from  the  point  of  evaluation, 
0;  the  line  of  the  sources,  at  this  instant,  is  rotating  about  S  with 
angular  velocity  0. 


»  |> 
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Fig.  5.6 

P  and  Q  will  represent  the  retarded  positions  of  -a  and  +a,  respectively, 
for  evaluation  at  0  at  the  tine  t  If  the  sources  occupy  these  positions 

*P  Ro 

at  the  times  t - and  t - where  R  -  OP  and  R_  -  OQ. 

O  C  O  C  r  0 

Now 

SQ  -  SQ'  +  Q^Q 

d  sin  -  ^  +  s  it  ud  cos  +  (Oxs)At  d  sin  »[tQ  ~  +  '  *  * 

(5.13-1) 


where  s  is  a  unit  vector  directed  fron  P*  to  Q*  and 


At  - 


c 


The  remaining  terns  of  equation  (5.13-1)  involve  higher  powers  of 
(R-Rq)/c.  Since  (R-Rq)  *8  of  the  sane  order  of  magnitude  as  d,  a 

restriction  of  the  working  to  the  first  power  of  d  reduces  (5.13-1)  to 


■  s  d  sin  u 


SQ 


(5. 13-l(a)) 
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and  this,  in  conjunction  with 


RQ2  -  R2  +  SQ2  -  2R.SQ 

yields 

_  A  ^ 

^  ■  ■  [i  +  ¥ i  »in  -(«« -  !)j  (5-i3-2) 

The  radial  component  of  the  velocity  of  +a  at  Q  is  given  to  the  same 
order  by 


^  m  |.swd  cos  t*)(^to  -  +  g.(fl*s)  d  sin  w(^0  "  (5.13-3) 

which,  in  conjunction  with  equation  (5.13-2),  leads  to 


Similarly 


(5.13-5) 


«(<„-!) -ff 


ud  cos  u  t 


- -  Hr*  -  -  “(v  i 


Then 


W 


(5.13-6) 


•  "jb.s  2ad  sin  W| 


t.  -  r  + 


2adu  cos  wftA  -  -)+  ^2*(^Xs)  2ad  sin  w(trt  - 


cRz 


In  the  limit  as  d-”0  and  a+«  in  such  a  way  as  to  maintain  ad  constant,  the 
suppressed  higher-order  terms  vanish  and  equation  (5.13-6)  becomes  an 
accurate  representation  of  the  doublet  scalar  potential. 
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s  2  ad  sin  w  t  -  - 
o  c 


(5.13-7) 


s  2adw  cos  mt  -  -  )  +  (ftxs)  2  ad  sin  w(t  -  - 
\  o  cl  \  o  c 


(5.13-8) 


W 


*o~  t -5 

o  c 


or,  in  general. 


•§3.[P1  +  7?2- 


(5.13-9) 


-  [Pl.gr«d  |  -  ^2.  $ 


(5. 13-9(a)) 


where  r  is  directed  away  from  the  point  of  evaluation. 


It  will  be  observed  that  equation  (5.13-9(a))  is  Identical  with 
(5. 5-7 (a))  which  obtains  for  a  point  doublet  comprising  stationary 
sources  whose  magnitudes  are  supposed  to  vary  with  time .  In  the  present 
Instance  the  second  term  In  the  expression  for  4  is  a  direct  consequence 

VR 

of  the  presence  of  the  factor  1  -  in  the  Llenard  formula. 

In  the  same  way  we  find  that  the  vector  potential  of  the  doublet  Is  given 
by 


A0(to)  -  ~  is  «  d  cos  <o(to  -  +  (ftxs)  d  sin 


.ft  -5)' 

V  O  c/ 


.  J_  (4r 

cR  Vdt 
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whence,  in  general. 


A 


1_ 

cR 


dt 


_  d£ 

cr  [dt_ 


C5. 13-10) 


Although  equations  (5.13-9)  and  (5  13-10)  k  o«  ^  J 

ssrjrs  iw  zstzvr1?  -sf 

SaCOth  Perl°dlc  —  *»“'  the*  1*  WhlTu  SLSrlSL? 

s.14  The_ Retarded  Potential,  of  a  Point  Whirl  of  Coct.cc  - - e 

lDh  “*•  5-7  *  P°lnt  S°Ur«  o£  ““»»»'*  «  evolves  in  .  circle  of  radius  , 
a  out  a  fixed  point  S  with  constant  angular  velocity  w. 


k 


l 

■+T 


”  •  ‘1‘ s.-^,-sraa.vra: 

‘o  *  c  •  Suppose  that  the  source  is  located  at  P  at  the  tin  t  -  R  a„s 

r  f”SQ  ;  *»  Wh're  Q  18  **  -  PP1-  «  -.“norm  drawn 
the  plane  of  the  circle.  Then 


We  have  also 


1> 


+ 


(5.14-1) 


Qp2  x  d2  +  p2  -  2pd  cos  ty 
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and 


R'2  -  h2  +  d2  +  P2  -  2Pd  cos  *  -  R2  +  P2  -  2pd  cos  i> 


hence 


R* 


A  binomial  expansion  Chen  yields 

2  2  2 

R-R1  -  p  sin  8  cos  ♦  *  2R  +  4r  sln20  +  ^  sin20  cos  2*  +  . . . . 


On  expanding  sin  ♦  and  cos  4*  as  expressed  In  equation  (5.14-1)  and 
Creating  (R-R*)  as  a  small  quantity,  for  reasons  which  will  become 
evident  later,  we  obtain 


2  2  2  2 

R-R*  ■  p  sin  0  cos  #  -  4-^  sin20  sin  21>  -  ■—  +  ~r  sin20  +  —r  sin20  cos  2^  +. . . 

O  2C  O  ZK  4R  4K  O 


where  the  remaining  terms  involve  higher  powers  of  P ,  whence 

b  m  U1  +  s 9ln  6  cos  *o  -  Isl sln2(l  sln  »„  -  fi5  +  sl»20 

(5.14-3) 

+  ^7  sln20  cos  2tQ  +  . . .  j 


to  the  same  order. 

Let  the  unit  vectors  1  and  k  of  a  right-handed  set  be  aligned  with  SQ  and 
w  respectively.  Then  the  source  velocity  at  P  is  given  by 


V  ■  -  ipw  sin  ♦  +  j  P»  cos  ♦ 


Since 


r»  •  -  ip  cos  *  -  j  P  sin  ♦  +  i  d  +  k  h 

V.R’  -  -  pud  sin  * 


Expansion  in  accordance  with  equations  (5.14-1)  to  (5.14-3)  yields 

■  —  —  sin  8  (sin  +  4—  sin  9  +  6  cos  2<»  +  ~  ®in  6  sin  2f  +  ... 

c  /  o  zc  zc  o  zr  o 
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whence 


|l  -  -^-1  ■  1  -  ^  sin0  sin  -  p  -7-  sin20  cos  2$  -  %  p  sin20  sin  2<i  +  ... 

I  c  J  c  o  c*  o  2cR 


o 

(5.14-4) 


and 


1-1 


R,( » -  -f)j  -  5  j_l  +  s ,ln  6  co*  *„-f- sln  6  8ln  *0  -  +  $  ,ln2  6 

(5.14-5) 


+  7^7  sin20  cos  21>  -  sin20  sin  2*  -  P  y~  sin20  cos  2ip 

4R  O  ^CR  O  C  t 


correct  to  the  second  power  of  p . 
Now 


vx  "  -  P“>  sin  i 


■  -  pw  sin  i> 

L  0 


PU) 

+  2F 


sin  0  +  ~  sin  0  cos2^q 


whence 


(A  ) 

x 


cR  L" 


— 1 —  sin  sin  0  sin  2<p  +  —  sin  0  cos  2$  ; 

I  n  JH  n  r  ft  1 


°J 

(5.14-6) 


to  the  order  p2 . 
Similarly, 


and 


V 

y 


pu 


cos  ♦  -  “  sin  0  sin  2$ 

o  zc  o 


apoi 

cR 


COS  ♦q+jI'  #ln  e+JF8ln  9CO®  2*o"  r  8in  6  8ln  2*C 


(5.14-7) 
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We  now  generate  a  point  whirl  by  requiring  that  P+0  and  a-**0  In  such  a  way 
as  to  maintain  a p2  constant,  and  we  define  the  vector  moment  of  the  whirl 
by 


m 


(5.14-8) 


Since  terms  of  order  higher  than  p2  vanish  under  these  conditions,  the 
components  of  the  vector  potential  at  0  are  given  accurately  by  (5.14-6) 

and  (5.14-7)10.  It  Is  easily  seen  that  to  obtain  the  values  of  A  and  A 

x  y 

corresponding  to  the  time  t  at  0  we  must  substitute  u(t-t  )  +  if)  for 

o  o  o 

In  these  expressions,  whence  It  follows  that  the  average  values  of  A  and 

2ir  x 

Ay,  when  taken  over  any  interval  of  duration  are  respectively  zero 

and  2^r2'  sin  6,  ie 

A(average)  -  1  0  +  j  m  6  +10 


R 


or 


A(average) 


m  *  grad  - 


(5.14-9) 


where  r  is  distance  measured  from  0. 

Reference  to  Sec.  4.12a  reveals  that  the  vector  potential  of  a  time- 
invariant  continuous  circular  whirl  is  c  times  the  average  vector 
potential  of  the  point  whirl  (provided  that  the  sense  of  circulation  is 
the  same  in  each  case)  when 


irp2I 


I 


aai  a 
2w  "  T 


where  T  is  the  period  of  revolution. 

Since  the  average  value  of  A  is  independent  of  the  time  of  initiation  of 
the  associated  integration  cycle,  it  is  clear  that  the  equivalence 
continues  to  hold  for  a  set  of  point  sources  distributed  around  the 
circle  if  we  put 


10.  The  first  terms  of  these  expressions  (which  bscome  infinite  in  the 
limiting  process)  will  be  eliminated  subsequently. 
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al  a2 

I  -  —  +—  ....  (5.14-10) 

T1  t2 

ie  if  I  is  made  equal  to  the  total  source  strength  passing  a  given  point 
of  the  circle  in  unit  time,  averaged  over  the  composite  period. 

In  view  of  the  limiting  requirement,  a the  scalar  potential,  viz 


becomes  infinite  at  0.  To  render  this  finite  we  may  place  at  the  centre 

of  the  circle  a  point  source  of  equal  magnitude  and  opposite  sign  .  It 
then  follows  from  equation  (5.14-5)  that  in  the  limit 

♦  (average)  -  |  sin20j  -  JJj  (1-3  cos2e)  (5.14-11) 

It  will  be  seen  from  the  considerations  of  Sec.  4.1  that  (5.14-11)  is 

ao2 

identical  with  the  potential  of  a  static  axial  quadrupole  of  moment  -j- , 
placed  at  the  centre  of  the  circle  and  aligned  with  its  axis. 

A  considerable  simplification  is  introduced  by  supposing  that  three  or 
more  point  sources  are  disposed  symmetrically  around  the  circle  with 
common  angular  velocity.  Of  the  additional  terms  introduced  by  this 
means  into  equations  (5.14-6)  and  (5.14-7)  those  which  involve  phase 
angle  cancel  out  in  the  sum,  so  that,  if  a  now  refers  to  total 
circulatory  source  strength,  equations  (5.14-9)  and  (5.14-11)  describe 

the  Instantaneous  values  of  A  and  ♦  .  The  potentials  are  then  seen  to  be 
time -invariant . 

5.15  The  Retarded  Vector  Potential  of  a  Point  Whirl  of  Time-Dependent 
Orientation 

£ 

Fig.  5.8  depicts  the  orbital  plane  of  a  point  source  at  the  time  t  -  -. 

OQ  is  normal  to  this  plane,  as  in  Fig.  5.7,  and  the  unit  axes  are  defined 
in  the  same  way.  The  source  occupies  the  position  Pq,  where  £PqSQ  * 


11. 


However,  see  p.  512. 
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0 


Fig.  5.8 

It  is  supposed  that  the  orbital  plane  is  tilting  about  the  y  axis  with 
angular  velocity  fl,  and  that  P  is  the  retarded  position  of  the  source 

corresponding  to  evaluation  of  the  potential  at  0  at  the  time  t  .  Hence 

o 

*  -  +  «*•  (5.15-1) 

and 

P'P  -  p«  cos  *  +  ...  (5.15-2) 

c 


From  geometrical  considerations 

R’2  ■  R2  +  p2  -  2pd  cos  i>  +  2  phfi  ^  ^  -  cos  i|>  +  p2fl2  ^  g  ^  cos2  $  +  .... 

c 


whence 


R  -  R'  -  p  sin  8  cos  \|»q  +  .... 


(5.15-3) 


and 


1+|  sin  8  cos 

K  O 


_i_ 

R 


l 

R 


(5.15-4) 
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The  components  of  the  source  velocity  at  P  are  given  to  the  second  power 
of  p  by 

■  —  po>  sin  i|j  -  pfl2  ^ -  cos  +  .... 

-  -  pw  jjsin  ~  sin  6  +  -^|-  sin  9  cos  2i>Qj  (5.15-5) 

-  sin  0  -  sin  0  cos  2\pQ 

vy  -  pw  cos  i>  +  • • . . 

■  pw  (cos  --^-sin  8  sin  2ty  j  (5.15-6) 

(  O  iC  oji 

V  ■  -  pfl  cos  if  +  put  ii  R  -  sin  i/  +  .... 

z  c 

-  -  pfl  cos  i>  +  P  ^  sin  6  sin  2i>  (5.15-7) 

o  c  o 

On  combining  equations  (5.15-5)  to  (5.15-7)  with 

Rf  •  -  ip  cos  ij)  -  jp  sin  ij>  +  id  +  fch  +  kpO  Q cos  if  +  . . . 

we  find  that  to  the  first  power  of  p 


V.R’ 


-  (  dpw  sin  +  hpO  cos  ij/ 

'  o  o 


whence,  to  the  same  order, 


-  1  -  —  sin  0  sin  iji  -  —  cos  8  cos  i> 
c  o  c  o 


(5.15-8) 


and 


’  ✓ 

cR*(l 

>-■?) 

}  ■  *[ 

1  +  5  sin  0  cos  i|t 

K  0 

pco 

c 

oil 

i|> - cos  8  cos  ib 

o  c  o 

(5.15-9) 


If,  now,  we  postulate  a  symmetrical  source  system  of  total  circulatory 
strength  a,  the  combination  of  equation  (5.15-9)  with  the  velocity 
components  yields  in  the  limit 


(Vt 


-ap£nf 

2  c  4” 


sin  8 


(5.15-10) 
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<Vt0  ‘  sin  6  ‘  f^cos  9 


(5. 15-11) 


<v«  -  fS?  •*» 9  +1Sf  ~ 

o 


(5.15-12) 


It  will  be  observed  that  the  magnitudes  of  the  various  components  of 

(A)  are  such  that  as  fl/wK),  (A)£  +j  (A  )  .  But 

o  Co  y  o 


dm; 

.  ap2 

d(i) 

liH 

2c 

_dt 

so  that  we  then  have 


<A>t  +  if] x  d? 

o  - 1 


(5.15-13) 


On  carrying  out  a  similar  analysis  for  tilt  about  the  x  axis  we  obtain 

(Ax)t  “  -fJ-ZT  C0S  6  (5.15-14) 

o 


<Vt  *  S# sln  e 


(5.15-15) 


(Vt  *  !?r  sln  9 

o 


(5.15-16) 


In  this  case 


dm  „  t 
dt  “  J  2c 


dm  w  R 

di  *  et? 


-i-f^cos9+ka|^sl„9 


(5.15-17) 
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It  follows  that  for  tilt  about  any  axis  perpendicular  to  u,  and  with 
(l/ut+ 0,  we  have  the  general  result 


(5.15-18) 


This  result  is  applicable  to  a  variety  of  source  systems.  It  holds  for  a 
symmetrical  point  whirl  of  fixed  orientation  and  variable  moment 
(Ex. 5-57.,  p.  506),  for  a  continuous  whirl  of  the  same  type  (See 
Sec.  5.5),  and  for  a  continuous  whirl  of  time-dependent  orientation 
(Ex. 5-62.,  p.  508). 

The  derivation  of  the  scalar  potential  of  a  symmetrical  point  whirl  of 
time-dependent  orientation  is  the  subject  of  Ex. 5-61.,  p.  507.  It  is 
there  required  to  show  that  in  the  presence  of  an  equal  and  opposite 
central  source 


[i] 


grad  -  - 


♦  ■  [[>  +  !  It]  (1-3  COs2e^]  (5.15-19) 

This  is  a  generalisation  of  equation  (5.14-11),  and  is  closely  related  to 
the  potentials  of  both  a  uniform  scalar  line  source  which  shrinks  about  a 
central  compensating  source  and  of  an  axial  quadrupole  of  appropriate 
orientation  (Ex. 5-63.  and  5-64.,  p.  508). 

It  will  be  observed  that,  on  occasion,  the  magnitude  of  a  stationary 
point  source  has  been  postulated  to  be  a  function  of  time.  This  time- 
dependence  has  not  been  extended  to  moving  point  sources  because  the 
derivation  of  the  Lienard-Wlechert  potentials  presupposes  the  invariance 
in  time  of  the  parent  volume  distributions. 


It  will  not  have  escaped  the  notice  of  the  reader  that  the  retarded 
scalar  potential  of  a  point  doublet,  as  expressed  by  equation  (5.13-9), 
may  be  written  in  the  form 


Renee,  provided  that  the  rate  of  change  of  p  is  constant  over  the 
retardation  Interval  R/c,  we  have 


♦ 


from  which  we  see  that  the  retarded  and  unretarded  potentials  are 
Identical.  In  Ilka  circumstance  equation  (5.15-17)  reduces  to 


A 


m  x 


R 


P 
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5-55 

5-56 

5-57 

5-58. 

5-59. 


and  it  is  easily  shown,  by  reworking  Sec.  5.15  without  retardation  and 
Lienard  modification,  that  this  expression  represents  the  unretarded 
vector  potential  of  the  point  whirl.  The  same  behaviour  is  exhibited  by 
12 

the  scalar  potential 


When  the  rate  of  change  of  the  relevant  variable  is  not  constant  in  time 
the  unretarded  potential  will  continue  to  approximate  the  retarded 
potential  provided  that  the  second  time  derivative  is  continuous  over  the 
retardation  interval  and  R  is  sufficiently  small.  For  sinusoidal 


oj2R2 

variation  of  p  or  m  the  required  correction  is  of  the  order  — y~,  where  <d 

c 

now  denotes  the  angular  velocity  of  the  source  moment.  However,  for 
non-zero  values  of  id,  the  approximation  must  inevitably  fail  at 
sufficient  distance  from  the  source. 


EXERCISES 


Show  from  first  principles  that  equations  (5. 13-9 (a))  and  (5.13-10) 
continue  to  hold  when  the  doublet  moment  is  an  arbitrary  function  of 
time  with  continuous  derivatives. 

Confirm  that  the  presence  of  three  or  more  symmetrically  disposed 
sources  eliminates  those  terms  involving  phase  angle  from  the  various 
limiting  expressions  for  the  components  of  potential  in  Secs.  5.14  and 
5.15. 

Show  that  equation  (5.15-18)  holds  not  only  for  a  symmetrical  point 
whirl  of  variable  orientation  but  also  for  a  whirl  of  fixed  orientation 
and  variable  moment,  where  the  variation  of  moment  is  due  to 

(1)  time-dependence  of  angular  velocity  of  the  sources 

(2)  time-dependence  of  the  orbital  radius  (provided  that  the 
fluctuation  of  the  orbital  radius  is  sufficiently  small  and  its 
associated  period  sufficiently  large). 

Confirm  equations  (5.15-14)  to  (5.15-16). 

It  has  been  shown  in  Sec.  5.11a  that  the  time  interval  At  at  the  point 
of  evaluation  of  the  retarded  potential  corresponding  to  the  time 

interval  At*  at  the  source  is  given  by  At  - 

that  If  $  and  A  are  the  scalar  and  vector 
system  of  Fig.  5.7,  as  evaluated  at  0, 


(■-?)■ 


At* 

potentials  of 


It  follows 
the  source 


a 

R’ 


dt' 


12.  This  behaviour  does  not  extend  to  the  vector  potential  of  a  point 
doublet. 
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Adt  - 


cR» 


aV 


dt 


aV 

cR' 


dt' 


Duplicate  the  results  of  Sec.  5.14  for  a  single-point  whirl  with  a 
central  compensating  source  by  evaluating 


tl 


+ 


2rr 

w 


tl 


0) 


and 


aV 

cR* 


dt’ 


at  the  source,  where  ti  Is  an  arbitrarily  chosen  point  of  time,  and 
consequently  showing  that 


where  Ri  is  the  distance  of  the  source  from  0  at  the  time  ti . 

5-60.  In  equation  (5.12-7)  the  retarded  vector  potential  of  a  moving  point 
source  is  expressed  in  terms  of  the  instantaneous  distance  of  the 
source  from  the  point  of  evaluation,  together  with  time  derivatives  of 
that  distance.  Obtain  (5.14-9)  by  applying  (5.12-7)  to  a  symmetrical 
point  whirl,  and  observe  that  the  term  involving  rate  of  change  of 
acceleration  must  be  included  in  the  working. 

5-61.  A  symmetrical  point  whirl  of  time-dependent  orientation  is  supplied 
with  a  central  compensating  source.  Show,  in  the  notation  of  Fig.  5.8, 
that  the  scalar  potential  at  0  at  the  time  t  is  given  by  the  limiting 
value  of  0 

[  [l  +  J  St]  4R*  (1'3  COs2e)  ] 

provided  that  fl  <<  •», 
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5-62.  Let  the  Instantaneous  orbit  of  the  revolving  point  source  of  Fig.  5.8 
be  Identified  with  a  uniform  tangential  line  source  of  time- invariant 

density  T.  If  the  vector  potential  of  such  a  source  Is  defined,  for 
present  purposes,  by  the  general  retarded  expression 


A 


t 


cR 


I  da 


where  V  Is  the  velocity  of  the  element  ds,  show  that  the  vector 
potential  at  0  at  the  time  to  is  given  by 


where 


®  *  «* + 


L  L1* 
m  ■  n  P+0 
I+* 


ffp2I 


Llm 

S+0 

I-MA 


IS 

c 


5-63.  A  uniform  scalar  line  source  of  strength  a  coincides  with  the  circular 
orbit  of  Fig.  5.8  and  shares  its  motion.  A  point  source  of  equal  and 
opposite  strength  is  located  centrally.  If  aP2  Is  maintained  finite 
during  the  limiting  process  and  is  time-invariant,  show  that  the 
potential  at  0  at  the  time  tQ  Is  given  by 

[[* + ! «}  $  (1-3  co*29)] 
provided  that  A  <<  g. 

Prove  that  the  same  expression  holds  when  the  contour  Is  fixed  In 
position  and  the  source  strength  varies  sinusoidally  In  time  with 

frequency  f,  proved  that  f2  <<  . 

5-64.  An  axial  quadrupole  comprising  the  limiting  configuration  of  stationary 
sources  of  time-dependent  magnitude  Is  located  at  the  origin  of 
spherical  coordinates  and  aligned  with  the  z  axis,  the  inner  sources 
being  of  positive  sign.  Show  from  equation  (5.5-7(a))  that  the 
retarded  scalar  potential  at  (R,B,t)  Is  given  by 
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5.16  The  E  and  B  Fields  of  Tine-Dependent  Doublets  and  Whirls 
5.16a  The  time-dependent  point  doublet 

The  retarded  scalar  and  vector  potentials  of  a  point  doublet  of  time- 
dependent  moment*  as  derived  in  Sec.  5.13,  are 


♦ 


[p].grad  -  -  — 


cr 


4b 

—  l 

d£ 

dt 

;  A  “  cr 

[dtj 

The  gradient  of  ♦  at  an  exterior  point  0  (x0»yo»20)  is  consequently  given 
by 


grad  * 


Routine  expansion  yields 


grad  ♦ 


3 (x-x)  - 

o  r  r— . 
— T-pr.Ip] 


+ 


-L  j 

crz’  |dt_ 


3(x~xo)  ?  Idfl 

r  cr'  [dtj 


(,-xo) 

cr 


whence 


E 


(5.16-1) 


It  will  be  observed  that  the  time-dependence  of  p  gives  rise  to  terms 
which 

(1)  fall  off  as  the  square  of  distance  and  are  proportional  to 

(2)  fall  off  as  the  first  power  of  distance  and  are  proportional  to 

45 

dt7 

The  latter  terms  may  be  combined  in  the  form 


(5.16-2) 


This  component  is  normal  to  the  radius  vector  and  lies  in  the  plane 

r-  -J  A  _ 

[and  r.  Thus  for  non-sero  values  of  the  E  field 


defined 


mtponenc  is 

*  m 


becomes  transverse  at  great  distance  from  the 
expected  from  the  considerations  of  Sec.  5.11b. 


source ,  as  would  be 
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We  have  also 


From  equation  (5.16-1) 


R  x  E 


(rxE) 


r 

PT 


[p]  + 


d£ 

dt 


c^r* 


hence 


B  -  <g*E)  -  tp  x  tp] 


(5.16-4) 


It  is  evident  that  the  general  relationship  derived  for  a  moving  (or 

stationary)  point  source,  viz  B  -  R  x  E  may  fail  at  close  range  for 
multiple  sources.  However,  the  relationship  is  re-established  when  the 
distance  from  the  doublet  is  such  as  to  render  the  inverse-cube  component 

of  E  negligible. 

Since  the  potentials  of  the  component  singlet  sources  add  linearly  we 

conclude  from  equation  (5.11-28)  that  the  d’ Alembertians  of  $,  A,  E  and  B 
are  zero  beyond  the  doublet,  and  that  equations  (5.11-24/27)  continue  to 
hold. 

5.16b  The  time-dependent  symmetrical  point  whirl 

It  was  shown  in  Sec.  5.15  that  the  vector  potential  of  a  time-dependent 
symmetrical  point  whirl  is  given  by 


A 


[b] 


grad  i  - 


X 


c^ 


We  may  derive  B  ■  curl  A  by  direct  differentiation  of  this  expression  or 
by  proceeding  in  the  following  way. 
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It  is  easily  shown  that 
[il.gr,.) 

and 


-  -  div 


[m] 

r 


(5.16-5) 


Hence 


[m]  x  grad  -  - 


B  -  curl  curl 


r 


■  curl 


fir 

r 


(5.16-6) 


grad  div 


[m) 


-  V2 

r  /  Vr 


lm) 


-  -  grad  j"[5].grad  i  -  f?  ]  *  ?2 


(5.16-7) 


The  first  term  of  the  above  expression  has  been  evaluated  in  the  previous 
sub-section  with  m  replaced  by  p;  it  therefore  remains  to  evaluate 

v*  (m 


Now 


(a)  .  £ , ..  (!£ 


but  it  follows  from  equation  (5.7-4)  that  dal 
hence 


(W- 


„(&) 


cz  dt 


.  i  iL  /IsL  .  _i_ 


dt2 


(5.16-8) 


We  then  find  that 


5  -  +  3^ 

r3  ra  cr2 


1 

dm 

.  -  r 

dm 

-  ,  r 

d2m 

1 

d2ml 

jit 

+  3  — r  . 
crH 

dtj 

r  +  pp- 

r  -  — 9" 
c*r 

\d&_ 

(5.16-9) 

This  expression  is  formally  identical  with  that  for  the  E  field  of  the 

point  doublet  (m  replacing  p)  and  consequently  exhibits  the  same 
asymptotic  behaviour. 


512 


FIELD  ANALYSIS  AND  POTENTIAL  THEORY 


[Sec. 5. 16 


The  component  of  E  deriving  from  the  vector  potential  la  given  by 


1  3A 
c  3t 


*  grad  i  - 


(5.16-10) 


It  la  seen  from  equation  (5.16-3)  that  this  is  formally  Identical  with 
the  negative  B  field  of  the  doublet. 

The  remaining  component  of  E  Is  represented  by  -grad  $.  This  may  be 
shown  to  comprise  terms  which  fall  off  as  the  second,  third  and  fourth 

power  of  distance.  Such  additions  to  E  upset  the  symmetry  displayed  by 

the  E/B  relationship  for  doublets  and  whirls  as  they  stand  above,  and 
complicate  subsequent  analyses.  For  this  reason  we  now  postulate  a 
system  of  compensating  sources  for  each  whirl  which,  unlike  the  central 
source,  reduces  the  scalar  potential  to  zero  at  all  exterior  points. 
Reference  to  equation  (5.14-5)  reveals  that  this  may  be  effected  by  the 
addition  of  a  symmetrically-disposed  set  of  Identical  orbital  sources  of 
such  magnitude  and  sign  as  will  reduce  the  aggregate  source  strength  to 
zero.  The  vector  potential  of  the  primary  sources  is  unaffected  if  the 
compensatory  sources  are  stationary.  Accordingly,  equation  (5.16-10)  is 
now  replaced  by 


E  -  -  i 

c 


\ 

dm 

l 

dt_ 

grad  - 


As  In  the  case  of  the  point  doublet, 
continue  to  apply  beyond  the  source. 


equations  (5.11-24) 


(5. 16-10(a)) 
to  (5.11-28) 


EXERCISES 


5-65.  Prove  equations  (5.16-5)  and  (5.16-6). 

Show  that  the  E  field  of  a  point  doublet  may  be  expressed  as 


E 


curl  curl 


5-66.  Confirm  equation  (5.16-9)  by  direct  differentiation  of  (5.15-18). 

5-67.  A  point  doublet  of  time-dependent  magnitude  and  moment  p  -  kp  Is  located 
at  the  origin  of  spherical  coordinates.  Show  that  at  the  point  (R.6,6) 


E,  -  .inejjfl. 


0 
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sin  6 


5-68.  Use  equation  (2.6-7)  to  confirm  that  div  E  -  dlv  B  -  0  in  the  previous 
exercise. 


5-69.  A  fully-compensated  point  whirl  of  time-dependent  magnitude  and  moment 

m  ■  km  is  located  at  the  origin  of  spherical  coordinates.  Show  that  at 
the  point  (R,0,$) 


B*  "  Er  *  Ee  “  0 


E 


* 


-  sin 


[d? 


c2H 


5-70.  A  point  doublet  of  constant  magnitude  p  is  located  at  the  origin  of 

rectangular  coordinates  and  has  a  constant  angular  velocity  ID.  At  the 

time  t  -  0  the  doublet  moment  is  jp*  Determine  E(t)  and  B(t)  at  the 
point  (0,d,0). 


An.:  Ex 


B 

y 


o 


where 


2p 


cos  6  fl  sin  8 
”  cd^ 


E 


z 


i  -  sin  6  fi  cos  0  .  ft2  sin  S') 

"  P  jj <n  **  cd^  +  c^d  J 


e 


o  t 
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5-71.  Determine  the  values  of  E(t)  and  B(t)  for  a  point  whirl  in  an  analysis 
parallel  to  that  of  the  previous  exercise. 


Ans: 


B  - 


-  0 


~  sin  8  0  cos  9  fl2  sin 

^  '  cdz  +  Sr  J 


E 


x 


5.17  The  Retarded  Densities  and  Potentials  of  a  Statistlcally-Regular 
Configuration  of  Point  Singlets  in  Motion 

The  Equation  of  Continuity 

The  scalar  density  p.  as  employed  in  earlier  sections,  has  for  the  most 
part  been  treated  as  a  piecewise  continuous  function  which  appears  in  its 
own  right  in  the  Integrand  of  the  scalar  potential  function.  However,  in 
Sec.  4.20,  where  the  macroscopic  potential  of  a  statistically-regular 
configuration  of  stationary  point  singlets  was  under  consideration.  It 
was  found  convenient  to  derive  a  continuous  density  function  from  the 
discrete  values  of  source  strength  per  unit  volume  for  each  of  a  set  of 
subregions  into  which  the  source  complex  was  divided.  We  now  extend  such 
considerations  to  an  assemblage  of  moving  point  singlets,  and  endeavour 
to  define  both  scalar  and  vector  density  functions  such  that  their 
substitution  in  the  standard  Integral  expressions  for  retarded  scalar  and 
vector  potential  yield  values  which  are  in  sensible  agreement  with  the 
results  of  direct  summation  of  individual  contributions,  as  expressed  by 
equations  (5.10-l4(a))  and  (5 . 10-14(b>) ,  at  points  outside  the 
distribution. 


Fig.  5.9a 


Configuration  of  sources  at  time  tQ 


c 
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Fig.  5.9b  Configuration  of  individually  retarded  sources 


Consider  first  a  set  of  sources  of  equal  magnitude  a  and  fixed  velocity 

V.  To  determine  the  retarded  positions  of  the  sources  corresponding  to 
evaluation  of  the  potentials  at  the  point  0  at  the  time  tQ  we  reverse  the 

motion  of  the  sources  at  t  ,  as  discussed  elsewhere,  and  allow  a 

o 

spherical  surface  to  expand  about  0  with  speed  c.  Suppose  that  this 
surface  cuts  the  end  surface  of  a  fixed  subregion,  or  cell,  At^,  having 

the  form  of  a  narrow  prism  whose  axis  is  parallel  to  V  (Fig.  5.9a),  at  a 
time  when  the  particular  source  a*  lies  in  the  end  surface  and  the  source 
a"  is  a  distance  d  in  advance.  Then  from  previous  considerations  it  will 
be  evident  that  the  spherical  surface  will  overtake  a"  at  a  distance 
d/(l-V  /c)  from  the  end  of  the  prism,  where  V  is  the  radial  component 
K1  K1 

of  the  velocity  of  the  reversed  source  motion  away  from  0  (and  therefore 
of  the  actual  motion  in  the  direction  of  0  at  the  retarded  time).  This 
fractional  Increase  of  spacing  between  sources  in  their  individually 
retarded  positions  relative  to  the  positions  occupied  at  the  instant 
tQ-R\/c,  where  R^  is  the  distance  of  the  end  face  of  the  prism  from  0,  is 

seen  to  apply  to  all  sources  initially  within  Ati,  irrespective  of  their 
original  spacing,  so  that  the  total  source  strength  of  the  individually 
retarded  configuration  within  At!  will  be  (1-V  /c)  times  that  of  the 

Rl 


Instantaneous  configuration  at  the  time  t  -R^/c.  If  the  latter  source 

strength  has  the  value  Nja,  then  the  contribution  of  At^  to  the  retarded 
scalar  potential  at  0  at  the  time  tQ  will,  in  accordance  with 

equation  (5 . 10-14(a)) ,  be  given  approximately  by 


NjaCl-V^/c) 
'  R^l-V^/c) 


Nia 

R1 


It  is  seen  that  the  Ll^nard  modification  in  the  denominator  of  the 
expression  for  potential  is  just  cancelled  by  the  reduction  of  source 
strength  in  Ax*  due  to  movement. 


At  5 


Sec. 5. 17] 


RETARDED  POTENTIAL  THEORY 


517 


The  principle  is  illustrated  in  greater  detail  in  Fig.  5.10  which  depicts 
the  conditions  obtaining  in  adjacent  collinear  cells  when  equally  spaced 
sources  numbered  1  to  27  move  radially  with  respect  to  the  point  of 
evaluation  with  speed  c/3,  the  reversed  motion  being  directed  towards  the 
left  and  away  from  0. 

In  this  case  the  Instantaneous  configuration  has  been  shown  for  each  cell 
at  the  time  at  which  the  spherical  surface  reaches  the  cell  centre.  It 
will  be  observed  that  for  this  progressive  type  of  motion  the  ratio  of 
retarded  to  instantaneous  source  population  within  incompletely  filled 

boundary  cells  may  differ  from  (1-V  /c).  Since  only  boundary  cells  are 

K 

affected  and  since  in  practice  these  comprise  only  a  very  small  fraction 
of  the  total,  the  attendant  error  may  be  neglected.  This  difficulty  does 
not  arise  when  the  source  system  fully  occupies  a  fixed  region  of  space 
at  all  times. 

The  potential  at  0  of  the  complete  source  system  may  be  approximated  by 

dividing  all  space  into  volume  cells  parallel  to  V,  evaluating  Na/Ar  in 
turn  at  the  appropriately  retarded  time,  and  generating  a  smooth  point 
function  p„  _  ,  by  interpolation  between  the  values  of  Na/At  referred 
to  ”  R/c 

to  the  cell  centres  (spot  densities) .  Then 


T 


or,  in  general. 


(5.17-1) 


where  R  has  been  replaced  by  r  because  all  volume  elements  are  fixed  in 
space.  The  region  t  must  Include  all  subregions  where  [p]  is  non-zero. 

The  accuracy  with  which  the  integral  formulation  approaches  that  derived 
from  the  summation  of  individual  contributions  depends,  of  course,  upon 
the  degree  of  statistical  regularity  which  prevails  between  adjacent 
volume  cells  when  their  dimensions  are  reduced  to  values  which  are  small 
in  relation  to  their  distances  from  the  point  of  evaluation. 

The  vector  potential  is  given  correspondingly  by 


A 


(5.17-2) 


where  the  velocity,  being  time-invariant,  is  represented  in  its 
unretarded,  lower-case  form. 

We  may  interpret  (5.17-1)  and  (5.17-2)  more  generally  as  approximations 
at  exterior  points  of  the  potentials  deriving  from  those  particular 
sources  of  a  common-strength/mixed-velocity  ensemble  whose  velocities 

have  the  given  value  v  when  overtaken  by  the  expanding  sphere,  provided 
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Chat  the  velocity  of  any  Individual  source  varies  negligibly  during  the 
transit  Interval  of  the  surface  across  the  associated  volume  element  and 
statistical  regularity  continues  to  prevail.  It  follows  that  if  we 

specify  a  complete  set  of  velocities  vx ,  v2....  and  determine  the 


corresponding  retarded  density  fields  [pj],  [p2] .  the  potentials  of 

the  ensemble  become 

♦  -  f  J  UPil+[P2] . >  dx  (5.17-3) 


and 

l+[p2]v2....}  dx  (5.17-4) 


A  m  [  h  {fpiJv 


While  this  approach  requires  that  statistical  regularity  obtain  for  each 
discrete  velocity  population,  it  is  plausible  to  assume  that  the 

expressions  for  $  and  A  will  continue  to  represent  valid  approximations 
provided  only  that  statistical  regularity  prevail  within  each  of  a  set 
of  velocity  'siots'  into  which  the  velocity  distribution  may  be  divided, 

and  that  Vj,  v2 . . . .  are  indentlfied  with  the  mean  values  of  source 
velocity  within  these  ’slots'.  When  the  ensemble  comprises  sources  of 
strengths  aj,  a2,..  the  component  distributions  of  common  strength  are 
treated  separately  and  the  results  summed. 

Thus,  in  general. 


If  we  write 


1  '4  +(Z p^) 


a2 


(5.17-7) 
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the  vector  potential  assumes  the  familiar  form  of  earlier  treatments 
(apart  from  the  factor  c)*^,  viz. 


A 


(5.17-8) 


The  moving  sources  are  said  to  constitute  a  volume  current  and  J  is  known 
as  the  current  density.  The  current  is  said  to  be  neutral  when  p  ■  0,  in 
which  case  the  scalar  potential  is  zero.  This  is  possible  only  when 
suorces  of  positive  and  negative  magnitude  are  present  in  appropriate 
numbers  in  each  volume  element.  When  all  sources  are  of  common  sign  p 

can  be  nowhere  zero  but  J  may  vanish  everywhere,  as  in  the  case  of  a 
configuration  of  common-magnitude  sources  with  a  random  velocity 
distribution  in  each  element  (see  Ex. 5-72.,  p.  523). 

The  scalar  and  vector  potentials  developed  above  not  only  approximate  the 
true  or  microscopic  potentials  (based  upon  (5.10-14/15)  at  exterior 
points  of  an  assemblage  of  singlets,  but  also  serve  to  define  the 
macroscopic  potentials  at  all  points.  Unlike  the  microscopic  potentials 
with  their  attendant  singularities  within  the  distribution,  the 
macroscopic  potentials  and  their  first  space  derivatives  are  continuous 

everywhere,  and  higher-order  derivatives  exist  where  p  and  J  are 
continuous. 


Similar  analyses  apply  to  surface  and  line  distributions  in  motion  upon 
fixed  surfaces  and  along  fixed  contours.  Thus  we  may  define  the  scalar 
macroscopic  surface  and  line  densities  by  smooth  interpolation  between 
spot  values  of  areal  and  linear  density,  and  so  obtain 


dS 


(5.17-9) 


13. 

In  earlier  Sections  the  symbols  J,  K  and  I  were  employed  to  denote 
vectorial  source  densities  when  treated  as  underived  quantities,  and  the 
associated  vector  potentials  were  expressed  in  the  basic  form  typified  by 

A  "  j  r  <*T‘  TM®  convention  will  be  adhered  to  in  later  pages.  However, 

when  J,  K  and  I  are  employed  to  denote  macroscopic  current  densities  it  is 
necessary  to  import  the  constant  c  into  the  denominator  of  the  vector 

potential  to  permit  of  the  subsequent  expression  of  the  macroscopic  E  and 

B  fields,  and  of  Maxwell's  equations,  in  Gaussian  form. 

It  should  be  noted  that  when  K  and  I  are  treated  as  primary  quantities  they 
are  not  constrained  to  be  orientated  parallel  to  the  associated  surface  or 
contour;  when  denoting  current  density,  they  are  so  constrained. 


FIELD  ANALYSIS  AND  POTENTIAL  THEORY 


[Sec. 5. 17 


and 


*(!' 


ds 


=  [ 


a2 


ds  (5.17-10) 


The  corresponding  vector  potentials  are 

( fV 


A  -  /  -k 
s 


MCE  i9^X  +(I 


and 


r  M(E  tx^X  \l 


....Us  .  I  ;  IE!  ds 


c  r 
JS 


(5.17-11) 


ds 


-if  [I] 


Mr  r 


ds 


(5.17-12) 


where  K  and  I  are  known  respectively  as  the  densities  of  surface  and  line 
currents. 


An  important  relationship,  known  as  the  Equation  of  Continuity,  subsists 
between  the  macroscopic  vector  and  scalar  density  functions.  We  may 
proceed  to  develop  this  relationship  by  way  of  the  following 
considerations. 

When  a  source  system  comprising  unaccelerated  singlets  is  divided  into 
equal-velocity  sets,  the  unretarded  macroscopic  source  density  at  any 
point  is  that  resulting  from  the  superposition  of  an  ensemble  of  time- 
invariant  scalar  density  fields  which  move  as  a  whole  with  the 
corresponding  set  velocities.  However,  when  individual  sources  are 
subject  to  acceleration  there  will  be  a  transference  of  sources  between 
sets  and  the  moving  density  fields  will  exhibit  spatial  variations  in 
time.  We  will  proceed  on  the  assumption  that  such  variations  are  smooth. 

Consider  first  a  common-source-strength  set  having  the  velocity  V}  and 
spatial  density  distribution  pj .  It  has  been  shown  in  Sec.  1.20  that  for 
any  well-behaved  scalar  field  having  both  spatial  and  temporal  dependence 
the  rate  of  change  of  field  strength  at  a  point  which  moves  with  velocity 

v  is  related  to  that  at  a  fixed,  coincident  point  by 
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On  applying  this  to  the  density  field  pj  and  putting  v  «  vj  we  get 


dpi  3pi  _ 

dt  *  3C  +V1-V<>1 


But 


div  p^vi  ■  pj  div  vj  +  Vj.Vpj  »  vj.Vpi 


since  vj  is  a  constant  vector  field, 
hence 


div  pjvi 


3p  i  dp i 
3t~  +  dt~ 


The  remaining  velocity  sets  of  equal  source  strength  yield  similar 
equations  so  that 


_  _  -  dp  i  dp  2 
div  (p1v1+p2v2...)  -  -  (Pi+P2- •  •  •)  +  •  •  •  •  (5.17-13) 

We  now  consider  the  source  population  enclosed  by  small  spherical 
surfaces  of  equal  radii  which  are  carried  along  by  the  moving  fields  and 
are  momentarily  coincident.  The  strength  of  this  population  will 
approximate  (pi+p2..)  At,  provided  that  the  volume  At  of  the  spheres  is 
sufficiently  large  to  accomodate  a  statistically-regular  configuration 
for  each  velocity.  Since  the  same  sources  continue  to  be  contained  by 
the  spheres  as  they  go  their  respective  ways  at  the  Instant  under 
consideration,  it  is  evident  that  the  individual  density  fields  must  be 
related  at  least  approximately  by 


dpi 

dt 


0 


(5 . 17— 1A) 


This  appeal  to  the  conservation  of  population,  and  therefore  of  source 
strength,  cannot  establish  equation  (5.17-14)  precisely,  although  it  is 
intuitively  obvious  that  the  finer  the  source  structure,  and  the  greater 
the  restraint  thereby  Imposed  in  the  smooth  interpolation  of  the  p 
fields,  the  more  nearly  will  (5.17-14)  hold  at  Interior  points  of  the 
source  complex.  We  now  postulate  that  the  time  and  space  smoothing 
undertaken  in  the  generation  of  the  macroscopic  scalar  and  vector  density 
functions  is  to  be  effected  in  such  a  way  as  to  ensure  that  (5.17-14) 
holds  exactly.  Then  equation  (5.17-13)  reduces  to 

*•  —  3 

div  (p1v1+p2v2.  • .  •)  -  -^(Pi+P2***> 
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div 


Similar  equations  hold  for  each  component  of  a  mixed  source  strength 
ensemble  hence  In  general 


plVi 


or 


div  J 


(5.17-15) 


This  is  the  Equation  of  Continuity  for  a  volume  distribution  of  singlets. 
The  corresponding  equations  for  surface  and  line  distributions  are 


and 


divs  K 


3o 

3t 


31  3 \ 

3s  "  3t 


where 


I  -  I  8 


(5.17-16) 


(5.17-17) 


It  follows  from  the  definition  of  J  that  the  total  source  strength  which 
passes  In  unit  time  through  an  element  of  surface  AS  orientated  normally 

with  respect  to  J  in  a  region  where  J  Is  continuous  is  approximately 
equal  to  JAS,  provided  that  the  dimensions  of  AS  are  comparable  with  or 
greater  than  those  of  the  volume  cells  employed  in  the  determination  of 
the  parent  scalar  density  functions.  More  generally,  the  rate  of 

transfer  of  source  strength  in  the  positive  sense  through  AS  is  given  by 

J.n  AS. 

When  the  normal  component  of  J  is  discontinuous  through  the  surface 
element,  the  rate  of  increase  of  source  strength  upon  It  is  approximately 

equal  to  -AJ.n  AS,  where  AJ  is  the  increment  of  J  in  the  direction  of  the 
arbitrarily-assigned  common  normal  n.  Hence 

-  AJ.n  AS  *  AS 


where  a  is  the  macroscopic  surface  density  deriving  from  the  flow  of 
volume  current.  We  now  postulate  that  the  time  and  space  averaging  of  a 
is  to  be  such  that  at  all  interior  points  of  any  surface  of  discontinuity 

of  J  there  holds  the  exact  relationship 
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_  ± 
AJ.n 


3a 

3t 


Th«n  In  the  presence  of  s  continuous  current  K  upon  the  surface  of 
discontinuity  ve  have  the  general  result 


_  A 

divs  X  +  AJ.n 


3q 

3t 


(5.17-18) 


where  o  now  Includes  both  volume  and  surface  current  contributions. 

The  corresponding  relationship  for  a  line  of  discontinuity  of  a  surface 
current  K  which  also  carries  a  continuous  current  of  density  I  is 

+  AK.n*  -  -  |r  (5.17-19) 


A 

where  n'  is  tangential  to  the  surface  and  normal  to  the  line  of 
discontinuity . 


Before  proceeding  further,  attention  should  be  directed  towards  the 
anomalous  nomenclature  which  surrounds  the  description  of  current  flow. 
By  associating  the  terms  'density  of  a  volume  source*  (or  volume 
density),  'density  of  a  surface  source'  (or  surface  density)  and  'density 

of  a  line  source'  (or  line  density)  with  the  symbols  J.  K  and  I  It  has 

been  Implied  that  current  may  be  expressed  In  the  forms  j  Jdx ,  j  KdS  and 

Ids.  However,  the  term  'current',  when  standing  alone.  Is 

'conventionally  defined  to  be  the  rate  of  transfer  of  source  strength 
through  a  surface,  or  across  a  line,  or  past  a  point,  and  is  consequently 

a  scalar  quantity  represented  by  /  J.dS,  /  K.n'  ds  and  I. 

J  J 

Provided  that  the  anomaly  Is  borne  in  mind  It  should  not  cause  any 
confusion. 


EXERCISES 

5-72.  Show  that  J  may  be  defined  by  smooth  Interpolation  between  spot  values 
of 


+  <0'V.2  -  ••• 

where  (p')^  At  is  the  total  source  strength  within  At  of  sources  of 
individual  strength  ai  and  (v^)^  i*  their  mean  velocity. 


5-73.  Prove  equations  (5. 17-16)  and  (5.17-17). 
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5.18  Construction  of  the  Macroscopic  Density  and  Potential  Functions  for 
Singlet,  Doublet  and  Whirl  Distributions 

It  is  clear  from  the  considerations  of  Secs.  4.20  and  5.17  that  the 
Banner  in  which  the  macroscopic  density  functions  are  constructed  will 
largely  determine  the  accuracy  with  which  the  macroscopic  and  microscopic 
potentials  of  statlstlcally-regular  distributions  of  discrete  sources  are 
matched  at  exterior  points.  We  now  examine  this  aspect  in  greater  detail 
and  extend  considerations  to  configurations  of  stationary  doublets  and 
whirls. 


0 


Fig.  5.11 


Consider  first  a  distribution  of  singlets  having  the  common  velocity 

V  -  IV,  and  within  this  distribution  an  elementary  cell  At  taking  the 
form  of  a  parallelepiped  of  edges  X,  Y,  Z,  aligned  respectively  with  the 
x,  y,  z  axes  of  coordinates,  and  of  such  dimensions  that  statistical 
continuity  prevails  between  adjacent  cells  of  comparable  size.  The  cell 
centre  is  P  (Fig.  5.11)  and  the  point  of  evaluation  of  potential  is  0. 

To  maintain  uniformity  with  previous  notation  we  write 


PO  -  R 


OQ 


PQ  -  s 


where  Q  is  some  point  of  At. 


Sec. 5. 18] 


RETARDED  POTENTIAL  THEORY 


525 


In  Sec.  5.17  the  contribution  of  sources  within  At  to  the  retarded  scalar 
potential  at  0  was  written  as  jp  ie  |  ^  we  now  sharpen  the 

approximation  by  replacing  |  \  a  with  \  (  —  )  ie  we  identify 

j  f  v.Txn  .*  f(,wy 

\  ai  j  ri\  1  +  cr — Ji  )  (-g—j  where  \  sums  the  contributions 

...  - 

I 


of  the  singlets  in  their  individually  retarded  positions  complete  with 


Lienard  modification,  while 


sums  the  contributions  at  the  Instant 


tQ  “  c  wlthout  modification.  This  substitution  presupposes  that  the 

variation  of  population  due  to  movement  in  a  subregion  of  At  just 
balances  the  Lienard  factor  as  it  applies  to  that  subregion,  and  that 
the  aggregate  effect  of  the  positional  discrepancy  at  the  time  to  -  -  is 

negligible  when  taken  over  the  complete  cell.  Once  this  approximation 

is  accepted  -  and  we  will  restrict  V/c  to  values  very  small  compared  with 
unity  in  order  to  assist  it  -  our  concern  lies  with  the  degree  of 

precision  with  which  may  be  replaced  by  J  d-r,  where  [p] 

J  At 

is  a  continuous  density  function  having  a  statistical  basis  for 
evaluation. 

Now  from  equation  (1.2-9) 


Ip] 

r 


+(s.V  l^lj  +  ((s-v>2  [-t)  +  •••  (5.18-1) 


hence 


At 

♦$ 


^  At  +  V 


3  dT 


At 


s2  |^+s2  f^+s2  |\+2s  s  -lL+2s  s  —  +2s  s  -  — A  (ill  dT  +  ... 
x  3xz  y  3y2  z  3z2  x  y  3x3y  x  z  3x3z  y  z  5y3zy  r  J 


At 


From  symmetry. 


1 


s  dr 


At 


-  0 
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The  cross-terms  of  the  second  integral  vanish  likewise,  leaving 


We  now  attempt  to  match  (5.18-2)  with  the  discrete  summation 


I 


may  be  expanded  in  accordance  with  equation  (4.1-17)  as 


al 

—  which 
ri 


*  Eai+(Ivi)- 


R  , 

P  + 


(5.18-3) 


If  we  retain  only  zeroth  and  first  order  terms  in  s/R,  the  terms  in 

etc  in  the  top  line  of  (5.18-2)  are  deleted  and  (5.18-3)  is  truncated  as 
shown.  A  match  may  then  be  effected  by  putting 


lp]p  + 


i_ 

24 


(5.18-4) 


and 


X* 


(5.18-5) 


While  equation  (5.18-4)  can  be  satisfied,  at  least  in  principle,  by  an 

initial  choice  of  (p]p  -  ^  ^  a^,  as  previously  suggested,  with  some 

subsequent  process  of  successive  approximation,  the  derivatives  of  [p], 
as  they  appear  in  equation  (5.18-5),  are  thereby  preempted,  and  the 
extent  to  which  the  two  aides  of  (5.18-5)  then  balance  ia  a  measure  of 
the  degree  of  precision  with  which  the  discrete  formulation  may  be 
replaced  by  the  integral.  It  should  be  noted  in  this  connection  that  the 
order  of  magnitude  of  the  various  terms  in  (5.18-2)  is  dependent  upon 
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both  the  order  of  the  b/R  factor  involved  and  the  rate  of  change  of  [p] 
and  its  derivatives.  We  will  suppose,  for  present  purposes,  that  the 
variation  of  [p]  between  adjacent  cell  centres  (ie  A[p])  is  not 
necessarily  small  compared  with  [p]  but  that  the  variation  of  A[p]  is  an 
order  smaller  than  A[p]  Itself,  and  so  on  for  higher  derivatives.  In 
this  case  the  first  and  second  derivative  terms  of  (5.18-2)  are  each  of 
the  first  order  of  smallness.  It  is  only  when  [p]  varies  rapidly  from 
cell  to  cell  that  first  order  corrections  appear  at  all.  For  slow 
variations  of  [p]  all  terms  of  (5.18-2),  other  than  the  leading  term,  are 
of  second  order. 

It  will  be  observtd  that  equation  (5.18-4)  has  been  developed  as  a 
condition  for  the  matching  of  microscopic  and  macroscopic  potentials  at 
exterior  points,  rather  than  the  matching  of  discrete  and  continuous 
source  strengths  within  an  elementary  cell.  It  may  be  shown,  however, 
that  to  first  order  accuracy  equation  (5.18-4)  represents  a  common 
criterion.  (See  Ex. 5-74.  and  5-77.,  pp.  530-1). 

So  far,  considerations  have  been  restricted  to  sources  of  common 
velocity,  or  those  filling  a  narrow  velocity  slot.  If  a  similar 
treatment  is  afforded  each  velocity  slot  the  overall  singlet  density  may 
be  computed  by  scalar  addition.  Since  integration  is  extended  over  the 
complete  source  system  there  is  no  requirement  to  employ  the  same 
elementary  cells  for  each  evaluation.  The  determination  of  an 
appropriate  scalar  density  function  for  the  Individual  slots  leads 
immediately  to  corresponding  values  for  the  volume  density  of  current  via 
equation  (5.17-7). 

We  turn  now  to  the  scalar  potential  of  a  volume  distribution  of  time- 

14 

dependent  doublets  whose  source  centres  are  fixed  in  space  .  Since  the 
potential  of  an  individual  doublet  takes  the  form 


[p]  .grad  |  [|f- 

the  macroscopic  potential  of  a  distribution  may  be  assumed  to  be 


IP 

l*U 


dx 


14.  The  potential  functions  developed  in  Secs.  5.13  to  5.15  assume  that 
centroids  of  the  elementary  source  systems  remain  at  rest. 
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Expansion  about  the  point  P  and  integration  over  Ax  yields 


The  potential  at  0  of  the  discrete  system,  to  the  first  order  in  s/R,  is 
easily  shown  to  be 


where  [  ]  =  (  )  t  -  - 
o  c 

Expressions  (5.18-6)  and  (5.18-7)  are  matched  precisely  if 


and 


(5.18-7) 


(5.18-8) 


£(«),  ■  bY 
&(#),  •  hi 


Y* 

T2 


CV8iy 


(5.18-9) 
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Similar  relationships  are  required  In  which 


and  [p1], 
hold. 


but  these  are  automatically  satisfiea  if  the  above  equations 


and 


[At  J 


replace  [P] 


Thus 


hence  if 


then 


a_ 

3x 


-LI-  rp] 
ax  at 


L  1_  rp] 

at  ax  m 


xf/a_ 
12  V3* 


i 


fptl5ix 


Jt! 

12 


since  s±  is  Independent  of  t. 


An  entirely  similar  result  holds  for  the  vector  potential  of  a  volume 
distribution  of  symmetrical  point  whirls  (or  continuous  whirls).  The 
integral  formulation,  to  the  order  of  accuracy  discussed  above,  is 


/ 


1  _ 

3M 

-  r  1 

r  ” 

_3t 

*  — 2 
cr* 

dT 


provided  that  equations  (5.18-8)  and  (5.18-9)  are  satisfied  when  [P]  and 
[p^]  are  replaced  by  [M]  and  [m^J. 


There  remains  to  be  considered  the  vector  potential  of  a  volume 
distribution  of  time-dependent  doublets. 


It  follows  from  equation  (5.13-10)  that  the  integral  form  is  -  /  i 


f  i 

ap 

_3t 

dx. 


whence  the  required  first-order  matching  conditions  are  found  by 


substituting  the  rectangular  components  of 
in  equations  (5.18-4)  and  (5.18-5). 


and 


Ah 

dt 


for  (p)  and  a 


The  vector  relationships  are  then  found  to  be  Identical  with  (5.18-8)  and 


(5.18-9)  when 

consequently 

satlslfled. 


ap 

dPl“ 

J! 

and 

dt_ 

are  substituted  for  [P]  and  Cp^l • 


satisfied  when  equations  (5.18-8)  and 


and  are 
(5.18-9)  are 
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The  above  analyses  are  readily  modified  to  cover  surface  and  line 
distributions. 


While  we  are  not  concerned  here  with  physical  applications  of  the 
foregoing  treatment.  It  may  be  remarked  In  passing  that  In  the  field  of 
electromagnetics  the  nature  of  the  distributions  encountered  Is  such  that 
cell  sizes  may  usually  be  chosen  sufficiently  small  as  to  render  density 
variations  across  them  negligible,  and  that.  In  consequence,  zeroth  order 
approximations  suffice,  both  In  the  calculation  of  potential  at  exterior 
points  and  In  the  computation  of  ponderomotive  interaction  between  non¬ 
overlapping  configurations.  Nevertheless,  It  should  be  borne  In  mind 
that  the  replacement  of  a  discrete  summation  by  an  Integral  Is  a 
convenience  which  necessarily  Involves  approximation,  both  In  respect  of 
the  number  of  terms  adopted  and  the  construction  of  the  corresponding 
density  functions. 

At  interior  points  of  discrete  distributions,  where  the  macroscopic  and 
microscopic  potentials  cease  to  correspond,  the  relationship  between 
their  derivatives  (as  touched  upon  In  Sec.  4.21  for  time-invariant 
doublets  and  whirls)  is  clearly  an  additional  subject  for  investigation. 
This  will  be  considered  briefly  In  Sec.  5.20. 


EXERCISES 


In  the  following  exercises  It  will  be  supposed  that  the  variation  of 
density  from  cell  to  cell,  Ap,  is  not  necessarily  small  compared  with  p, 
but  that  second  differences  are  small  compared  with  first,  and  so  on. 

5-74.  Show  that  the  unretarded  form  of  equation  (5.18-4)  Is  consistent  with 

the  first  order  matching  of  ^  a^  and  f  pdx .  Hence  conclude  that  the 

“  At 

argument  leading  to  the  equation  of  continuity  is  unaffected  by  the 
modified  construction  of  the  density  field. 

5-75.  Any  discrepancy  between  the  left  and  right  hand  sides  of 
equation  (5*18-4),  when  applied  to  a  distribution  of  stationary 
singlets,  may  be  corrected  in  an  ad  hoc  manner  by  assigning  to  the 

distribution  a  polarisation  density  P,  where 


Prove  this,  and  argue  plausibly  that  the  more  finely-grained  the 

•  _ 

structure  of  the  system  the  smaller  the  value  of  P  that  needs  to  be 


invoked  for  a  given  value  of  polarisation 


within  the  cell. 


Show  that  it  is  not  possible  to  supplement  J  with  M  to  force  a  fit  in 
the  equivalent  expression  for  steady  current  flow  with  rapid  transverse 
variation. 
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5-76.  A  point  function  $  varies  slowly  from  cell  to  cell  within  a  distribution 


of  stationary  singlets. 


Confirm  that 


I 


and 


p$dr  are 


Ax 


precisely  matched  to  the  first  order  of  smallness  if  p  can  be  chosen  to 
satisfy  the  unretarded  forms  of  equations  (5.18-4)  and  (5.18-5). 

Investigate  the  corresponding  requirements  for  the  matching  of 

(r*pE)  dt  where  E  is  a  slowly-varying  point 


I 


(rixa1E1)  and 


At 


function. 


5-77.  For  the  mode  of  construction  adopted  above,  the  unretarded  density 
function  p  is  required  to  satisfy  the  following  relationship  at  the 

point  P  and  time  t  -  R/c 
o 


(p)P  +  24 

t-5 

O  C 


le 


K&)P  +*2($)P  +z2te)P  l-fc(£ 

O  D  of  ' 


t-5 

o  c 


v! 


t-5 

O  C 


t0-R/c 


Cp]P  +  24  ix2 


& 

iixJP 


+  Y2 


a  *  -  m  - 

while  the  retarded  density  function  is  required  to  satisfy 

“ip +  k  Wfe  tpl)P  +  Y2  (t?  +  22  (&  [”)J  *  k  (£\)t  _R/c 


Show  by  expansion  of  [p]  etc  into  its  five  constituents  that  these 

relationships  are  consistent  to  within  the  first  order  of  smallness, 
provided  that  there  is  negligible  variation  of  p  during  the  transit  time 
of  the  expanding  sphere  across  At. 

5.19  The  Macroscopic  Potentials  of  a  Composite  Source  System 

The  Polarisation  Potentials 


The  Lorentz  Gauge 

5.19a  The  macroscopic  potentials  of  a  composite  source  system 

It  follows  from  Secs.  5.17  and  5.18  that  the  macroscopic  retarded  scalar 
potential  of  a  system  comprising  volume,  surface  and  line  distributions 
of  singlets  and  volume  distributions  of  doublets  is  given  by 


532 


FIELD  ANALYSIS  AND  POTENTIAL  THEORY 


[Sec. 5. 19 


(5.19-1) 

provided  that  the  surface  S,  the  contours  T  and  the  centres  of  the 
doublets  are  fixed  in  space. 

Surfaces  and  contours  may  be  open  or  closed  and  are  currently  represented 
by  a  single  subscript  in  the  associated  integral.  Since ,  for  present 
purposes ,  the  volume  distributions  of  singlets  and  doublets  may  or  may 
not  overlap  and  may  involve  several  distinct  regions,  the  volume  integral 
is  represented  as  taken  over  all  space;  it  is  supposed,  however,  that 
volume  densities  are  zero  outside  a  spherical  surface  of  finite  radius 
centred  upon  a  local  origin.  The  surface  density  o  may  Include  a  time- 
invariant  component,  a  time-dependent  component  associated  with  a 

discontinuity  of  volume  current  J,  and  a  time-dependent  component 

deriving  from  a  current  K  within  the  surface  where  divs  K  *  0.  The  line 
density  X,  in  turn,  may  comprise  a  time- invariant  component,  a  time- 

dependent  component  associated  with  discontinuity  of  surface  current  K, 
and  a  time-dependent  component  deriving  from  a  variation  of  line  current 
density  I  along  T. 

When  I  is  discontinuous,  or  T  is  open  and  I  is  non-zero  at  the  end 
points,  it  becomes  necessary  to  admit  one  or  more  'macroscopic*  point 
sources  in  order  to  keep  faith  with  the  model. 

Thus  if  a  denotes  the  strength  of  the  point  source,  it  is  clear  that  at 
an  interior  discontinuity  of  I 

-AI  -  (5. 19-2(a)) 

where  AI  is  the  scalar  line  current  increment  in  passing  in  a  positive 
sense  through  the  discontinuity. 

We  see  also  that  if  positive  movement  between  open  ends  involves  movement 
from  P  to  Q  then 

h  ■  -(£),  and  XQ  *  +(ir)Q  (5.19.2(b)) 

It  should  be  noted  that  this  type  of  point  source  is  wedded  to  the 
concept  of  continuity  so  that  time  dependence  of  source  strength  can 
derive  only  from  singlet  motion.  The  *  non-mac roscopic*  point  source 
considered  in  Sec.  5.5  had  a  different  connotation. 

Equation  (5.19-1)  can  be  further  generalised  by  the  addition  of  terms 
representing  the  potentials  of  surface  and  line  doublets.  The  latter  are 
of  little  significance  in  applications  of  the  theory  and  will 
consequently  be  ignored.  The  surface  doublet  potential  takes  the  form 
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[P»]. grad  - 


where  P*  is  the  macroscopic  doublet  moment  per  unit  area. 

The  doublets  may  or  may  not  be  orientated  normally  to  the  surfaces,  but 
their  centres  are  supposed  to  be  fixed  in  space. 

More  generally,  then. 


[£] 

r 


dT  + 


a 


00 


(5. 19-1 (a)) 


dS 


The  corresponding  expression  for  the  vector  potential,  with  the  addition 
of  terms  deriving  from  volume  and  surface  distributions  of  whirls,  is 


f  Hi  dr  H-  I  / 

'  a  as  ♦  i 

'  a  a.  + 1  f 

l 
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dr  +  -  f 
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3P’ 

Jr  c  J 

r  c 
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r  c  J 
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c  J 
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(5.19-3) 


+ 


[M]xgrad  |  - 


£ 


dr  + 


i  _ 

3m"*1 

r 

r 

3  t_j 

*  o?J 

dS 


where  M'  is  the  macroscopic  whirl  moment  per  unit  area. 

We  are  sometimes  concerned  with  only  a  portion  of  the  total  source 
complex,  such  as  that  bounded  externally  by  the  closed  surface  Z .  This 
will  be  referred  to  as  a  subsource.  A  subsource  is  said  to  be  complete 
if  no  volume,  surface  or  line  current  crosses  I.  In  terms  of  the 
microscopic  model  such  completeness  implies  the  existence  of  scalar, 
time-dependent  surface  and  line  densities  and  point  source  strengths  upon 
I,  wherever  there  is  a  normal  component  of  volume  or  surface  current  or 
an  Intersection  with  line  current,  in  accordance  with  the  equations  of 
continuity: 

Tt  "  ^‘n  ’  Tt  “  **"'  *  dt  "  1  (5.19-4) 

A  A 

where  n  is  the  unit  outward  normal  to  I ,  n’  is  that  outwardly-directed 
normal  to  the  line  of  intersection  of  S  and  Z  which  is  tangential  to  S, 
and  I  is  positive  when  directed  outwards. 

When  these  equations  are  not  satisfied  (as  when  current  is  continuous 
through  Z)  we  may  render  the  subsource  complete  by  allocating  source 
densities  in  accordance  with  equation  (5.19-4)  to  the  inner  side  of  Z  and 
equal  and  opposite  densities  to  the  outer  side.  Since  the  paired 
densities  are  actually  superimposed  the  construction  does  not  affect  the 
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potentials  of  the  overall  source  complex,  but  it  enables  the  completeness 
criterion  to  be  met  for  the  subsource  bounded  externally  by  I  and  also 
for  that  particular  bounding  surface  of  the  exterior  complex.  The 
concept  of  completeness  is  not  relevant  to  doublet  or  whirl 
distributions;  their  macroscopic  density  fields  may  be  subdivided 
without  restriction. 

The  application  of  the  grad,  div  and  curl  operators  to  multiple  volume 
sources  does  not  present  any  difficulty  because  the  formulae  previously 
developed  apply  at  all  points  where  the  derivatives  are  defined.  It 
should  be  borne  in  mind,  however,  that  those  formulae  Involving  Integrals 
over  bounding  surfaces  have  been  based  on  the  assumption  that  the  density 
functions  have  continuous  derivatives  throughout  the  bounded  region. 
Hence  surfaces  of  discontinuity  must  be  excluded  from  the  region  of 
volume  integration  in  such  cases.  As  shown  elsewhere,  the  effect  of  such 
discontinuities  is  represented  by  the  resultant  of  paired  surface 
Integrals  taken  over  the  excluding  surfaces.  For  an  unbounded  system  of 
volume  sources  such  surface  Integrals  alone  survive.  Since  dal  operates 
upon  a  bounded  scalar  or  vector  volume  source  to  yield  a  value  at  an 
interior  point  which  depends  upon  the  local  source  density  (or  its 
derivatives)  and  which  is  zero  beyond  the  source,  and  since  it  is 
unaffected  by  the  presence  of  discontinuities  which  lie  beyond  a 
neighbourhood  of  the  point  of  evaluation,  it  is  possible  to  employ  a 

single  formulae  for  dal  4  and  dal  A  at  all  points  where  it  is  defined,  eg 

dal  pot  [J]  -  -4irJ.  This  is  accomplished  by  supposing  that  the  volume 
source  extends  to  infinity  but  has  zero  density  outside  the  source 
proper.  All  points  then  become  interior  points  of  the  source  and  dal  is 
additive  for  multiple  sources  without  regard  for  position. 

The  d ' Alembertian  of  equation  (5. 19-1 (a))  assumes  a  simple  form.  It  may 
be  shown  that  the  component  deriving  from  the  surface  doublet  potential 
is  zero  at  exterior  points  of  the  surfaces;  reference  to 
equations  (S.7-2/3/4),  (5.7-7)  and  (5.8-9)  then  allows  us  to  write 

dal  <|>  -  —Air (p-div  P)  (5.19-5) 

Similarly,  surface  whirl  distributions  contribute  nothing  to  dal  A  at 
exterior  points.  Hence  from  equations  (5.7-9/10),  (5.7-12)  and  (5.9-10) 

dal  A  -  (j  +  ||  +  c  curl  h]  (5.19-6) 

c  \  dt  J 

Boundary  conditions  for  the  macroscopic  $  and  A  may  be  summarised  as 
follows: 

(1)  i  is  coitinuous  through  and  upon 

(a)  the  bounding  surface  of  a  volume  distribution  of  singlets. 

(b)  a  surface  distribution  of  singlets. 

(c)  the  bounding  surface  of  a  volume  distribution  of  doublets. 

(d)  a  tangentially-orientated  surface  distribution  of  doublets 
at  interior  points  where  P'  is  continuous. 
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(la)  and  (lb)  follow  from  the  arguments  developed  In  Secs.  4.3  and  4.4 
for  the  non-retarded  case. 


(lc)  follows  from  the  transformation  (5.8-1)  coupled  with  the 
arguments  leading  to  (la)  and  (lb). 


(Id)  Is  the  subject  of  Ex. 5-82.,  p.  542. 

^  is  discontinuous  by  4xP*  for  movement  In  a  positive  sense  through  a 
normally-orientated  surface  distribution  of  doublets  at  Interior 
points  where  P*  is  continuous. 

This  result  follows  from  integration  of  jjP*  J.grad  |  -  j  dS 

Js 

along  the  lines  suggested  in  Ex. 4-14.,  p.  242. 

(2)  A  Is  continuous  through  and  upon 

(a)  the  bounding  surface  of  a  volume  distribution  of  current. 

(b)  a  surface  distribution  of  current. 

(c)  the  bounding  surface  of  a  volume  distribution  of  whirls. 

(d)  a  normally-orientated  surface  distribution  of  whirls  at 
interior  points  where  M*  is  continuous. 

(2a)  and  (2b)  are  the  vector  analogues  of  (la)  and  (lb). 

(2c)  follows  from  the  transformation  (5.9-1)  coupled  with  the 
arguments  leading  to  (2a)  and  (2b). 


(2d)  is  the  subject  of  Ex. 5-83.,  p.  542. 
5.19b  The  polarisation  potentials15 


When  doublet  and  whirl  distributions  alone  are  present  the  scalar  and 
vector  potentials  are  given  by 


r  _ 

jjP]  .grad 
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.  3p1  rl  . 


(P'l.tirad  j 
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dS 


(5.19-7) 


15.  In  electromagnetic  theory  the  word  'polarisation*  is  associated,  for 
historical  reasona,  both  with  doublet  and  whirl  distributions.  Rut 
according  to  the  definition  given  In  Sec.  4.1  a  compensated  point  whirl 
exhibits  zero  polarisation. 
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It  follows  from  the  considerations  of  Secs.  5.6d  and  5.6f  (with 
appropriate  change  of  symbols)  that  we  may  replace  equations  (5.19-7) 
and  (5.19-8)  by 


-  div  /  —P  dx  -  div 


[Pf] 


dS 


(5.19-9) 


curl  mdr  +  curl  [  [JU  dS  +  i  ®  dx  +  I  ®  f  dS 

r  r  c  3t  r  c  at  r 


On  writing 


(5.19-10) 


®  dr  +  f  tU 


ds  =  n 

r  e 


(5.19-11) 


[M] 


dx  + 


as  -  if 

r  m 


(5.19-12) 


we  have 


<f)  ~  -  div  n 


(5.19-13) 


A  =  curl  IT  +  -  II 
m  c  9t  e 


(5.19-14) 


He  and  II  are  known  as  the  polarisation  potentials^. 


19 


16.  They  are  also  known  as  Hertzian  vectors 
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It  follova  from  aquations  (5.7-9)  and  (5.7-12)  (with  appropriate 
substitution)  that 


dal  I  - 

e 

-  4*P 

(5.19-15) 

dal  I  - 

a 

-  4*M 

(5.19-16) 

5.19c  The  Lorentz 

17 

gauge 

An  Important  relationship  subsists  between 
macroscopic  scalar  and  vector  potentials  of 

certain  derivatives  of  the 
any  complete  source,  viz 

dlv  A  ■ 

.  I  *4 

c  3t 

(5.19-17) 

This  relationship  has  already  been  shown  to  hold  for  the  Llenard-Wiechert 
potentials  of  a  point  singlet  moving  in  any  manner  with  V  <  c,  and  must 
therefore  hold  for  the  microscopic  potentials  of  any  combination  of  point 
sources.  We  now  proceed  to  demonstrate  Its  validity  for  the  macroscopic 
potentials.  This  Is  most  easily  accomplished  by  splitting  the  total 
source  complex  into  associated  scalar  and  vector  densities  and  treating 
each  separately. 

We  can  dispose  of  doublet  and  whirl  components  immediately  by  reference 
to  equations  (5.19-13)  and  (5.19-14),  whence  the  required  relationship 
follows. 

For  those  components  of  potential  deriving  from  the  volume  distribution 
and  associated  surface  distribution  of  singlets  we  have 

dr  +  [  f-il  dS 
*SZ 


A 


T 


Here  x  represents  the  region  of  subsource,  S  refers  to  Interior  surfaces 
of  discontinuity  of  J,  and  Z  denotes  the  bounding  surface  or  surfaces. 


17.  In  the  present  work  the  relationship  expressed  by  the  Lorentz  gauge 
follows  from  the  definitions  of  the  macroscopic  potentials.  This  Is  not 
always  the  case  (see  Sec.  7.9). 
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Then  at  interior  and  exterior  points  of  t 


t  S  E 


1 

'  c  3t 

We  next  consider  the  potentials  deriving  from  the  surface  currents 
(including  possible  surface  currents  upon  E),  the  scalar  surface 
densities  arising  from  the  non-zero  surface  divergence  of  these  currents 
and  the  line  densities  arising  from  their  discontinuities.  In  this  case 


♦ 


Ifl  dS  + 


SE 


l xl 

r 


dS 


SE 


where  the  contours  may  be  closed  or  unclosed  and  include  those  defined  by 
the  Intersection  of  S  with  E. 

Then  from  equation  (5.6-20) 

dlv  A  -  -i  j  [lK].grad  y  -  dS 

SE 

But  from  equation  (2.12-12) 

gr.d  ±  -  grad.  \  *  n  §;  (A 

hence 

—  1  -  1  -  1 
[Kj.grad  -  -  [K], grads  -  since  K.n  *  0 


Also,  from  equation  (2.12-7), 


[K] 


divs 


\  divs  [K]  +  [K], grads  £ 
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whence,  from  a  result  of  Ex. 5-6.,  p.  404, 


dlv.  If]  -  1  [div,  El  -  £.|“|  ♦  ft  +  m. grads  I 


.1  r  3X 
[Kl.grad  ;  -  c-p.  JJ 


diva  ^  -  -  [diva 


if  diva  IH  dS  ♦  i  f 
c  J  r  c  J 

SI  SI 


^  (divs  K]  dS 


i  i  ds  +  i  [  A  [dlvs  K]  dS 


from  (2. 12-27(a)) 


where  T  denotes  closed  contours  which  embrace  regions  of  the  surfaces 

within  which  K  Is  well-behaved.  These  contours  comprise  paired  sections 

Immediately  adjacent  to  lines  of  discontinuity  of  K  at  interior  points, 
and  unpaired  sections  comprising  the  boundaries  of  open  surfaces  within  t 

A 

or  lines  of  intersection  of  S  with  I.  In  each  case  K.u*  may  be  replaced 
by  along  a  closed  or  open  contour,  and  since,  in  addition, 

divs  K  ■  -  ||,  we  have 


l  iX  .  A  1 

;  a  d- +  a 


i  -  ||  ds 

r  3t 


Finally,  we  consider  the  potentials  deriving  from  line  currents,  their 
associated  line  densities,  and  the  point  source  strengths  resulting  from 
their  discontinuities. 


A  -  - 

c 
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At  points  outside  T  equation  (5.6-19)  yields 


div  A 


1  'I [I] .grad  |  - 


C  Jr  L 


81  I  r  .  , 

si  kpt  ds 


Now 


3_  m 

3s  r 


I  h  [I]  +  [I]  h  (£ 


1 

r 


r 

91 

l 

9s 

1  — 

-  -  (s.Vr) 
c 


91 
9 1 


/A  i 

+  [I]  (s.V  i 


whence 


1  _ 

ail  r 

9 

[I] 

_  I 

91 

r 

_3tJ  ‘cr2 

SJ  —  - 

9s 

z.— 

r 

r 

9s 

and 


div  A  =  -  -  [  j-  ds  +  i 

c  9s  r  c 


[  i 

9X 

L * 

~  9t 

ds 


where  T  comprises  a  set  of  line  segments  having  continuous  values  of  I  at 
interior  points. 

On  applying  equations  (5. 19-2 (a) /(b) )  (and  (5.19-4)  as  required)  to  an 
open  contour  composed  of  two  such  segments,  AB  and  BC,  we  get 


so  that  in  general 


div  A 


1 

c 


1 

da 

.If  I 

9X 

r 

Ldt_ 

c  J  r 

*'r 

9t 

r 


ds 


1  9$ 

c  9t 


—  1  9<t> 

It  now  follows  from  superposition  that  div  A  =  -  -  ^  for  the  overall 

configuration.  It  will  be  observed  that  densities  associated  with  static 
assemblages  of  point  singlets  have  been  ignored;  these  contribute 

neither  to  nor  to  A.  In  the  case  of  an  incomplete  subsource  the 
9 1 

relationship  fails  because  the  surface  integrals  over  I  which  appear  in 
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the  expressions  for  divergence  are  not  matched  by  corresponding  integrals 
in  the  scalar  potential.  For  unbounded  sources  the  problem  does  not 
arise  because  such  sources  are  necessarily  complete. 


EXERCISES 


5-78.  Let  the  macroscopic  point  functions  J,  p  and  o  define  a  complete 
subsource.  If  considerations  are  restricted  to  time-dependent 
components  alone,  show  that  the  retarded  potentials  deriving  from  the 
subsource  are  identical  with  those  which  derive  from  a  doublet 
distribution  occupying  the  same  region,  provided  that 


t 


o 

where  t  is  an  arbitrary  datum. 

Hence  or  otherwise  show  that  a  complete  linear  subsource  characterised 
by  I,  X  and  a  may  be  replaced  by  an  axial  doublet  distribution  of 

t 

macroscopic  moment  per  unit  length  /  I  dt. 

J  t 

o 

Demonstrate  that  the  equivalence  fails  when  the  subsource  is  incomplete 
because  of  the  emergence  of  fictitious  point  sources  at  the  extremities 
of  the  surrogate  system. 

5-79.  Establish  the  value  of  the  retarded  scalar  potential  upon  the  axis  of  a 
disc-shaped,  normally-polarised,  surface  doublet  distribution  of  uniform 
scalar  density  P’,  and  so  plausibly  demonstrate  that  the  potential 
changes  by  4ttP'  for  positive  movement  through  a  regular,  normally- 
polarised  surface  distribution  at  an  interior  point  where  Pf  is  the 
local  value  of  (continuous)  surface  density. 

5-80.  Derive  the  surface  equivalent  of  equation  (5.8-8),  viz 


grad 


/ 


[P1 ] .grad 


1  _ 

3P1 

r 

r 

I 

Jt 

• — 1 
crz 

dS 


-  curl 


[Pf]xgrad  i 


dS 


1  82  f 

c2-  3t2  J 

S 


^dS 


at  points  off  the  surface. 

Hence  demonstrate  that  the  macroscopic  E  field  of  a  doublet  surface 
distribution  (not  necessarily  uniform  or  normally  polarised)  is  equal, 

at  exterior  points,  to  the  B  field  of  a  surface  distribution  of  whirls 
of  equal  vector  density. 
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5-81.  Utilise  the  relationship  of  Ex. 5-80.  to  prove  that 


1  _ 

ap1 

__  “S 

r 

r 

at 

’cr2 

dS  =  0 


V  at  exterior  points 


dal 


[Mf ] xgrad  -  - 


9MT 


at 


cr 


dS  =  0 


Employ  the  identities  dal  div  =  div  dal  and  dal  curl  =  curl  dal, 
together  with  equation  (5.7-9),  to  arrive  at  the  same  results. 

5-82.  Show  that  the  retarded  potential  of  a  tangentially-orientated,  non- 
uniform,  open  surface  distribution  of  doublets  is  equal,  at  exterior 
points,  to 


fp- 

r  s 

AAA 

where  n'  =  s  *  n. 

Hence  conclude  that  the  potential  of  the  doublet  source  is  duplicated  by 

that  of  a  peripheral  singlet  line  source  of  density  Pf .n*  together  with 

a  singlet  surface  source  of  density  -divs  Pf,  and  deduce  the  associated 
continuity  condition  for  <j). 

5-83.  Hake  use  of  equations  (2.12-12),  (2.12-6),  (2.12-28)  and  a  result  of 

Ex. 5-6.,  p.  404  in  turn  to  show  that 


nT  ds  - 


[divs  Pf]  dS 


[Mf ] xgrad 


1  _ 

3M' 

w  r 

r 

at__ 

x  — *■ 
cr2j 

dS 


S 


dS  x  [grads  M'] 
r 


r  s 


if  Mf  is  everywhere  normal  to  S. 

m 

Hence  conclude  that  an  open,  non-uniform  surface  distribution  of 
normally-orientated  whirls  gives  rise  to  a  vector  potential  at  exterior 
points  which  is  equal  to  that  associated  with  a  line  current  of  scalar 
density  Mf  around  the  periphery  together  with  a  surface  current  of 

A 

density  (grads  Mf)  x  n.  (This  is  a  generalisation  of  the  uniform, 
time- invariant  case  discussed  in  Sec.  4.20.)  Deduce  that  the  vector 
potential  of  a  piecewise-continuous  surface  distribution  of  normally- 
orientated  whirls  is  continuous  for  movement  through  the  surface  at 
interior  points  where  MT  is  continuous. 


RETARDED  POTENTIAL  THEORY 


543 


5-84.  Show  that  the  macroscopic  vector  potential  of  a  tangentially-orientated, 
plane-surface  whirl  distribution  is  given,  for  an  arbitrary  positive 

sense  of  n,  by 


+  j  -  [curls  M* ]  dS  + 


ds 


Hence  demonstrate  that  this  surface  source  is  equivalent  to  a  tangential 

_  A 

double  surface  source  of  density  M1  x  n  (see  equation  5.5-11),  a  normal 
vector  surface  source  of  density  curls  M' ,  and  a  normal  vector  line 
source  of  density  M*  x  n' . 

A 

Show  that  A  is  discontinuous  by  4Tr(Mt xn)  for  movement  through  the 
surface  at  an  interior  point  where  M'  is  continuous. 

[While  the  double  surface  source  is  readily  identifiable  with  a  double 

A 

surface  current,  the  normal  orientation  of  curls  M'  and  M*  *  n'  to 
surface  and  contour  respectively  renders  their  interpretation  as  current 
flow  less  satisfactory. ] 


5-85.  In  the  absence  of  surfaces  of  discontinuity  it  is  possible  to  express 

the  retarded  vector  potential  A  of  a  volume  distribution  of  singlets, 
doublets  and  whirls  as  a  potential  function  with  an  unretarded 
integrand.  In  addition  to  the  unretarded  source_denslties  the  Integrand 

Includes  the  point  functions  E  -  -  grad  4  -  r—  and  4,  where  4  is  the 

c  ot 

retarded  scalar  potential  of  the  system. 


If  the  source  densities  are  tero  outside  a  spherical  surface  of  finite 
radius,  show  that 


J  .  A  1 

F  dT  +  F 


1  3P  . 
r  3t  dT 


curl  M  j  .1 
r  dT  +  c 


Til  3E  , 

J  r  4x  3t  dT 


♦  I 


11  .  34 

;  a  «r4d  it 


dT 
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Note  that  the  unretarded  vector  potential  of  a  volume  distribution  of 
continuous  or  symmetrical-point  whirls  is  given  by 


M  x  grad  -  dr 


'  curl  M 
r 


and  not  by 


M  x  grad  - 


dr 


5-86.  By  making  use  of  equations  (2.12-12),  (2.12-27)  and  a  result  of  Ex. 5-6., 
p.  404  show  that  the  retarded  potential  of  an  oblique  surface  doublet 
may  be  brought,  at  exterior  points,  into  the  form 

[P;i  grad  i.dS  -  f  ^ -2.dS  +  J  (divs  n)  ^J.dS 

J  S  S 


~  J  Z  tdlvs  P'J  ds  +  j  da 

s  r 

Observe  that  this  reduces  to  the  result  of  Ex. 5-82.  when  P'  is 
tangential  to  the  surface,  and  to  the  standard  form  when  P*  is  normal. 

Suppose  now  that  the  surface  is  plane  and  that  P*  is  oblique  and  every¬ 
where  the  same.  Show  that  the  third  and  fourth  terms  of  the  above 
expression  vanish,  and  justify  the  remaining  terms  by  treating  the 
source  as  the  limiting  configuration  of  two  plane  singlet  layers  of 
equal  and  opposite  density  subject  to  a  tangential  slip. 

5.20  MlcroBCQplc/Macroacoplc  Relationships  for  E  and  B  Fields  within  Volume 
Distributions  of  Doublets  and  Whirls 


Let  a  spherical  surface  of  radius  6  be  centred  upon  a  point  0  within  a 
volume  distribution  of  doublets.  It  will  be  supposed  that  6  is 
sufficiently  large  to  ensure  that  the  microscopic  and  macroscopic 
potentials  deriving  from  doublets  beyond  the  surface  are  sensibly  equal 
throughout  a  neighbourhood  of  0.  Then  it  follows  from  equation  (5.11-19) 

that  the  microscopic  E  field  at  0  due  to  the  complete  distribution  has 
the  value 


nic 


-  grad (cavity) 


f  |^[P)  .grad  i 
T"T« 


1  i_  1 
c  at  c 


l 

r 


dT  +  E 


lnt 


T-T 


« 


(5.20-1) 
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where  r  is  the  region  occupied  by  all  sources*  T  is  the  region  of  the 

o 

sphere*  and  is  the  contribution  from  sources  within  the  sphere. 

Equations  (5.11-19)  and  (5.11-20)  serve  to  define  the  macroscopic  E  and  B 
fields  when  the  microscopic  potentials  are  replaced  by  their  macroscopic 
counterparts.  Hence,  corresponding  to  equation  (5.20-1),  we  have 


E 


mac 


i  j.  i  f  i 

c  3t  c  J  r 


dt 


(5.20-2) 


By  combining  the  above  expressions  with  those  given  for  grad  cavity  pot 
and  grad  pot  in  Table  7,  pp.  461-2  we  obtain 


E  ■  E  + 
mic  mac 


[-div  P]  jfj  -  [ft  div  P  dr  -  jf([Fl.dS  P  +  JP  H  •«!; 


(5.20-3) 


1  *L  [  tP] 
c2  J  r 


dx  +  E 


int 


The  restriction  imposed  upon  the  minimum  value  of  S  Implies  that  the 
region  may  be  subdivided  into  a  large  number  of  statistically-regular 

volume  cells.  Correspondingly,  we  admit  the  possibility  that  P  may  vary 

from  point  to  point  of  the  region  at  any  Instant,  but  stipulate  that  P 
can  be  sufficiently  represented  by 

Px  -  fx(t)  (1  +  v  +  Bp  +  Yx*) 

Py  "  fy(t)  0  +  V  +  V  +  Yyz)  (5.20-4) 

P  -  f  (t)  (1  +  ox  +  B  v  +  yz) 

Z  z  z  z  z 


where  0  is  identified  with  the  origin  of  rectangular  coordinates  and  a, 
B*  y  are  constants. 

Thus  it  is  supposed  that  the  variation  of  the  gradient  of  each  scalar 

component  of  P  across  is  negligible  compared  with  the  gradient  itself 

so  that  second  space  derivatives  may  be  Ignored.  Then  at  any  Instant, 

div  P  and  div  P  are  constant  (or  zero)  throughout  r^.  In  these 

circumstances  the  associated  volume  Integral  in  equation  (5.20-3) 
vanishes  from  symmetry. 

—  I  3P  | 

The  values  of  J[P]  and  r~  upon  the  spherical  surface  may  be  expressed  in 
—  3P  LfLJ 

terms  of  P,  —  and  further  derlvetlves  at  0  for  any  particular  time  as 
follows: 
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[?’s,  -  p  - 1 K +  £*  Ip  +  (r-7)  p  - 1 K  (r-v)  p  +  H*  ip  (t-7>  ? 


(5.20-5) 


If 

l— ■— J  S, 


If 

at 


!  0  +  ft  <r.7)  p  -  !  |p  (f.v)  P  (5.20-6) 


Time  derivatives  of  order  higher  than  the  second  have  been  omitted  from 
these  expansions. 

In  the  evaluation  of  <£  [Pj.dS  pf  it  will  be  observed  that  radially 


opposite  surface  elements  are  associated  with  reversed  directions  of  r 
and  dS. 


Hence  each  term  in  the  expansion  of  [P]  which  suffers  a  like  reversal 

of  sign  will  disappear  upon  integration.  This  eliminates  the  fourth, 
fifth  and  sixth  terms  of  equation  (5.20-5).  For  the  same  reason  the 
third  and  fourth  terms  of  equation  (5.20-6)  are  eliminated  in  the 

Integral  j  ^5  [||  .dS 


We  find  that 
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[P] .dS  +  -^2 
ri  cr 
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3c  at 
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so  that 


falc  -  fMc  +  5'F  +  ^2  ^  +  (5-20-7) 

E^nt  must  be  evaluated  by  direct  summatior  of  the  contributions  of 
Individual  doublets  as  expressed  by  equation  (5.16-1),  viz 


E 


int 


£  [-&  * 


dp 

dt 


cr 


r  +  ~~7~  3 
c^r3 


(5.20-8) 


It  is  clear  that  this  component  of  E^ ^  will  vary  wildly  from  one  doublet 

to  the  next  and  that  it  is  not  possible  to  proceed  analytically  until 
some  choice  of  configuration  is  made. 


We  will  consider  only  the  simplest  case  -  that  In  which  the  doublets  are 
located  at  the  vertices  of  a  cubic  lattice  and  are  of  equal  instantaneous 
vector  moment.  The  point  0  will  be  taken  to  coincide  with  one  of  the 

doublets  and  E.  _  will  be  determined  for  all  doublets  other  than  that  at 
mt 

0.  On  expanding  equation  (5.20-8)  in  rectangular  coordinates  and  taking 

the  terms  in  consecutive  pairs  we  find  that  the  x  component  of  E  may 
be  expressed  as  n 


(2x2-y2-z2) 

175 


Ipx)  +  JF  tpyi 


y 


+ 


rd2P“i 

*  dt^ 


(5.20-9) 


The  x  and  y  components  follows  from  cyclic  permutation. 

By  pairing  doublets  having  equal  values  of  x  and  r  and  equal  and  opposite 
values  of  y  and  z  it  is  found  that  the  cross  products  In  each  line  cancel 
in  the  sum.  Further,  since  the  rotation  of  one  coordinate  plane  Into 
another  about  0  leaves  the  bounded  lattice  occupying  the  same  points  of 
space,  we  have 


(2x:-y2-z2 


1  V  (2x2-y2-!2)  4  (2v2-*2-x:  )  +  f  2z*  -x*  -y*  3 
3  rT  rT  r 
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c‘rJ  3  c*  r 5  c*r  c‘rT  3c* 


and 


0 
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Hence 


if  we  restrict 
Then 


int 

to  the 


- 

3c?  dt2  / 
leading  term. 


1 

r 


(5.20-10) 


mic 


E 


mac 


irP  + 


4*6*  3*P  2  dip  V  1 
3c*  at*  ~  3c*  dt*  /  r 


(5.20-11) 


where  all  terms  are  evaluated  at  0. 


Since  equation  (5.20-11)  holds  independently  of  the  value  assigned  to  6, 

provided  that  t.  contains  a  large  number  of  elementary  cells,  the  sum  of 
o 

the  last  two  terms  must  be  constant.  Thus  if  6  +  A6  replaces  <5,  the 
Increment  in  the  final  term  may  be  written  as  the  integral 


2  32P 

3c* 


6+A<5 


4irr2 


dr  ■ 


-8tt$A6  32P 

"3c*-  3t2 


This  is  seen  to  be  equal  and  opposite  to  the  increment  in  the  penultimate 
term,  as  required.  This  procedure  does  not,  of  course,  legitimise  the 
extrapolation  of  the  Integral  form  of  the  final  term  beyond  some  minimum 

value  of  6;  it  is  ultimately  necessary  to  evaluate  the  series 

When  this  is  carried  out  for  a  relatively  small  number  of  doublets 
centred  upon  0  it  is  found  that  the  last  two  terms  of  equation  (5.20-11) 
very  nearly  cancel.  (Ex. 5-91.  and  5-92.,  p.  552.)  Hence  for  this 
particular  configuration  of  doublets  within  the  microscopic  field 
strength  at  0  is  given  by 


E 


mic 


E  + 


mac 


(5.20-12) 


The  microscopic  B  field  within  a  volume  distribution  of  whirls  may  be 
determined  in  a  similar  manner. 

Since 


■  ic 


curl  (cavity)  j^[M]*grad  -  - 


r 

cr* 


dx  +  Blnt  (5.20-13) 
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Baac  *  curl  j  ?  -  jl  ■  £  d’ 


f  5 . 20-  1 «.  ' 


it  follows  from  Table  8,  pp.  465-6  that 


Baic  -  lmac*  j  [,CUrl  M1  x  fs  +  [ft  curl  *  -  c1\  dT 


(5.20-15) 


+  f  [<dS«[S])  X  £3  +  (dS  »  jjf  )  *  ^5  ♦  » 


lnt 


When  the  scalar  components  of  M  can  be  adequately  represented  within  r. 

—  3  —  4 

by  expressions  of  the  type  (5.20-4),  curl  M  and  —  curl  M  have  constant 

d  t 

values  at  each  Instant  and  the  volume  Integral  of  (5.20-15)  vanlshes^froa 

_  ! 

symmetry.  By  expanding  f M]  and 


_  3P 

about  0  as  shown  for  [P]  and  ~  In 

<?  t 

equations  (5.20-5)  and  (5.20-6)  an3<  evaluating  the  surface  Integral,  we 
obtain 


Wt;  «  3M  .  6  2  32m\  .  8tt  6  {w  6  3ZMX 
3\M  "  c  8t  +  2P  f?)  +  T  l  \5t  *  l  H7/^ 


whence 


\lc  ■  BMC  -  3  *M  +  &  +  5mt  (5-2°-,B) 

On  comparing  this  result  with  equation  (5.20-7)  and  noting  that  the  value 

of  Blnt  deriving  from  a  single  whirl  is  identical  with  the  value  of 

deriving  from  a  single  doublet  (with  m  replacing  p) ,  we  see  that  for  a 

cubic  lattice  distribution  of  whirls  within  r.  the  microscopic  B  at  the 

6 

central  whirl  due  to  all  others  is  given  by 

Bmlc  ’  \ac  -  5  (5.20-17) 


We  turn  now  to  a  consideration  of  the  microscopic  B  field  of  a  volume 
distribution  of  doublets. 
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Since 


mic 


curl  (cavity)  i  /  i 


T-T, 


3P 

3t 


dx  +  B 


int 


(5 . 20-18) 


and 


mac 


curl  - 
c 


1 

r 


3P 
3 1 


dx 


(5.20-19) 


3P 


it  follows  from  Table  6,  pp.  443-4,  with  —  replacing  J,  that 

3 1 


B  .  ■  B 

mic  mac 


I  [ 

r 

3P 

c  J 

L 

_3t_ 

x  grad  - 


32P 

3^ 


x  dx  +  B .  , 

crz)  int 


(5.20-20) 


On  expanding 


3P 


3t 


in  a  Taylor  series  about  0  as  far  as  the  second  space 


and  time  derivatives,  we  find  that  the  volume  integral  becomes 


xS  x  (7*v> 


cr2  X  (r,7)  It2  +  l32  X  (r-7)  01  dT 


1  3s  x  (r-v)  S) dT 


-2tt62  ,  SP 

—  CUrl  II 


whence 


B 

mac 


2t r($2 
3c 


curl 


3P 

3t 


+ 


From  equation  (5.16-3) 


(5.20-21) 


(5.20-22) 


As  required,  the  integral  form  of  (5.20-22)  is  of  equal  value  and 
opposite  sign  to  the  middle  term  of  (5.20-20). 
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Sine*  eh*  possibility  of  non-zero  second  space  derivatives  of  has  been 

entertained  In  the  derivation  of  equation  (5.20-21)  the  expression 

3P 

remains  valid  If,  at  each  Instant,  the  scalar  components  of  curl 
maintain  a  constant  slope  within  t 

For  the  lattice  type  of  doublet  distribution  previously  considered,  1. 

_  lot 

vanishes  at  0  from  symmetry  and  curl  P  -  3.  Hence  equation  (5.20-21) 
reduces  to 


mlc 


(5.20-23) 


Finally,  we  Investigate  the  microscopic  E  field  of  a  volume  distribution 

of  whirls.  In  this  case  E  •  -  -  since  a  fully-compensated  whirl 

c 

does  not  give  rise  to  a  scalar  potential,  hence 


mlc 


d_ 

dt 


I  fl"l' 


grad 


1  .  j  1 

r  [a 


sm; 


r 

C-Pj 


dt  +  E 


lnt 


or 


mlc 


-  E 


4  c  J  Oil 


j  3M i  .  1  fl2M( 

ill] *  *rad ;  *  (jpJ 


r 

cr 


d-r  +  E 


lnt 


(5.20-24) 


From  equation  (5.16-10) 


E 


int 


*  grad  ^ 


\d2Z\ 


(5.20-25) 


It  is  seen  that  equations  (5.20-24)  and  (5.20-25)  are  formally  Identical 

with  (5.20-20)  and  (5.20-22)  where  E  replaces  B,  and  (-M)  and  (-m) 

replace  P  and  p,  consequently  equations  (5.20-21)  and  (5.20-23)  transform 
to 


Emic 


Emac  +  TT  I?  +  \nt 


(5.20-26) 


and 


mlc 


E 

mac 


(5.20-27) 
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5-87.  Derive  the 


following  alternative  to  equation  (5.20-20): 


nlc 


T6 


+  B 


Int 


[curl  if]  *nd  jjf  ;|out  0 

ierlvatlves  of  curl  r- 


Expand  | curl 
space  derivatives  of 
and  surface  Integrals 


3t 

reduce  to 


are 


,  assuming  that  the  second  and  higher 
negligible,  and  show  that  the  volume 


zl x4_2 


curl 


n 

3t 


+ 


and 


4tt62 

3c 


curl  ^  - 


4ir63 

3c^~ 


.  32P 
curi  jp 


Hence  confirm  equation  (5.20-21). 


5-88.  Show  that  equations  (4.21-11)  and  (4.21-27)  are  time-invariant  forms  of 
equations  (5.20-12)  and  (5.20-17). 


5-89.  Extend  equation  (5.20-11)  and  the  equivalent  form  of  equation  (5.20-16) 
to  include  third  order  time  derivatives,  and  show  that  In  each  case  the 
additional  terms  cancel. 


5-90.  Show  that  the  neglect  of  third  and  higher-order  time  derivatives  in 
equations  (5.20-21)  and_  (5.20-26)  Imposes  an  upper  limit  on  the 

3P  3M 

permissible  values  of  and  which,  in  terms  of  the  period  T  of 
sinusoidal  oscillation,  may  be  expressed  as  T2  »  (6/c)2. 

5-91.  If  the  edge  of  a  simple  cubic  lattice  element  Is  of  length  d  and  there 
are  N  doublets  within  the  region  t.,  show  that  equation  (5.20-11)  may  be 
approximated  by  6 


5] 

5-92.  A  cubic  lattice  structure  of  overall  dimensions  4d  x  4d  x  4d  has  half  of 
Its  constituent  cubes  removed  to  give  It  a  roughly  spherical  outline  as 
represented  in  plan,  front  and  side  elevation  by  the  accompanying 
figure.  Doublets  of  equal  instantaneous  moment  are  located  at  each  of 
the  vertices. 
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Evaluate  tha  third  tera  of  the  axpraaalon  in  cha  previous  exercise  and 
so  demonstrate  Chat  Its  two  components  cancel  to  within  a  few  percent  of 
their  individual  values. 


f 

1 

1 

1 

1 

t 

1 

i 

1 

1 

he -  4d  - 

l 

1 

- 

Figure  to  Ex. 5-92. 


5.21  Maxwell's  Equations 

It  Is  evident  from  earlier  considerations  chat  macroscopic  source 
densities  are  so  defined  as  to  render  the  microscopic  and  macroscopic 
potentials  sensibly  equal  at  points  sufficiently  removed  from  the 
associated  distributions.  The  approximations  fall  at  Interior,  boundary, 
and  immediately  adjacent  exterior  points.  Nevertheless,  the  macroscopic 
potentials  exist  In  their  own  right  once  the  corresponding  source 
densities  have  been  defined,  and  the  results  of  Sec.  5.19  continue  to 
apply  whether  or  not  the  density  functions  derive  from  any  'real*  point 
distributions,  provided  that  the  appropriate  equations  of  continuity  are 
satisfied.  In  particular,  at  points  exterior  to  surface,  line  and  point 

18 

discontinuities  we  have  the  following  macroscopic  relationships 


dal  *  -  -Ax  (p  -  dlv  P)  (5.21-1) 

dal  A  -  ~  +  ||  +  c  curl  (5.21-2) 

dlv  A  -  -  i  ||  (5.21-3) 

Since  the  macroscopic  point  functions  E  and  B  continue  to  be  defined  by 

equations  (5.11-19)  and  (5.11-20),  where  41  and  A  are  macroscopic 
potentials,  It  follows  Immediately  that 


18.  Unless  stated  otherwise  It  will  be  supposed  that  we  are  dealing  with 
an  undivided  source  complex  or  a  complete  subsource. 
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div  B  -  0  (5.21-4) 

curl  E  -  -  i  ||  (5.21-5) 

C  dt 

These  equations  duplicate  those  derived  previously  for  the  microscopic  B 

and  E  fields.  (Since  scalar  densities  are  not  involved  they  continue  to 
hold  for  an  incomplete  source.) 

In  addition. 


or 


and 


div  E 


div  (-  grad  4  -  i  ff) 

-  V2(j>  +  -  “  dal 


div  E  =  4ir(p  -  div  P) 


(5.21-6) 


or 


curl  B 


curl  curl  A 


i  (-  grad  *) 


,  -  x  1  3E 

"  dal  A  +  c  it 


grad  div  A  -  V2A 
-  V2A 


curl  B 


c  \  3t 


+  c  curl  M 


,  1  8E 
c  3t 


m 


(5.21-7) 


Equations  (5.21-4)  to  (5.21-7)  are  known  as  Maxwell’s  equations.  If  we 
define  new  vector  point  functions  D  and  H  by 


D  »  E  +  4ttP 


(5.21-8) 


-  B  -  4ttM 


H 


(5.21-9) 


Sec. 5. 21] 


RETARDED  POTENTIAL  THEORY 


555 


then  Maxwell’s  equations  take  the  form 


div  B  =  0 


(5.21-4) 


curl  E 


1  3B 
c  at 


(5.21-5) 


div  D  *  4irp  (5.21-10) 

m 

curl  H  =  j  +  I  f!  (5.21-11) 

It  will  be  seen  that  D  and  H  are  mixed  functions  in  the  sense  that  they 
combine  density  fields  with  potential  derivatives.  They  are  essentially 

macroscopic  functions  and  reduce  to  E  and  B  at  points  beyond  the  source 
(or  subsource) . 

It  is  common  practice  to  associate  with  Maxwell’s  equations  a  set  of 

boundary  conditions.  These  describe  the  behaviour  of  E,  D,  B  and  H  at 

surfaces  of  discontinuity  of  the  volume  densities  p,  J,  P  and  M,  and  at 

surfaces  of  non-zero  o  and  K;  line  sources  and  surface  distributions  of 
doublets  and  whirls  are  not  taken  into  account.  The  relevant 
relationships  have  been  derived  in  earlier  Sections  -  in  particular. 
Secs.  5.5,  5.6  and  5.8,  to  which  the  reader  should  refer. 

If  the  regions  bounded  by  the  two  sides  of  the  surface  of  discontinuity 
are  denoted  by  the  subscripts  1  and  2,  and  the  corresponding  outward 
normals  likewise,  then 

A.  _  A  _  A_  _  _A 

nj.Ej  +  n2.E2  =  -4tt  (cr  +  nx.Px  +  n2.P2)  (5.21-12) 


or 


A  A 

nj.Dj  +  112.D2  =  -4ir  a 


(5.21-12(a)) 


A _  _A  __ 

nj  x  Ej  +  n2  x  E2  =  0 


(5.21-13) 


_A  _  A_ 

ni .  Bi  +  n2 .  B2  =  0 


(5.21-14) 


_A  _  _  .  _  _  _  _A 

nl  x  Bi  +  n2  x  B2  =  (K+c (Mx xnx )+c (M2xn2) }  (5.21-15) 
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or 


±  _  A  _ 

nx  x  Hi  +  n2  x  H2  =  —  K  (5.21-15(a)) 

c 

It  will  be  appreciated  that  since  no  restriction  has  been  imposed,  in  the 
present  work,  upon  the  relative  configuration  of  the  various  components 
of  a  composite  source,  a  surface  of  non-zero  a  need  not  be  a  surface  of 

discontinuity  of  P  nor  need  a  surface  of  discontinuity  of  M  be  associated 

with  a  surface  current  K.  Appropriate  substitution  in  (5.21-12) 
and  (5.21-15)  modifies  these  equations  as  required. 

The  boundary  relationships  may  also  be  expressed  in  terms  of  the 
previously  adopted  A  notation  which  assigns  a  common  arbitrary  sense  of 
the  normal  to  each  side  of  a  given  surface.  We  then  have 


A  A 

A  (n.E)  =  4tt  (a-A(n.P)) 


(5.21-16) 


or 


A(n.D) 

A 

A(nxE) 

A 

A(n.B) 

A(n*B)  =  “ 


-  4ttc? 

=  0 

0 

__  A_ 

(K-Ac(Mxn)) 


(5.21-16(a)) 

(5.21-17) 

(5.21-18) 

(5.21-19) 


or 

21  _  Air  — 

A (n*H)  -  —  K  (5. 21-19 (a) ) 

c 

The  above  equations  continue  to  hold  at  bounding  surfaces  of  incomplete 
sources. 


Integral  forms  of  Maxwell's  equations  may  be  derived  by  appropriate 
application  of  the  divergence  theorem  or  Stokes's  theorem.  In  general  it 
becomes  necessary  to  divide  the  region  of  integration  into  subregions  in 
which  the  first  field  derivatives  are  continuous,  and  so  to  express  the 
required  integral  as  the  sum  of  a  set  of  integrals.  These  will  include 
paired  integrals  over  interior  lines  or  surfaces  of  discontinuity  which 
must  be  evaluated  in  accordance  with  the  relevant  boundary  conditions. 


Sec. 5.21  ] 


RETARDED  POTENTIAL  THEORY 


557 


On  proceeding  in  thle  way  we  find  Chat 


h 


B.dS  -  0 


(5. 21-20) 


ie  B  is  adenoidal, 
and 


j  D.dS 
S 


4* 


pdi  +  4ir 


T 


a  dS 
S1 »S2  •  • 


(5.21-21) 


where  t  comprises  che  subregions  tj .  T2«*  ancloaed  by  S  and  bounded 
Internally  by  Sj ,  S2 . . .  . 

We  have  also 

j>  E. dr  -  ~  ~  h  [  B.dS  (5.21-22) 

r  s 


where  S  spans  T  and  comprises  the  subregions  Sj ,  S2 . .  bounded  internally 
by  the  contours  rt .  r2 . •  which  are  defined  by  the  intersection  of  the 
surfaces  of  discontinuity  with  S.  Since  the  vector  tangential  component 

of  E  is  continuous  through  a  surface  of  discontinuity  in  accordance  with 

equation  (5.21-13)  the  resolved  parts  of  E  along  I*j»  r2.*  are  equal  on 
either  side  of  each  contour,  but  the  line  Integrals  cancel  in  the  sum 
because  of  reversed  currencies. 

Finally, 


f  «.<*  -  f  (£■  J  +  l  iD'dS  +  jlr\  (5.21-23) 

r  s  r1(r2.. 


where  is  the  component  of  K  normal  to  Tj.  r2.«  in  the  direction  of  the 
positive  sense  of  S  as  defined  by  circulation  around  T. 

The  equality  may  be  expressed  in  the  form 


f 


H.dr 


r 


• 

c 

S 

(5.21-24) 


where  C  is  the  total  rate  of  transfer  of  source  strength  through  S  le  the 
macroscopic  current  through  S  (p.  522). 
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It  Is  clear  that  equation  (5.21-24)  will  continue  to  hold  In  the  presence 
of  volume  currents  having  such  density  and  form  as  to  approximate  line 
currents  which  cut  S.  Line  currerts,  per  se,  are  awkward  to  handle 

because  E  Is  Infinite  along  the  line. 

19 

A  relationship  of  historical  interest  takes  the  form 

(J  +  h  fi)  -  0  <5-2‘-25> 

This  follows  Immediately  from  equation  (5.21-11)  and  indirectly  from 
equations  (5.17-15)  and  (5.21-10). 

In  the  absence  of  interior  line  and  surface  currents 


f  (J  +  k  ll)dS  '  0  (5.21-26) 

s 


since  a  combination  of  the  time  derivative  of  equation  (5. 21-12 (a))  with 

-  -  -  -  3o 

nl • Ji  +  n2.J2  -  aT 


yields  the  required  boundary  condition  for  the  cancellation  of 
contributions  from  surfaces  of  discontinuity.  In  the  presence  of  line 
current  approximations  or  of  surface  currents  which  cut  S, 
equation  (5.21-26)  is  replaced  by 


*C  +  f  h  ft,dS  “  °  (5.21-27) 

S 

where  AC  is  the  net  macroscopic  current  entering  the  enclosure.  It  then 
follows  that  two  simple  oj>en_surfaces  bounded  by  the  same  contour  exhibit 

equal  values  of  C  +  ~  J  |^-.d1s  when  assigned  a  common  sense  of  the 

normal.  This  will  be  seen  to  be  a  necessary  condition  for  the  validity 
of  equation  (5.21-24),  since  no  restriction  is  imposed  on  the  shape  of 
the  surface  S  which  spans  T. 


19.  Possibly  £he  most  famous  of  all  in  an  electromagnetic  context:  the 

l  3E 

component  -j—  Is  Maxwell's  so-called  'displacement  current  in  free 
space' . 
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EXERCISES 


5-93.  Let  i  be  defined  by  equation  (5.19-l(a))  and  A  by  (5.19-3).  In 
addition,  let  a  scalar  point  function  4  be  defined  by 


— dx  +  dS  +  — =-  ds  +  ) 

r 


[Pi. grad  -  - 

SI  T 


"ap  " 

-1 

m 

J 

•cVj 

>  dt  +  r‘ 

[PM  .grad  ; 
m  r 


3P1 

_ m 

_  at 


r< 

'  cr‘ 


dS 


where  p  ...P  are  the  macroscopic  densities  of  certain  singlet  and 
m  m 

doublet  distributions  which  have  no  connection  with  p...P. 

Further,  let 


where  J  ■  p  v  etc,  so  that  identical  equations  of  continuity  hold  for 
m  m 

the  m-type  distributions  as  for  the  conventional. 

Show  that  if 


E  -  -  grad  ♦  -  j  -  curl  *m 


D  -  E  +  4ttP 


.  3  A 

B  -  curl  A  -  grad  4 - r— ^  +  4irP 

m  c  d  t  m 


H  -  B  -  4irP  -  4irM 
m 


then  at  points  displaced  from  point,  line  and  surface  sources 


div  B  ■  4irp 

m 


curl  E 


1  3B  _  4rr  -= 
c  3t  c  m 


div  D  “  4irp 


560 


FIELD  ANALYSIS  AND  POTENTIAL  THEORY 


curl  H  -  —  J  ♦  ! 

c  c  )t 

Th*«*  art  known  as  the  Haavlal de-Maxwell  equations. 

5-94.  In  a  CMposiea  source  ayitn  characterised  by  the  denatty  functions 

°*  J»  *’  *  together  with  their  m-type  equivalents,  show  that  when  E,  5, 
B,  H  are  defined  as  In  the  previoue  exerclae.  the  boundary  conditions 


A 

°1*D1  +  »2-^2  "  -**o 


n,  *  El  +  n2  a  E2  -  £ 
i  —  ^ 

nl*®l  +  n2’®2  “  -4*0^ 

1  * 

ni  x  M  V  h2  "  * 


5-95. 


Deduce  from  the  results  of  Ex. 5-93.  that  if,  in  a  conventional 
source,  whirls  are  replaced  by  m-type  doublets.  Maxwell’s 
continue  to  hold  provided  that 


composite 

equations 


E  -  -  grad  curl  A 

C  ®C  ID 

D  -  E  +  4tP 

,  3A_ 

H  -  curl  A  -  grad  *  -  -  — - 

m  c  8t 

B  -  H  +  4*P 

D 


where 
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5-96.  A  short  cylindrical  source,  which  is  characterised  by  the  density 

functions  p,  a,  J,  is  cut  once  by  a  simple  surface  Sj  bounded  by  the 
contour  T.  A  second  surface  S2  bounded  by  T  does  not  cut  the  cylinder 
at  all.  Show  that 

+ 1  /  lf-d? 

r  sx  sx 

Now  replace  p,  a,  J  by  P,  as  discussed  in  Ex. 5-78.,  p.  541,  and  arrive 
at 

■  m 


Demonstrate  that  the  two  equations  are  consistent. 


3E 

Note  that  the  two  source  complexes  are  equivalent  with  respect  to  at 


interior  points  but  not  ~ 

O  t 


5-97.  A  source-free  region  x  is  bounded  by  the  surfaces  Z.  Make  use  of 

the  volume  integral  of  the  expansion  of  div(ExB)  and  Maxwell's  equations 

to  show  that  E  and  B  are  uniquely  defined  throughout  t  for  t  £  0  if  E 

—  A  _  A  _ 

and  B  are  specified  throughout  x  at  t  =  0,  and  either  n  x  E  or  n  x  B  is 

specified  upon  S.  Z  for  t  S  0. 

1 .  .n 


5.22  The  Macroscopic  Vector  Fields  E,  D,  B,  H 


5.22a  Fields  of  macroscopic  singlet  distributions 

The  E  and  D  fields  of  a  complete  source  comprising  volume  and  surface 
singlets  is  given  by 


,  .  1  3A 

=  -  grad  *  -  - 


-  grad 


Ip] 

r 


dx  -  grad 


ds  -  ^ 
r  cz 


d_ 

3t 


[J] 


1  3 


[K] 


L  w  J  J  _  w  L1VJ 

T  dx  "  ?  at  ~r~ 


dS 
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whence,  at  points  exterior  to  the  surfaces, 


E  =  D 


l  [p]  ^3  dT 

T 


h  dS 
r  J 


f  X 

Ifi 

I  ^ 

at 

T 


(5.22-1) 


1 

c2r 


chJ 

3t 


dT  -  I  i 


c^r 


9K 


at 


dS 


The  subscript  t  takes  account  of  all  volume  distributions  involving  p 

and/or  J,  and  the  subscript  S,  all  surfaces  involving  o  and/or  K,  whether 

open  or  closed.  It  is  supposed  that  K  is  continuous  at  interior  points 

of  S  and  that  the  component  of  K  normal  to  the  bounding  contour  of  an 
open  surface  is  zero.  This  eliminates  the  need  to  consider  line  sources 
in  the  present  context. 

It  is  seen  that  equation  (5.22-1)  expresses  E  as  the  sum  of  inverse- 
square-distance  terms  involving  the  scalar  source  densities,  and  inverse- 
distance  terms  involving  the  first  time  derivatives  of  the  scalar  source 
densities  and  current  densities.  When  the  source  is  complete,  (5.22-1) 

3d  30 

may  be  transformed  into  an  expression  in  which  the  terms  in  and  —  are 
replaced  by  terms  in  J  and  K. 

This  is  accomplished  as  follows: 


j  ^5  [div  J]  dx  + 

T 


A 

([divs  K]-[J].n)  dS 


div  [J]  dx  + 


r 

— ? 
cr^ 


r 

cr’ 


aj 


at 


divs  [K]  dS 
m 

(5.22-2) 


4- 


/  r  x_ 

3K 

J  cr2  cr* 

_at 

S 

j  [J]-dS 
S 


The  final  surface  integral  is  double-sided  when  associated  with  an 

interior  surface  of  discontinuity  of  J  and  single-sided  when  associated 
with  a  bounding  surface  of  the  source  or  subsource. 

(x-xq) 

By  expansion  of  div  ~~^2. —  [J]»  subsequent  volume  integration,  and 
conversion  to  vectorial  form,  we  find  that 
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jf  ^2  UMS  -  j  £ 1  div  [J]  dr  +  [J]  dx  -  2  J  ^4  r.  [J]  dr  (5.22-3) 

S'  T1  X*  t' 

where  S’  is  the  surface  or  surfaces  bounding  some  particular  region  t'. 

This  result  holds  both  within  and  without  t'  since  it  is  easily  shown 
that  at  interior  points  of  r1  the  individual  volume  integrals  are 
convergent  and  the  surface  Integral,  when  taken  over  a  6  sphere  about  the 
origin  of  r,  approaches  zero  as  6-M). 

By  a  similar  transformation 

j  tKJ.o’  ds  -  j  ~2  divs  [K]  dS  +  j  ^5  [Kj  dS  -  2  J  ^ 4  r.[K]  dS 

p"  g*»  gH 

(5.22-4) 

* 

Here,  n*  is  tangential  to  the  surface  S”  and  normal  to  its  bounding 

_  A 

contour  or  contours  r*'*  Since  K.n'  has  been  supposed  to  be  zero  when  S" 

is  open,  and  K  is  continuous  upon  a  closed  surface,  the  left  hand  side  of 
equation  (5.22-4)  vanishes  in  all  cases. 

Upon  substituting  equations  (5.22-3)  and  (5.22-4)  in  (5.22-2)  we  obtain 


J. 

cr 


[J]  dx  +  2 


cr 


£  r. [J]  dx  + 


dx  - 


+  2 


“5  r.[K]  dS  + 


dS 


S  S 

whence,  at  points  exterior  to  the  surfaces, 


A  A 


where  Jr  ■  J.r  r  and  Jt  ■  J  -  Jf 


dx 


(5.22-5) 
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Jr  Is  seen  to  be  the  vector  projection  of  J  upon  the  line  joining  dT  to 
the  point  of  evaluation  of  E,  and  is  the  corresponding  transverse 
component20. 

It  is  noteworthy  that  the  transformation  of  equation  (5.22-1)  into 

(5.22-5)  has  allowed  us  to  express  the  Inverse-distance  component  of  E  in 
terms  of  the  first  time  derivatives  of  the  transverse  current  densities 
alone . 

The  contribution  to  E  of  line  currents  (and  associated  point  sources ,  if 
any)  may  be  shown  to  be 

E  -  5  -  -  I  [»]  fs  d .  -  ^  fa  -  /  ^5  ntl  d.  +  f  ^5 

-/  a[SN 

JT 

It  is  also  possible  to  express  the  time-dependent  component  of  E  entirely 
in  terms  of  the  current  densities,  their  time  derivatives  and  their  time 
Integrals  from  an  arbitrary  time  datum.  This  is  the  subject  of 
Ex. 5-101.,  p.  571. 


The  evaluation  of  B  is  straightforward.  For  the  general  case 


B  -  H  -  curl  - 

—  dr  +  curl  - 

III  dS  +  curl  - 

fid. 

c 

r  c 

■ 

r  c 

r 

[Ir]  ds 
(5.22-6) 


20.  It  should  be  noted  that  the  term  ’transverse  current  density'  is 
sometimes  employed  by  other  writers  with  the  following  connotation: 


Jt  *  ^  -  h  grad  ft  wh#r*  ♦  “  j  ?  dT 
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whence,  at  points  exterior  to  the  line  and  surface  sources. 


—  3J  —  t 

It  Is  clear  that  J  and  ^  may  be  replaced  by  and  (and  likewise  for 

K  and  I)  In  the  above  formula. 

Since  scalar  source  densities  do  not  enter  into  these  expressions  they 
hold  equally  for  complete  and  incomplete  subsources. 

Under  certain  conditions  of  symmetry  the  evaluation  of  B  or  H  in 
accordance  with  (5.22-7),  and  the  subsequent  evaluation  of  curl  H, 
permits  of  a  determination  of  the  time-dependent  component  of  E  via 


curl  H 


1  3E 
c  at 


However,  the  latter  relationship  was  derived  on  the  assumption  of 

subsource  completeness,  and  the  value  of  E  obtained  In  this  way  is 
consequently  that  appropriate  to  an  undivided  source  or  complete 
subsource  although  the  parent  source  may  have  been  Incomplete. 

5.22b  Fields  of  macroscopic  doublet  distributions 

In  the  presence  of  volume  and  surface  distributions  of  doublets  the  value 
of  E  at  exterior  points  of  the  surfaces  is  given  by 


-  grad  div  j  21  dt  +  grad  dlv  [  dS  -  ^  j  III  dr 

T  VS  T 

(5.22-8) 

-ts/p- 
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or 


E 


grad  dlv  JI^ 


(5.22-8(a)) 


Also 


D  -  E  +  4irP  -  grad  div  II  -  p  |p  II  e  - 


dal  H 


grad  dlv  II  -  72I I 
®  e  e 


D  •  curl  curl  H 


(5.22-9) 


It  follows  from  equation  (5.22-8)  and  equation  (17)  of  Table  6,  p.  446, 

with  P  replacing  J,  that  the  contribution  of  the  volume  distribution  to  E 
at  interior  points  may  be  expressed  In  the  non-convergent  form 


-  jf]-v)  d* +  & r- 


3P 

„  r  - 

32P 

1 

32P 

3t 

+  r. 

[|?J 

c2r 

- 

dx 

(5.22-10) 


+  r^o  j  *rad  ;  -  s-!o  f  tP1-ds  *Md  ; 

X-X*  S' 


Llm 


At  exterior  points  this  reduces  to 


f  f  [PI  .  3r  -  1 

—  xen 

3P 

A  3r  - 

3P 

.  r  — 

32P 

1 

3  2  pl 

1 

j  [-  y +^r-ipi  -  ^ 

i! 

+  — c  r. 
crH 

_3t 

+  r. ; 

czrJ 

Jt i 

JPj 

J' 

(5.22-11) 


It  will  be  observed  that  this  expression  is  the  integral  form  of  the 
field  of  a  microscopic  doublet  (5.16-1),  as  would  be  expected. 

The  contribution  to  E  of  surface  sources,  at  exterior  points  of  the 

surfaces,  takes  the  form  of  equation  (5.22-11)  with  P  replaced  by  P'  and 

dx  replaced  by  dS.  Equation  (15),  p.  445,  allows  us  to  express  the  E 
field  of  a  volume  distribution  of  doublets,  at  Interior  and  exterior 
points,  as  a  combination  of  Inverse-square-distance  and  Inverse-distance 
terms.  We  obtain 


S«c. 


5.22] 


RETARDED  POTENTIAL  THEORY 


567 


E  - 


(div  P]  fj  +  [ji  div  pj  Jl]  dr  -  £  j  |  [Iff]  dT 


(5.22-12) 


[fi  +  ^ 


.dS 


where  S  Includes  interior  surfaces  of  discontinuity  in  addition  to 
bounding  surfaces. 


The  B  and  H  fields  of  volume  and  surface  distributions  of  doublets  are 
given  at  exterior  points  of  the  surfaces  by 


B  -  H 


curl  - 
c 


f  i 

3P 

1  r 

3t 

T 


dr 


+  curl 


i  (Ip; 

r  j)t 


dS 


«  -  curl  II 
c  3t  e 


(5.22-13) 


P 


dx 


dS 


(5.22-14) 


The  contribution  of  a  volume  distribution  alone  may  also  be  written  for 
all  points  as 

I  -  5  -  I  /  |  [c«rl  f|]  dT  -  i  f  dS  x  1  [g  (5.22-15) 

T  S 

where  S  comprises  interior  surfaces  of  discontinuity  together  with 
bounding  surfaces. 
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5.22c  Fields  of  Macroscopic  whirl  distributions 

In  the  presence  of  volume  and  surface  distributions  of  whirls  the  value 
of  B  at  exterior  points  of  the  surfaces  is  given  by 


B  -  curl  I  j[M] *grad  £  -  |f  *  & 


+  curl  /  J[M']xgrad  -  - 


BtJ  CT2) 


dS 


■  curl  curl 


/? 


dt  +  curl  curl  |  dS 

S 


/El 


(5.22-16) 


B  -  curl  curl  II 

m 

•  «rad  div  ■ dai 


(5.22-17) 


whence,  at  interior  points  of  the  volume  distribution, 

B  -  grad  div  I  -  K  I  +  4irM  (5.22-18) 

m  C  dt  IB 

and  at  both  interior  and  exterior  points 

H  -  grad  div  nm  “  p  ff?  \  (5.22-19) 

Alternatively,  from  equation  (5.22-16)  and  equations  (17)  and  (21)  of 
Table  6,  pp.  446-7,  with  M  replacing  J,  the  contribution  of  the  volume 
distribution  to  B  at  interior  points  becomes 


•  •  /  [(-!•')  i  •  i  '■!  *  *  -m  -  *  [If 

T 

+  4,5  +  iuo  |  ([“!•»)  grad  i  dT  -  j  [Ml.dS  grad  i 


dr 

(5.22-20) 


S' 


T-T 
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Beyond  the  source 


T 


(5.22-21) 

The  contribution  of  surface  sources  to  B  at  points  exterior  to  the 

surfaces  takes  the  font  of  equation  (5.22-21)  with  M'  replacing  M  and  dS 
replacing  dr. 

Further*  it  Is  seen  from  (5.22-16)  and  equation  (22),  p.  447,  that  at 
both  Interior  and  exterior  points  of  a  volume  distribution  of  whirls 


where  S  Includes  both  interior  surfaces  of  discontinuity  and  bounding 
surfaces. 


The  E  and  D  fields  of  volume  and  surface  distributions  of  whirls  are 
given  at  exterior  points  of  the  surfaces  by 


E  »  D 


[M]*grad  -  - 


dt 


i  L  [ 

c  3t  I 
S 


[M' ]xgrad  i 


dS 


1  L. 

c  3t 


curl 


S 
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or 


E  -  D  -  -  -  curl  f-  II  (5.22-23) 

c  o  t  m 

The  contribution  of  a  volume  source  alone  may  be  expressed  everywhere  as 

1  *  s  '  - ;  /  ?  [k  c"rl  §  dT  +  ;  / x ;  [I 


where  S  Includes  both  Interior  surfaces  of  discontinuity  and  bounding 
surfaces . 

5.22d  Summary  of  formulae  involving  polarisation  potentials 

It  is  of  Interest  to  compare  the  field  formulae  for  doublet  and  whirl 
distributions  when  expressed  in  terms  of  the  associated  polarisation 
potentials.  We  have 


doublet  distribution 


whirl  distribution 


E  -  grad  div  ne  * 


grad  div  -  ^5  I72  nm 


D  «  curl  curl  H 


B  -  curl  curl  II 


8  *  »  ’ 


D  -  E  -  -  -  curl  f-  H 

c  3 1  m 


For  a  mixed  distribution 


E  -  grad  H.  -  fp  I.  -  ;  fi  5.  (5.22-24) 


B  -  grad  div  I,  -  ^5  \  +  J  c«rl  yt  ", 


(5.22-25) 


D  -  curl  curl  It  -  ^  curl  Ir  IT 
e  c  it  m 


(5.22-26) 


curl  curl  ffa  +  i  curl 


(5.22-27) 
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EXERCISES 


5-98.  Prove  equation  (5.22-4). 

5-99.  Consider  In  some  detail  the  possible  geometrical  disposition  of  the 
surfaces  which  appear  In  equations  (5.22-2/4).  Why  may  the  final 
surface  integral  in  equation  (5.22-2)  include  an  open  surface  when  the 
corresponding  surface  In  equation  (5.22-3)  is  necessarily  closed? 

5-100.  Consider  a  volume  distribution  of  neutral  current  which  closes  upon 

Itself.  According  to  equation  (5.22-1)  the  associated  E  field  is  given 
by 


[4- 

3J 

J  Pr 

at 

dr 


and  according  to  (5.22-5)  It  is  given  by 


E  ■  -  J&  [Jt1  dT  +  tJr' dT  -  fzh  Lar 


dr 


Demonstrate  that  the  two  expressions  are  equal  by  splitting  the  current 
flow  into  a  system  of  closed  stream  tubes  and  showing  that  the 
difference  of  the  expressions  may  be  represented  as  the  sum  of  a  set  of 
closed  line  integrals  of  exact  differentials. 

5-101.  Ry  combining  the  result  of  Ex. 5-78.,  p.  541  with  equation  (5.22-11) 

show  that  the  time-dependent  component  of  the  E  field  of  a  complete 

source  characterised  by  J,  p  and  a  may  be  expressed  at  exterior  points 
by 


E 


dt  ~  ZP  [JI  +  ^  +  PP  r* 


2i| 

at 


dT 


-PI  Vtl*‘+Pl  [Jr) 

t 


rV  +  £  [Jr]  -  c^r 
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Show  further  that  at  interior  points 


t 

o 


where  the  first  component  of  the  volume  integral  signifies  the  limit 
which  obtains  when  the  excluding  surface  is  spherical  and  centred  upon 
the  point  of  evaluation. 

5-102.  Derive  the  following  relationship  for  a  complete  line/point  singlet 
source  system. 


5-103.  A  complete  straight-line  source  is  characterised  by  a  uniform 

macroscopic  current  density  I  which  is  a  sinusoidal  function  of  time. 
If  the  length  of  the  source  is  made  to  approach  zero  while  the  current 
density  is  increased  to  maintain  the  product  of  peak  current  density 
and  length  constant,  the  limiting  configuration  is  known  as  a  Hertzian 
dipole. 

By  analogy  with  the  point  doublet,  the  scalar  moment  of  the  dipole  is 
defined  to  be  the  product  of  its  length  and  the  scalar  point  source 
strength  developed  at  the  ends.  Use  the  result  of  Ex. 5-102.,  together 

with  equation  (5.6-30),  to  show  that  the  time-dependent  E  and  B  fields 
of  the  Hertzian  dipole  are  identical,  at  exterior  points,  with  the 
fields  of  a  microscopic  doublet  of  equal  instantaneous  moment,  as 
represented  by  equations  (5.16-1)  and  (5.16-3). 
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5-104.  Use  the  results  of  Sec.  5.22  to  show  that  B  «  R  x  E  at  Infinite 

distance  from  a  mixed  source  of  finite  dimensions,  where  R  is  the  unit 
vector  directed  from  some  point  of  the  source  to  the  point  of 

evaluation.  Hence  show  that  E  x  B.dS,  when  evaluated  at  infinity, 

can  never  be  negative,  and  use  this  result  to  extend  the  uniqueness 
theorem  of  Ex. 5-97.,  p.  561  to  the  case  where  Z  recedes  to  infinity  and 

n  x  E  or  n  x  B  is  specified  over  S,  alone. 

1.  .n 
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CHAPTER  6 


HELMHOLTZ’S  FORMULA  AND  ALLIED  TOPICS 


6.1  Helmholtz’s  Equation 
Helmholtz’s  Formula 


Conditions  for  Uniqueness 
6.1a  The  bounded  scalar  field 

It  is  easily  shown  that  the  asymmetrical  and  symmetrical  forms  of  Green’s 
theorem  (1.17-10/11)  continue  to  hold  when  V  and  U  are  complex  scalar 
point  functions  having  continuous  second  derivatives  within  the 
integration  space.  Thus,  in  the  notation  of  Sec.  1.22, 


and 


u  “dS 

Sl..n£ 


grad  U.grad  V  dr 


T 


T 


f 


~  3V 

;u  3T 


l..n 


*  Hrj 


dS 


I  (U  V2V  -  V  V2U)  dr 


(6.1-1) 


(6.1-2) 


If  V  ■  a  +  jb  where  a  and  b  are  real,  the  complex  conjugate  of  V,  viz  V*, 
is  defined  by  \T*  •  a  -  jb. 

Let  U  -  V*.  Then 


P  *  • 

I  V*  (V2+k2)V  dx  -  k2  v*v  dx  +  grad  V*.grad  V  dx 

X  XX 

(6.1-3) 

where  k2  is  a  real,  imaginary  or  complex  constant. 

Suppose  that  within  the  integration  region  R 

(V2+k2)V  *  0  (6.1-4) 


'v.  3V 

V*3^dS  “ 
Sl..nE 
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and  that,  in  addition,  V  (and  therefore  V*)  or  r~  is  zero  upon  S.  I. 
Then  3n  l**n 


0  -  -  k2 


V*V  dr 


•J 


grad  V*.grad  V  dx 


(6.1-5) 


rv,  ~ 

Now  V*V  and  grad  V*.grad  V  are  everywhere  real  and  positive  or  zero  since 
they  are  respectively  equal  to  (a2+b2)  and  {(grad  a|2+[grad  b|2}.  Hence 
if  k  is  imaginary  or  complex,  equation  (6.1-5)  can  hold  only  if  1 7  is  zero 
throughout  R.  This  result  parallels  that  obtained  for  a  harmonic 
function  in  Sec.  3.2.  However,  the  argument  fails  when  £  is  real  since 
non-zero  Integrals  may  cancel.  Correspondingly,  point  functions  are 
known  to  exist  which  satisfy  equation  (6.1-4)  within  R  and  are  zero  or 
have  zero  normal  derivatives  upon  the  bounding  surfaces.  These  are 
called  eigenfunctions  and  the  associated  values  of  k  are  known  as  eigen¬ 
values. 


Equation  (6.L-4)  is  the  homogeneous  scalar  Helmholtz  equation.  It  is  of 
considerable  importance  because  many  of  the  differential  equations  of 
mathematical  physics  can  be  expressed  In  this  form.  When  "k2  »  0  it 
reduces  to  Laplace's  equation. 


If  equation  (6.1-4),  with  k  imaginary  or  complex,  is  satisfied  everywhere 
outside  S1  and  the  surface  Integral  over  l  in  (6.1-3)  vanishes  as  l 

it  follows  that  V  will  be  zero  everywhere  outside 

For  this  exterior  case,  however. 


recedes  to  infinity. 


S.  if  or  is  zero  upon  S, 
i  • .  n  on  i .  ,n 


it  may  be  shown  that  the  result  continues  to  hold  when  k  is  real, 
provided  that  certain  boundary  conditions  are  satisfied  at  infinity.  The 
matter  is  discussed  in  detail  in  Sec.  6.1c.  Meanwhile,  the  above 
considerations  lead  directly  to  the  following  uniqueness  theorem: 


If  k  is  an  imaginary  or  complex  constant  and  if  (V2+k2)V  is  a  specified 

function  of  position  in  the  region  R  bounded  by  the  surfaces  S,  E,  then 
'v.  1  .  .  n 

V  is  uniquely  defined  within  R  provided  that  any  one  of  the  following 
conditions  is  satisfied. 

~  3V 

(1)  V  or  r—  is  a  specified  function  of  position  upon  S,  Z. 

<>n  l . .  n 


(2)  V  is  constant  over  each  surface  in  turn  and 
for  each  surface. 


~  dS  is  specified 

oD 


(3) 


The  vector  tangential  component  of  grad  V  is  specified  at  each 

J 

point  of  Sj  nE  and  a  —  dS  is  specified  for  each  surface. 


(4) 

(5) 


Jy  ^  a,# 

+  p  V  ■  q  where  p  and  q  are  specified  functions  of  position 
upon  Sf  Z  and  p  is  everywhere  real  and  nowhere  negative. 

1  *  *Q 

One  or  other  of  conditions  (1)  to  (4)  applies  to  each  surface. 
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6. lb  The  bounded  vector  field 

The  results  for  Che  scalar  field  are  applicable  to  each  rectangular 

component  of  a  well-behaved  vector  field  F  so  that  the  specification  of 

(724^)F  throughout  R,  together  with  boundary  conditions  corresponding 

to  those  set  out  above,  render  F  unique  within  R  provided  that  k  is 
imaginary  or  complex.  However,  we  may  also  proceed  in  the  manner 
suggested  by  Sec.  3.7  by  writing 


div  (F*  x  curl  F) 


curl  F.curl  F*  -  F*.curl  curl  F 


-  curl  F.curl  7*  -  F*.grad  div  ¥  +  7*.V27 

^  ^  ^ 
where  F  ■  a  +  jb  and  F*  ■  a  -  jb 

whence 


(F*  x  curl  F).dS  ■  [  curl  F.curl  F*  dx  -  ^  F*.grad  div  F  dx 


Sl..nJ 


(6.1-6) 


+  /  F*.(72+k2)F  dx  -  k2  j  F*.F  dx 

T 


By  proceeding  as  in  Sec,  6.1a  we  may  show  that,  for  imaginary  or  complex 
values  of  k,  F  vanishes  throughout  R  if 

(1)  F  satisfies  the  homogeneous  vector  Helmholtz  equation, 
(72+k2)F  *  0,  throughout  R. 

Csf 

(2)  div  F  is  constant  or  zero  throughout  R. 

Cs>  i  a* 

(3)  n  x  f  or  n  x  curl  F  is  zero  upon  Sj  nE. 

Oi  ~  'vj 

Further,  F  is  uniquely  defined  throughout  R  if  (V2+k2)F  and  div  F  are 

^  ^  <y 

specified  functions  of  position  within  R  and  n  x  f  or  n  x  curl  F  is  a 

specified  function  of  position  upon  S,  E. 

i  •  .n 

^  -x. 

The  individual  specifications  of  (V2+k2)F  and  div  F  may  be  replaced  by 

~  ^  li¬ 

the  specification  of  curl  curl  F  -  k^F. 
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6.1c  The  externally-unbounded  field 
Sommerf eld's  conditions 

J 

1  ikr  ^ 

By  substituting  -  eJ  for  U  In  equation  (6.1-2),  where  r  is  distance 
measured  from  0,  and  proceeding  in  the  manner  of  Sec.  3.3,  we  find  that 


4irV_ 


0 


} 


si..n£ 


j  i  eJ*r  «r2+k*)V  dr 


(6.1-7) 


according  as  0  lies  within  or  without  t. 


No  restriction  is  placed  upon  the  (constant)  value  of  k. 

If  (Vz+k*)V  ■  0  throughout  x#  the  above  relationship  reduces  to 
Helmholtz's  formula,  viz 


fh 


r\j  r\j  /  \ 

i  eJkr  |S  .  9-J_  I  eJkr\ 


3n 


3n 


/J 


dS 


SI..nE 


(6.1-8) 


When  V  satisfies  the  homogeneous  Helmholtz  equation  everywhere  outside 

the  closed  surfaces  S,  ,  the  surface  Z  may  be  removed  to  infinity  and 
l .  .n 

made  spherically  symmetrical,  with  radius  R,  about  some  fixed  point  P  in 
the  vicinity  of  Sj  Then  provided  that  OP  is  finite,  the  associated 

surface  integral  approaches 


•  Aw  'VAJ  Aj  ^ 


This  will  vanish  if 


(6.1-9) 


uniformly  in  all  directions  as  R+®. 

When  k  is  real,  (6.1-9)  is  satisfied,  inter  alia,  by 

R  -  jkV^  -M)  ;  R  V  bounded  as 


R-+® 


(6.1-10) 


These  are  known  as  Sommerf eld's  conditions;  the  first  is  the  'radiation 
condition' * 
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We  now  proceed  to  show  that  if  (V24k2)V  -  0  everywhere  outside  S  ,  and 
rw  ay*  ^  l..n 

if  V  or  ^  is  zero  upon  Sj  then  V  vanishes  everywhere  outside  (and 

upon)  S^  ^  provided  that  appropriate  Sommerfeld  conditions  obtain. 

In  the  present  case  equation  (6.1-3)  reduces  to 


'V*  3  V  /  *Vi 'Vi  , 

V*  dS  -  -  k2  j  V*V  dt  +  /  grad  V*.grad  V  dx 


(6.1-11) 


As  I  recedes  to  infinity,  the  left  hand  side  of  equation  (6.1-11)  may  be 
replaced  by 


ru  f  r\j  r\j 


V*  (jkV+e)  dS  -  jk  J>  V*V  dS 
2  2 


IV  IV 

RV*Re  dft 


3V 


IVIV  IV 


where  —  -  jkV  =  e. 

Suppose  first  that  kz  is  complex  so  that  k  -  ,±(p+jq)  where  p  and  q  are 
real.  We  choose  the  sign  in  such  a  way  that  k  may  be  written  as  a  +  jB 
where  B  is  positive. 

If  the  Sommerfeld  conditions  hold  for  this  value  of  k  it  is  evident  that 
Re^O  as  2  recedes  to  infinity,  and,  since  R\T  (and  therefore  R^*)  is 
bounded,  the  limiting  form  of  equation  (6.1-11)  becomes 


f- 


j (a+jB)  9  V*V  dS  +  (a2-B2+2jaB)  J  V*V  dx  - 

t 


grad  V*,grad  V  dx 


where  x  now  represents  all  space  outside  S, 

i  •  #n 

The  Imaginary  component  of  the  equation  is 


I  J  IV  ~  I 

P  1 

j  6  V*V  dS  +  2fi  j 

V*V  dx  > 

}- 0 


Since  B  is  positive  and  V*V  is  always  positive  or  zero,  it  follows  that  V 
is  zero  everywhere  outside  (and  upon)  Sj  r. 

/v.  /-V, 

Now  suppose  that  k*  is  real  and  negative.  Let  k  -  +jB  where  B  is 
positive.  If  Sommerfeld* s  conditions  hold  for  this  value  of  it, 
substitution  in  (6.1-11)  yields 

-  B  <fi  V*V  dS  -  B2  [  W  dx  -  f  grad  V*.grad  V  dx 


Here  the  signs  are  such  that  V  must  again  be  zero  throughout  x. 
Finally,  suppose  that  Tt2  is  real  and  positive. 
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In  this  case  a  new  approach  is  required.  When  (6.1-9)  is  satisfied,  it 
follows  from  (6.1-8)  that  in  any  finite  region  surrounding  Sj^  ^ 


4wV 


o 


(6.1-12) 


It  can  be  shown^  that  when  0  is  sufficiently  removed  from  P,  (6.1-12)  may 

be  expressed  as  an  absolutely  and  uniformly  convergent  series  in  powers 

of  0P(R  ),  viz 
o 


00 

4ttV  -  e^o  V  a  R- 
°  /mo 

(6. l-13(a) ) 

m-1 

and,  correspondingly. 

4irV*  -  e-ik*R0\ 

s'*  R "m 

(6. 1-I3(b)) 

°  / 

m  o 

m»l 

Here  a  is  a  function  of  both  k  and  the  orientation  of  PO  but  is 
hi 

independent  of  R^.  The  expressions  are  valid  when  Rq  2  3R’ ,  where  R’  is 
the  greatest  distance  of  P  from  any  point  of  Sj  q. 

Let  E*  be  a  spherical  surface  centred  upon  P  and  of  radius  Ri  >  3R*. 

rvj  rsj 

On  substituting  V*  for  U  in  equation  (6.1-2)  we  obtain 

f  (j*  f“  ~  V  If")  <*S  -  j  (V*(72+k2)V  -  V  (V2+k*2)V*}  dx  +  (k*2-1c2)  '  V*V  dx 

V  x'  x* 

(6.1-14) 


where  t*  is  the  region  bounded  by  S.  and  E'. 

1 .  .n 

But  It2  ■  a2  hence  k  -  k*  -  ict  and  k/2  -  k*2  so  that  equation  (6.1-14) 
reduces  to 

f  (f*  £  dS  *  0  <4-w5) 

E f 

since  (V2+k*2)V*  -  0  when  (72-rt?)V  -  0. 


1.  F.V.  Atkinson,  Phil.  Mag.  40,  pp  646-7  (1949).  See  also  Ex. 6-3.,  p  584. 
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On  substituting  (6.1-13(a)),  (6 . 1— 13(b)  and  their  derivatives  in  (6.1-15) 
we  find  that 


-  <j)  ^2j  (a2)*5  ^ 


ajai*  + 


*1*2*  +  *2*1*  *103*  +  *3*1*  *2*2 


It! 


R?  +  Ri 


,'Jrw  .  ^  ^  .  , /■M'Vi  .  Ai  "j  .  .  «v  , 

aja2*  -  a2ai*  2(aia3*-a3ai*)  a2a3*  - 

+  ~ 


R? 


Rl 


*  ~  a3a2*  I 

R>  1 


(6.1-16) 


dfl 


The  terms  within  the  round  brackets  are  real  while  those  outside  them  are 
imaginary. 


Since  the  equation  holds  for  all  finite  values  of  Ri  >  3R’  and  since  "a i , 

a2  -  are  Independent  of  Ri ,  the  surface  Integrals  associated  with  the 

different  powers  of  Ri  must  be  individually  zero.  Thus  6  aVai*  dS  -  0. 


But  since  aiai*  is  always  real  and  positive,  or  zero,  it  follows  that  “aj 
is  zero  for  each  surface  element  of  T,  ie  for  all  orientations  of  the 
radius  vector  from  P.  This  leads  to  the  requirement  (jt  aVa2*  "  0,  whence 

a2  is  zero  for  all  orientations,  and  so  on. 

I’  for  all  finite  values  of  Ri  >  3R’, 

«■%» 

conditions  hold  for  k  -  +a  or  k  ■  -a. 


Hence  V  and  ^  are  zero  upon 
provided  that  Sommerfeld’s 


However,  it  can  be  shown^  that  if  both  V  and  |~  are  zero  upon  any  small 

piece  of  a  regular  surface  which  bounds  in  part,  or  lies  within,  a  region 
in  which  (V2+a2)v  -  0,  as  in  the  present  case,  then  is  zero  throughout 

that  region.  Hence  V  is  zero  everywhere  outside  S. 

1  •  .11 


The  demonstration  is  therefore  complete. 


The  corresponding  uniqueness  theorem  follows  immediately: 

If  (V2+k2)V  is  specified  at  all  points  of  the  open^  region  bounded 
internally  by  the  closed  surfaces  Sj  n>  and  if  v'  or  is  a  specified 

function  of  position  upon  these  surfaces,  then  V*  is  uniquely  defined 
throughout  the  region,  provided  that  it  satisfies  the  relationship 
(6.1-10)  when  the  real  part  of  jlc  is  negative  or  zero. 


2.  See  Ex. 6-2.,  p.  584,  for  an  elementary  approach.  The  rigorous  argument 
revolves  around  the  analytic  nature  of  the  continuous  solution  of  an 
elliptic  differential  equation. 
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The  results  of  this  section  may  be  extended  directly  to  the  complex 
vector  field  F  since  V  may  be  Identified  with  the  rectangular  components 
of  F  In  turn. 

6.2  Scalar  Green’s  Functions  for  Helmholtz's  Equation 

On  combining  equation  (6.1-2)  with  (6.1-7)  we  obtain 


Then  If  (V2-*2)^  -  0  throughout  t,  the  value  of  V*  at  Interior  points  of  t 
is  given  by 


4irV 

o 


f  [«  TK  -  »  Ifj  is  *  j  e  dt 


(6.2-2) 


where  G  =  IT  +  ±  ejkr 

This  relationship  reduces  to  equation  (3.8-2)  when  k* -  0. 

If  Uj  can  be  found  such  that  iTj  +  |  e^r  (=  Gj)  is  zero  upon  S.  I,  le 
If  G\  satisfies  the  homogeneous  Dirlchlet  condition. 


j  Gj  (V2+1?)V  dt  (6.2-3) 


In  particular*  ^f  Gj  exists  and  \f  satisfies  the  homogeneous  Helmholtz 
equation,  then  V  can  be  expressed  at  interior  points  of  t  in  terms  of  Its 
value  on  the  bounding  surfaces.  This  result  is  consistent  with  the 
demonstration  In  Sec.  6.1a  that  the  specification  of  \f  over 

renders  V  unique  within  x  when  (V2^2)^  -  0  throughout  x,  provided  that 
the  value  of  He  does  not  admit  of  the  existence  of  an  eigenfunction.  It 
is  evident  that  cannot  exist  In  the  presence  of  an  eigenfunction. 

la  known  as  Green's  function  of  the  first  kind  ^for  Helmholtz's 
equation;  it  Is  zero  upon  S.  I  and  satisfies  (V2-rtt2)G?i  -  0  at  all 

*  *  ***  1 

points  of  x  except  the  pole  0  where  It  becomes  Infinite  like  -.  U  (and 
consequently  Gj)  is  unique  for  any  given  position  of  0. 


Aj 

4irV 

o 


v  ~ —  ds 

3n 

S.  t 
I.  .n 
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G2)  satisfies  the 

(6.2-4) 


so  that  V  can  be  expressed  in  terms  of  its  normal  derivative  upon  the 

bounding  surfaces  when  (V2+k2)V  ■  0  in  r.  G2  does  not  exist  when  the 
corresponding  eigenfunction  exists. 

When  V  satisfies  the  same  boundary  conditions  as  G  and  (V2+k2)V  *■  0,  the 
value  of  V  at  Interior  points  of  t  may  be  expressed  as  a  volume  Integral 
alone.  Thus  equations  (6.2-3)  and  (6.2-4)  lead  to 

4ffV  -  -  f  G*i  (V^k2)?  dx  (6.2-5) 

0  j 

T 


Similarly,  if  u"2  can  b*  f°«nd  such  that  U->  +  |  e^r  (= 
homogeneous  Neumann  condition  on  Sj  qZ  then 


G2  §~dS  -  f  G2  (V2+k2)V  dx 


S.  2 
1 .  .n 


Hence  if  V  satisfies  the  same  mixed  conditions  on  qZ,  Vq  may  again  be 
expressed  solely  as  a  volume  integral.  l"Q  0 


When  all  surfaces  of  discontinuity  are  absent  and  (V2*!?)^  is  zero 
outside  a  finite  region  of  space,  S1  ^  may  be  eliminated  from  (6.1-7) 

and  I  removed  to  infinity.  Then  at  all  points  of  space 


<*V0 


1  jtr  S?  ~  3_  (\  ifr 
r  *  3n  V  3n  Vr 


|  i  e^r  (v2+k*)V  dr 


(6.2-8) 
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If,  In  addition,  V  satisfies  the  Sommerfeld  conditions  at  infinity  it  may 
be  shown3  that  aquation  (6.2-8)  reduces  to 

4*Vo  •  -J  I  e^kr  (V2+k2)V  dr  (6.2-9) 

T 

for  all  locations  of  0. 

Since  the  function  U*  is  not  invoked,  the  factor  G  in  equations  (6.2-5) 

1  1  kr 

and  (6.2-6)  is  here  reduced  to  the  'characteristic  function'  -  e  .  It 
is  then  known  as  a  'free-space  Green's  function'. 


The  proof  of  the  existence  of  Green's  functions  for  Helmholtz's  equation 
and  methods  for  their  calculation  are  beyond  the  scope  of  this  document. 


EXERCISES 


6-1.  Confirm  equation  (6.1-1) 

rw 

3  V 

6-2.  Extend  the  analysis  of  Ex. 3-18.,  p.  184  to  show  that  if  V  and  ^  are 

zero  upon  a  regular  surface  element  which  bounds  in  part  or  lies  within 
a  region  R,  and  (V2+a2)V* «  0  throughout  R  (a  real),  then  V*  is  zero 
throughout  R. 

6-3.  P  is  a  fixed  point  in  the  vicinity  of  the  closed  surface  S  but  not 
coincident  with  it,  and  Q  is  a  point  of  S.  0  lies  outside  S  at  a 
distance  R^  from  P.  If  PQ  -  p,  OQ  -  r  and  ^OPQ  -  ip  show  that 

jkr/jkR  .  ?  , 

/~R~"°  "  (l~2pg  cos  ip+p2g2)“*  exp  { (l-2pg  cos  ip+P2g2)  -D 


where  g  -  -j-. 

o 

This  expression  may  be  expanded  as  the  product  of  power  series  if 

R  >  (l+/2)p.  Prove  this  and  deduce  that 
o 

jfcr/lfck  ^  ^  ^  „ 

— —j  ~ ^ —  -  (l  +  big  +  b2g2— )(dQ  +  dig  +  d2g2 - ) 

^  'Ni 

where  bi,  b2—  are  real  functions  of  p  and  cos  ip  and  d^,  di—  are 
complex  functions  of  It,  p  and  cos  ♦  . 


3.  See  Ex. 7-11.,  p.  636. 


Sec. 6. 3] 


HELMHOLTZ'S  FORMULA  AND  ALLIED  TOPICS 


585 


Hence  shov  Chat 


l  K  C 


m-1 

where  q1  is  dependent  upon  the  orientation  of  PO  and  the  position  of  Q 
but  is  independent  of  Rq. 

Make  use  of  this  result  to  show  that  equation  (6.1-12)  may  be 
transformed  into  (6.1-13). 

6-4.  Let  v"  have  continuous  second  derivatives  throughout  t  except  in  a 

a  1  kr ' 

neighbourhood  of  the  point  P.  Here  it  takes  the  form  V'  +~^7  e  , 

where  V*  is  a  well-behaved  point  function,  a  is  a  constant,  and  r'  is 
distance  measured  from  P.  Show  that  when  0  is  not  coincident  with  P, 
equation  (6.2-2)  is  replaced  by 


4xV 


•/( 


~  3V  ~  3G\ 

G  n ' v  W iS  - 


rw  _  Aj  Aj 

G  (V2+1?)V  dr  +  4ira  G 


SI..nr 


where  the  volume  integral  is  convergent. 

A, 

6-5.  Suppose  that  G  represents  Gj  or  G2  or  G3  as  defined  in  Sec.  6.2.  Then 
if  G  (O'O)  is  the  value  of  the  Green's  function  at  the  point  O'  for  a 
pole  at  0  and  (00')  signifies  the  reverse,  show  that 
G  (O’O)  -  G  (00’). 

6.3  Vector  Green's  Functions  for  the  Equation;  curl  curl  F  -  kzF  -  0 

When  equation  (3.7-2)  is  adjusted  to  exclude  from  the  region  of  volume 
integration  a  6  sphere  centred  upon  the  point  0,  and  when  complex  vectors 
replace  real  vectors,  we  obtain 


c*  c*  &  c*  _ 

(F  x  curl  C  -  C  x  curl  F).dS 


Sl..nE-  S6 


^  rV 

(C.curl  curl  F  -  F.curl  curl  C)  dx 


T-T, 


(6.3-1) 

Suppose  that  F  is  some  vector  point  function  which  is  well-behaved  in  t 
and  satisfies  the  relationship 


~  ~  ~  _ 

curl  curl  F  -  k2F  •  0  (6.3-2) 

This  equation  holds  if  div  F  -  0  and  F  satisfies  the  homogeneous  vector 
Helmholtz  equation: 


(V2+k*)?  -  0 


(6.3-3) 
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Suppose  further  that 


“  — v  w 

C  ■  curl  curl  ay 


where  a  Is  a  constant  vector  field  and 


Y 


1 

r 


Jkr 


(6.3-4) 


(6.3-5) 


Then  at  any  point  of  t-t. 

0 

C  •  grad  div  ay'  -  V2ayJ  "  V(a.Vy}  +  k2aY^ 


Hence 


curl  C  -  k2 (Vy  x  a) 

and,  from  equations  (1,16-5)  and  (1.16-6), 

curl  curl  C  -  k2  {(a.V)7y  -  a  V2y) 


(6.3-6) 


-  k2  (V(a.Vy)  +  k2a  y} 


~  a* 
k2  C 


~  — 

so  that  curl  curl  C  -  k2C  -  0  in  t— rg. 
Substitution  in  equation  (6.3-1)  then  yields 


jf  (Fxk2(7yxa) .dS  -  V(a.Vy)xcurl  F.dS  -  k2ayxcurl  F.dS} 


(C  x  curl  F  -  F*  x  curl  C).dS 


Sl..nE 


(6.3-7) 


By  expansion  of  curl  (a.Vy' curl  F)  and  scalar  Integration  over  Sfi  we 
obtain 


-  ^  V(a. Vy^xcurl  F.dS  -  <j  a.Vy  curl  curl  F.dS  ■  j)  k^.Vy^F.dS 


whence  the  surface  Integrals  over  Sfi  in  equation  (6.3-7)  may  be  brought 
into  the  form 
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{F  Vy".  dS  -  dS  F.vf  +  Vy"  F.dS  -  y(curl  F)xdS} 


S 


6 


-  Tc2a.0  {F  Vy".  dS  -  Fx(dS*Vy}  -  y'Ccurl  F)xdS} 


As  6+0  the  final  term  vanishes  for  dimensional  reasons  and  the  remainder 
reduces  to 


Fqx  j  dSxVy'l 


The  second  term  within  brackets  is  zero  from  (1.17-2)  and  the  first  term 
may  be  shown  to  be  4itFq  -  a  result  independent  of  the  shape  of  S^.  Hence 
from  equation  (6.3-7) 


4irk2F  .1 
o 


(C  x  curl  F  -  F  x  curl  C).dS 


Sl..n£ 


(6.3-8) 


(C.dSxcurl  F  +  dSxF.curl  C) 


S.  Z 
1.  .n 


Here  Fq  is  expressed  in  terms  of  n  x  f  and  n  x  curl  F  on  the  bounding 
surfaces.  From  the  considerations  of  Sec.  6.1b  it  would  be  expected  that 

r\j  A  ry#  A 

an  expression  for  F^  could  be  found  involving  only  n  x  f  or  n  x  curl 

since,  in  general,  the  specification  of  either  upon  S.  Z  renders 

l .  .n 

unique  in  t. 


Let  C'  be  a  vector  point  function  which  satisfies  the  relationship 

curl  curl  C*  -  k^C'  ■  0  at  all  points  of  t.  Then  it  follows  directly 
from  equation  (3.7-2)  that 

j>  (C'  x  curl  F  -  F  x  curl  C').dS 


0 
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By  addition  with  (6.3-8)  we  obtain 


Wk^.a  •  j  (G  x  curl  F-Fx  curl  G).dS 


Sl..n* 


(6.3-9) 


where  G  =  C  +  C’ 


A  2? 


If  Cj  can  be  found  such  that  n  x  Gj  ■  0  on  Sj  ,  then 


4irkzFo.a  »  -  6  dS  x  F.curl  Gj 

Sl..n* 


(6.3-10) 


2-  — 


If,  on  the  other  hand,  C2  can  be  found  such  that  n  x  curl  G2  *  0  on 


S ,  Z ,  then 

x « •  n 


-  r  &  _  ^ 

4irk2Fo.a  -  -  ^  G2.dS  x  curl  F 


(6.3-11) 


V.n1 


A  determination  of  Gj  or  G2  therefore  permits  of  the  expression  of  F  .a 

^  ^  o 

in  terms  of  the  tangential  component  of  either  F  or  curl  F  over  S,  Z. 
^  ^  l . .  n 

Gj  and  G2  are  known  as  vector  Green's  functions  for  the  equation 

curl  curl  F  -  Tc2F  ■  0  (or  for  Helmholtz's  equation).  Certain  physical 
considerations  suggest  that  these  functions  exist  -  at  least  for  all  real 
and  some  complex  values  of  k  -  in  the  absence  of  eigenfunctions,  but 
their  evaluation  in  all  but  the  simplest  cases  is  of  surpassing 
difficulty.  Other  Green's  functions  exist  corresponding  to  different 

choices  of  C  (eg  ay  or  curl  a y) . 


6.4  Surface/Volume  Integral  Formulations  for  Complex  Vector  Fields 

When  it  is  permissible  to  express  Fq  in  terms  of  more  than  a  single 

boundary  condition,  the  task  of  discovering  a  Green's  function 
appropriate  to  the  surfaces  under  consideration  does  not  arise  and  the 

treatment  becomes  straightforward.  Thus,  we  may  express  F  directly  in 

A  ^  A  o 

terms  of  surface  Integrals  involving  n  *  F  and  n  x  curl  F  by  substituting 
—  -  - 
curl  curl  ay  for  C  in  equation  (6.2-7)  and  subsequently  eliminating  a. 

However,  for  reasons  which  will  become  apparent  later,  it  is  easier,  in 

^  _ 

the  first  Instance,  to  identify  C  with  ay*  and  return  to  the  basic 
equation  (6.3-1).  When  this  is  done  we  arrive  without  difficulty  at  the 
relationship 
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4  {F: 


x(Vyxa).dS  -  ay*curl  F.dS} 


Sl..nr’  SS 


r  _ 


.  Y*  (curl  curl  F  -  k2F)  dr  -  I  F.grad  dlv  ay"  dT 


Upon  expanding  the  triple  vector  product,  interchanging  dot  and  cross, 
expanding  div  (F  dlv  ay}  and  applying  the  divergence  theorem  we  obtain 

a.l  {(?  vf.dS  -  dS  P.Vy'+  dS*Y  curl  F  +  iy  F.dS} 


S6 


-  a.  ("yCcurl  curl  F  -  k2F)  +  Vy1  div  F}  dt 


Since  a  is  arbitrary,  this  leads  to 

r  ^  ^  ^ 

0  (-Fx(dSxVy)  +  F  Vy.dS  +  dSxy'  curl  F} 

si..ur-  s« 


(y(curl  curl  F  -  lt2F)  +  Vy*  div  F}  dr 


(6.4-1) 


T“T. 


which,  on  taking  limits  as  Sfi  shrinks  uniformly  about  0,  yields 


4irF 


-  ^  {V’ 


{Vy* (dS*F)  -  dSxy  curl  F  -  Vy  dS.F) 


S.  E 
1.  .n 


+  /  {y(curl  curl  F  -  k2F)  +  Vy"  div  F}  dt 


(6.4-2) 


Transformation  of  the  right  hand  side  of  equation  (6.4-1)  into 


a. I  {-y*  (V2+k2)F  +  grad  (y*  div  ?) }  di 
T-T, 
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and  application  of  equation  (1.17-5)  leads  in  turn  to 


dSxy  curl  F  -  Vy"  dS.F  +  7  div  F  dS} 


y“  (V2+k2)F  dT 
J 


(6.4-3) 


Alternatively*  the  volume  integral  of  equation  (6.4-1)  may  be  transformed 

by  expanding  curl  (y'  curl  F)  and  applying  (1.17-3).  We  then  obtain  a 
generalised  form  of  the  grad-curl  theorem,  viz 


4*F 

o 


div  F  Vy  dr 


S,  l 
1.  .n 


dS  Vy  +  /  (curl  F)xVy  dr 
T 


(6.4-4) 


(dS*F)  xVy**  —  Tc 2  j  Y  F  dT 

Sl..„E 


When  k  ■  0  this  reduces  to  equation  (4.17-4). 


We  now  proceed  to  obtain  a  set  of  integral  expressions  for  (curl  F)  by 

*-\j  _  o 

identifying  C  in  equation  (6.3-1)  with  curl  ayi 
In  this  case 


curl  C  -  grad  div  ay'+  k’2ay' 


and 


curl  curl  C  -  lc2C 


Substitution  in  equation  (6.3-1)  together  with  surface  Integration  of  the 
expansion  of  curl  (F  div  ay)  leads  to  the  relationship 

4ir(curl  F)q  »  ^  {Vy*(dS  *  curl  F)  -  Vy" dS.curl  F  -  k^y(d?xF)) 


Sl  nZ 

1 .  «n 


(6.4-5) 


Vy*(curl  curl  F*  -  *:2F)  dx 


T 


Sec. 6. 4] 


HELMHOLTZ'S  FORMULA  AND  ALLIED  TOPICS 


591 


Volume  integration  of  the  expansion  of  div  (C  div  F)  allows  (6. 
brought  Into  the  form 

4ir(curl  F)  •  (j)  {Vyx(dS  *  curl  F)  -  Vy'  dS.curl  ?  -  k2y*(dSxF)  +  div  1 


+  ■  vV  »  (V2+fc2)F  dT 


Expansion  of  curl  ^  F  and  scalar  surface  integration  over  S^ 


j$  §?  (curl  F).dS  -  j> 


dSxF.V 


S,  I 
1.  .n 


S,  I 
1 .  ,n 


hence 


Vy  (curl  F).dS  -  0  ((dSxF).V)Vy 


S,  Z 
l..n 


S,  Z 
1.  .n 


so  that  equation  (6.4-6)  may  be  replaced  by 


4 it  (curl  F)  -  i  {Vyx  (dS  x  curl  F)  -  ( (dSxF)  .  V)Vy  -  k2y  (dSxF)  +  div  1 
o 

J 

s,  z 

1.  .n 


+  j  V y  x  (V2+k2)F  dt 
T 


and  equation  (6,4-5)  may  be  replaced  by 
4tr(curl 


F,o  .  j 


{Vyx(dS  x  curl  F)  -  ((dSxF)  ,V)Vy  -1k2y(dS> 


s,  r 

1.  ,n 


-  f 


Vy'x  (curl  curl  F  -  k2F)  dt 


4-5)  to  be 

'  (dSxVy)} 

(6.4-6) 

Z  yields 

tl 


f  (dSxVy)} 
(6.4-7) 

:F)  } 

(6.4-8) 


Students  of  the  theory  of  dyadlcs  will  recognise  that  the  terms 
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may  be  written  In  the  form 


VV7.  (dS*F)  +  k2  Iy*.  (dSxF) 


-  k2 


(dS*F) 


=  Tc2  r.(d?xF) 

where  I  Is  the  idemf actor  II  +  j j  +  kk. 
r  is  known  as  Green's  dyadic. 

Since  It  Is  not  proposed  to  make  use  of  dyadic  algebra  (as  distinct  from 
dyadic  notation)  In  the  present  work  the  reader  need  only  remember  that 

for  a  well-behaved  point  function  V 

(V.7)7y'  +  lc2yV  may  be  replaced  by  k2r.V  or  k2  V.F 


and 


(6.4-9) 


Vy"  x  v  may  be  replaced  by  (VxT),V  or  -  V. (Vxf ) 
In  these  circumstances  equation  (6.4-8)  becomes 


4ir(curl  F)o 


{(Vxf).(dS  x  curl  F)-lJ2f.(dSxF)} 


T 


(Vx") .  (curl  curl  F  -  ^2F)  dt 


(6.4-10) 


We  now  return  to  the  case  considered  in  Sec.  6.3  where  C  was  identified 

with  curl  curl  ay,  but  we  no  longer  demand  that  curl  curl  F  -  k*-F  •  0 
throughout  x. 

After  substitution  in  equation  (6.3-1)  and  some  manipulation,  we  find 
that 


Sec. 6.4] 


HELMHOLTZ’S  FORMULA  AND  ALLIED  TOPICS 


593 


<f  {a.k27yx(FxdS)  -  7(a.7y)  x  curl  F.dS  -  a.lc^curl  F)xdS> 


Sl..nZ’  S6 


(6.4-11) 


{V(a.v7)+k2ayj.(curl  curl  7  -  k2F)  dr 


{-V(a.VY)  x  curl  F.dS  -  a!k2^  (curl  F)xdS) 


S.  E 
1 .  .n 


{  (a.  V)VY*.dS  x  curl  F  +  a.k2?  (dS  x  Curl  F)} 


S,  Z 

l..n 


-  a .0  {((dS  x  curl  F).7)7y  +Tc2'y(dS  x  curl  F)} 


S,  E 
1.  .n 


since  it  may  be  shown  by  expansion  in  rectangular  coordinates  that 


( (a.V)Vy) . V  -  a. ((V.7)7y) 

In  dyadic  notation  this  becomes  a.jf  k2  f.(dS  x  curl  F) 

S  E 
1 .  .n 


It  was  shown  in  Sec.  6.3  that 


-  ’(a. 


7y)  x  curl  F.dS  -  0  8.7^  curl  curl  F.dS 
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hence  equaeion  (6.4-11)  transforms  into 

j  (k2v7x(FxdS)  +  Vy'curl  curl  F.dS  -  k2Y"  (curlf)  xdS} 
S, 


{k27yx(dSxF)  -  k2f.(dS  x  curl  F) } 


S,  Z 
1.  .n 


+  J  k:2F.  (curl  curl  F  -  72F)  dt 

T-T. 


The  surface  Integral  over  S^  may  be  written  as 


< l  (k2(F  dS.v7  -  Vy'  F.dS  -  Fx(dSxVy))  +  Vy 


curl  curl  F.dS  -  k2y(curl  F)xdS} 


As  S$  shrinks  uniformly  about  0  the  final  term  vanishes  for  dimensional 
reasons  and  6  Fx(dSx7y)-*-0  in  accordance  with  equation  (1.17-2).  Of  the 

S{  r~ 

remaining  terms,  the  limiting  value  of  0  F  dS.Vy- is  independent  of  the 

r  ^  se 

shape  of  Sfi>  but  that  of  p  -  7 y  F.dS  is  not.  The  volume  integral  is 

S6 

consequently  non-convergent  and  the  equation  takes  the  form 

2?  Lim  1  r  &  ~  „ 

4*Fq  +  s,^0  (curl  curl  ?  -  k2F).dS 

S' 

-  jf  {(Vx“).(dSxF)  -  F.(dS  x  curl  F) }  (6.4-12) 

Sl..nZ 


T**oj  ^*(curl  curl  *  "  dT 


t-t' 


For  the  particular  case  where  S '  is  spherical  and  centred  upon  0  this 
becomes 
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{ (Vx?) . (dSx?)  -  ?.(dS  x  curl  F) > 


S,  I 
1.  .n 


(6.4-l2(a)) 


T.(curl  curl  F  -  k2F)  dx  -  (curl  curl  F  -  k2F)( 


The  non-convergence  of  the  volume  Integral  in  equation  (6.4-12)  derives 

from  the  presence  in  the  integrand  of  T  as  a  multiplying  factor.  This 
behaviour  does  not  occur  in  equation  (6.4-10)  where  the  dyadic  takes  the 

form  Vxr,  nor  indeed  in  any  of  the  non-dyadic  equations  (6.4-2) 
to  (6.4-8),  as  evidenced  by  the  fact  that  in  each  case  the  limiting  value 
of  the  surface  Integral  over  S  is  Independent  of  the  shape  S^. 


Finally,  we  note  that  equation  (6.1-7)  leads  to  a  particularly  simple 
form  of  expression  for  F  within  x,  viz 


^ o  -  f  (?  Hi  - *  f£) ds  -  j  y  <v2+*2)? dT 

Sl..nr 


(6.4-13) 


EXERCISES 

_ 

6-6.  Let  C  *  ay*.  By  proceeding  in  the  manner  of  Sec.  6.3  show  that 


4irFQ.a  -  j>  (C  x  curl  F  -  F  x  curl  C  -  F  div  C).dS 

S.  I 
1.  ,n 


+  /  { (C. (curl  curl  F  -  k2F)  +  div  F  div  C)  dx 


Hence  conclude  that  if  C’  satisfies  (V2+k2)C’  -  0  in  x,  and 
n  x  curl(C+C’)  -  0  on  S.  Z ,  then  F  may  be  expressed  in  terms  of 

^  A  '"y  1  •  •  H  *v  ^  *v 

n  x  curl  F  and  n.F  on  S,  I  and  curl  curl  F  -  k2F  and  div  F  in  x. 

1 .  .n 
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6-7.  Let  C  *  curl  ay".  Show  that 


4ir  (curl  F)  .a 
o 


(C  x  curl  F  -  F  x  curl  C).dS 


S,  Z 
I.  .n 


r  ~  ~  ^  ~ 

+  C. (curl  curl  F  -  k2F)  dr 

T 


~  .'V  _ 

Hence  conclude  that  If  C’  satisfies  curl  curl  C*  -  k^C *  »  0  throughout  x 
and  n  x  (C+C1)  or  n  x  curl  (C+C’)  is  zero  over  Sj  then  curl  F  may  be 


expressed  in  terms  of  n  x  f  or  n  x  curl  F  over  S,  I 
curl  curl  F  -  kzF  in  x. 


and 


6-8.  A  region  x’  is  bounded  by  a  regular  closed  surface  S’.  A  point  0  is  the 
centre  of  a  spherical  surface  S^  lying  within  x'.  If  r  is  distance 
measured  from  0  show  that 


.  .  *>2  Lim 

4”  +  k  {'.0 


y  dx 


S’ 


1  1  kr 

where  y* *  -  eJ  and  the  positive  sense  of  the  normal  is  directed  into 
x\  r 

Hence  show  that  if  S'  shrinks  uniformly  about  0 


Lim  J  7y".dS  -  4ir 
S' 

6-9.  Confirm  equations  (6.4-3)  to  (6.4-6)  and  (6.4-11). 

6-10.  Show  that  equations  (6.4-3)  and  (6.4-13)  are  identical  by  making  use  of 
(1.17-13)  with  F  replaced  by'yF. 

6-11.  Show  that  equation  (6.4-11)  may  be  transformed  into  (6.4-2)  by  applying 
the  divergence  theorem  to  the  expansion  of  div  (a.Vy^curl  curl  F  -  k2F)} 
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6.5  Tine  -  Harmonic  Fields  and  their  Representation  by  Complex  Quantities 
6.5a  The  tine-harmonic  scalar  field 
Let  V  be  a  scalar  point  function  which  takes  the  form 

V  -  V'  cos(wt+0)  (6.5-1) 

where  V'  and  6  are  functions  of  position  and  <d  is  a  constant. 

V  is  said  to  be  time-harmonic. 

Then 

V  -  Re  {v’eJ(<llt+0)}  -  Re  {Ve^*}  (6.5-2) 

where 


V  -  V*  eJ6  (6.5-3) 

V  Is  a  complex  scalar  function  of  position  alone  and  is  known  as  a  space 
phasor. 

If  U  *  Re  fgVe^Wt}  where  g'  ■  ge^Q,  then  U  represents  a  scalar  field  whose 
maximum  value  at  any  point  is  g  times  that  of  V  and  which  leads  V  by  the 
angle  a.  The  factors  g  and  a  may  or  may  not  be  functions  of  position. 

Space  and  time  differentiation  are  straightforward.  If  V  is  well-behaved 


■  -|^  (Vi  cos  wt  -  V2  sin  wt) 


“  Vj  +  jV2 


in  space  and  time,  we  have 


3V  .  l_Re  {£>t} 
3x  3x  Re  lVe  * 


where 


hence 


whence 


grad  V 


grad  Vi  cos  wt  -  grad  V2  sin  wt 


(6.5-4) 
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or 


grad  V  -  Re  { (grad  V)e^Wt>  (6.5-5) 

and 

V2V  -  Re  ( (V2V)e^Wt} 

Similarly 

—  -  Re  (Ve^Wt)  -  -  (Vi<d  sin  uit  +  V2w  cos  uit) 


or 


av 

3t 


Re  {jwVe^*} 


(6.5-6) 


and 


32V 

Jt7 


Re  {-u2VeJwt} 


Suppose  Chat 


Then 

Re  jjVv  +  JJf  V)  -  0 

But  since  this  equation  holds  for  all  values  of  t  it  follows  that 


V2V  +  ^V  -  0 


Thus  for  each  real  field  relationship  there  is  a  corresponding  space 
phasor  relationship.  The  transformation  of  the  real  into  the  complex 
form  is  effected  simply  by  the  substitution  of  the  complex  scalar  for  the 
real  scalar,  and  multiplication  or  division  by  ju  when  time 
differentiation  or  integration  is  indicated. 

We  will  have  occasion  in  Ch.  7  to  consider  the  complex  form  of  the 
retarded  scala  •  function. 


Sec. 6. 5] 


HELMHOLTZ'S  FORMULA  AND  ALLIED  TOPICS 


599 


Since 


V  ■  Vj  cos  wt  -  V2  sin  ut 
[V]  -  Vx  cos  w(t  -  ^  -  V2  sin  Ui(t  -  £ 


or 


[V)  -  R.  .  Re  tf.-Jur/c  ej<0C} 

From  equation  (6.5-4) 


(6.5-7) 


[grad  V]  -  grad  cos  rn^t  -  ~)  -  grad  V2  sin  «ht  -  | 


or 


[grad  V]  -  Re  ( (grad  V)  e’J"r/c  e3“t} 
and  from  (6.5-7) 


(6.5-8) 


grad  [V]  -  grad  Re  {?e-3“r/c  e3lnt} 

or 


grad  [V]  -  Re  {(grad  Ve"jur/c)eja,t} 

Finally, 


Re  (jJve^ue/c  eJwt} 


6.5b  The  time -harmonic  vector  field 

Let  the  vector  point  function  F  be  defined  by 


(6.5-9) 


(6.5-10) 


1Fi  cos(ta)t+6x)  +  jF*  cos^t+e^)  +  kF^  cos(wt+02)  (6.5-11) 


where  F^,  F^,  F^ ,  0^,  0^,  0^  are  functions  of. position. 

This  Is  the  most  general  form  of  expression  for  a  time-harmonic  vector 
field,  since  each  scalar  component  has  its  individual  amplitude  and 

phase. 
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We  may  replace  (6.5-11)  by 


F  -  Re  +  3F'eJ<“t+V  +  W<“t+V 

'  -  J  y  J  z 


or 


F  -  Re  {FeJa,t} 


(6.5-12) 


where 


rv* 

F 


lFf  eJ0x  +  jF'  eJ8y  +  kF’  e^z 
x  y  z 


F  is  a  vector  space  phasor.  We  may  write 


(6.5-13) 


F  •  Fl  +  JF2 


(6.5-14) 


where  F^  and  Fj  are  of  fixed  orientation  at  any  one  point  and  are  given 
by 


n 

-  IF’ 

X 

cos  0  +  JF'  cos 

x  y 

0  +  kF'  cos  6 

y  z  z 

?2 

.  If» 

X 

sin  9  +  jFf  sin 

x  J  y 

0  +  kF1  sin  0 

y  z  z 

It  follows  from  (6.5-12)  and  (6.5-14)  that 

F  ■  Fi  cos  wt  -  F2  sin  wt 


(6.5-15) 


(6.5-16) 


so  that,  in  general,  the  end  point  of  F  traces  out  an  elliptical  path 
with  time.  F  is  then  said  to  be  elliptically  polarised  in  the  plane  of 
Fi  and  F2. 


There  should  be  no  confusion  between  the  unit  vector  j  and  j 


(-D 


i 


4 
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When  F i  and  F2  are  of  equal  magnitude  and  mutually  perpendicular,  the  end 

point  of  F  traces  out  a  circle  with  a  constant  angular  velocity  to,  and  F 

is  said  to  be  circularly  polarised5.  It  follows  from  (6.5-15)  that  this 
condition  obtains  when  the  following  simultaneous  equations  are 
satisfied: 


F'  2 

sin 

20 

+ 

F'2 

sin 

20 

+ 

F'2 

sin 

20 

-  0 

x 

X 

y 

y 

z 

z 

F'2 

cos 

20 

+ 

pi  2 

cos 

20 

+ 

F’2 

cos 

20 

-  0 

X 

X 

y 

y 

z 

z 

When  F j  and  F2  are  everywhere  collinear,  F  maintains  a  fixed,  but  not 
necessarily  equal,  orientation  at  each  point  and  is  said  to  be  linearly 
polarised.  From  (6.5-15)  the  required  condition  is 


tan  0  *  tan  0 

x  y 


tan  0 

z 


in  which  case 


—  1 

F  -  Fi  (F?+F|)!  cos(wt+0) 


A_ 

Fi 


(F'2+F,2+F'2)*  cos(tot+0) 
x  y  z 


or 


F  -  F'  cos (tot+0) 


where 


tan  0  -  tan  0  -  tan  0  »  tan  0  (  -  ^  £  0  £  +  s  j 

x  y  z  \  2  2  J 

We  see  also  that 

?  -  ?•  eJ9 

This  simple  relationship  obtains  only  in  the  case  of  linear  polarisation. 
Since 


R.  {?F  .J“C} 


Re  (g  F  e 


j (ut+a) 


} 


5.  Polarisation  in  this  sense  has,  of  course,  no  connection  with 
polarisation  as  treated  previously. 
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where 


it  is  evident  that  anil tlpllcat ion  of  the  vector  space  phasor  F  by  g 

increases  the  magnitude  of  F  by  the  factor  g  and  advances  it  in  time  by 
o/w,  but  leaves  the  shape  of  the  polarisation  ellipse  unaltered. 
Similarly,  differentiation  with  respect  to  time  has  no  effect  on  the 
shape  of  the  ellipse  but  increases  its  size  u  times  and  produces  a  time 
advance  of  ir/2<u.  On  the  other  hand  space  differentiation,  in  general, 
alters  both  the  shape  and  size  of  the  ellipse. 

As  in  the  scalar  case,  each  real  field  relationship  Involving  space  or 
time  differentiation  is  paralleled  by  a  vector  space  phasor  relationship. 

We  have  also 


div  F 

-  Re 

[div  FJ 

-  Re 

div  [F] 

-  Re 

with  similar  expressions  for 


{ (div  F)  eju)t} 

{(div  F)  e'ja)r/c  eJwt} 

{(div?e’^r/c)  eJwt> 
the  curl,  and 


H  -  Re  {jtoFejwt} 


i3f|  „  am  _ 

3t 


3F 


Re  {jjF.-3“r/c  .***} 


6.6  Time-Averaged  Products  of  Time-Harmonic  Quantities 
Let 


V  -  Re  {Ve^wt}  where  V  -  Vj  +  jV2 
Then  it  is  easily  seen  that 

V  -  Re  {?*e"jwt}  where  V*  .  V1  -  jV2 
It  follows  that 


(6.6-1) 


(6.6-2) 


V 


J  Re  {Ve^+VAe"^} 


j  (VejwV?*e">t) 


(6.6-3) 
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Similarly,  if 

U  -  Re  {UejWt} 

then 

U  -  i  (UejWC  +  U*e~^Wt) 
and 

VU  -  i  (VUe2^Wt  +  "vu*  +  V*U  +  V*u'*e-2^Wt) 

The  time  average  of  the  first  and  last  terms  within  brackets  is  zero  so 
that  the  time  average  of  VU  is  given  by 

m  m  r\j  -\^  /*\^  'v 

VU  -  J  (VU*  +  V*U)  -  i  Re  {VU*}  -  1  Re  {V*U>  (6.6-4) 

Hence 

V2  -  i  (VV*)  -  \  Re  {VV*}  -  J  (Vi+V| )  (6.6-5) 


We  may  proceed  in  a  similar  manner  with  vector  quantities.  Thus,  if 

rv  ,  - 

F  -  Re  {FeJW  }  where  F  ■  Fj  +  jF2  (6.6-6) 


then 


F  -  Re  {F*e”^<i>t} 


(6.6-7) 


and 


F  -  i  (FeJU“-  +  F*e  J  ) 


(6.6-8) 


Similarly,  if 


then 


-  Re  {Ge^WC }  where  C  -  C,  +  jCj 


G  -  ) 
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and 


* - -  ~  (M  ^  V  ^  ~ 

F.G  -  i  (F.G*  +  F*.G)  -  i  Re  {F.G*}  -  i  Re  {F*.G} 


(6.6-9) 


J  (Fi.Gi  +  F2.G2) 


Hence 


F.F  -  i  (F.F*)  -  i  (F?+Fl) 


(6.6-10) 


Further » 


FxG  -  *  (F xG*  +  F**G)  -  i  Re  {F*G*}  -  J  Re  {F**G} 


(6.6-11) 


J  (FjxGi  +  F2xG2) 


6.7  Uniqueness  Criteria  for  Tlme-Harmonlc  Fields 
6.7a  The  time-harmonic  scalar  field 

Uniqueness  criteria  for  scalar  fields  of  unspecified  time  dependence  have 
already  been  discussed  in  Sec.  5.4a.  When  consideration  Is  restricted  to 
time-harmonic  fields  a  rather  different  set  of  permissible  conditions 
emerges . 


Suppose  that  a  scalar  point  function  V’  has  continuous  second  space 

derivatives  within  the  region  R  bounded  by  the  surfaces  S,  Z,  and  that 

rw  1 . .  n 

its  associate^  space  phasor  is  represented  by  V*.  Then  from  (6.1-1)  with 
V  primed  and  U*  »  V*'*  we  see  that 


V-.  |E  as 
3n 

Sl..nE 


V’*  V2V»  dt  +  /  grad  Vf*.grad  V*  dr 


J  r*  (72'v,-pV’,-jwqV,+ru2V')  dr 


(6.7-1) 


+  J  grad  V'*.grad  V*  dt  +  j  (p+juiq-rw2)  V'V'*  dt 

T  T 


where  p,  q,  r  are  real  functions  of  position*  or  constants 
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Let  Vj  be  3uch  that^ 

3Vi  82V! 

(1)  V2Vi  -  pVj  -  q  —  -  r  f  (x,y,z,t)  in  R 

3Vi 

(2)  Vj  or  —  -  g(x,y,z,t)  on  Sj  Z 
and  let  V2  satisfy  the  same  conditions. 

On  writing  Vj  -  V2  ■  V*  we  obtain  the  homogeneous  equations 
V2V'  -  pV'  -  q  *  r  -  0  in  R 

and 

3V* 

V'  or  - —  ■  0  on  S.  E 

a n  l .  »n 

so  that 

V2V'  -  pV'  -  jwqr  +  rw2\T  -  0  in  R 

and 

~  3  V' 

V'  or  -  0  on  S,  E 

3n  l..n 


(6.7-2) 


(6.7-3) 


(6.7-4) 


Substitution  in  equation  (6.7-1)  yields 


/ 


grad  V'*.grad  V' 


(p+J<i»q-ru2)  V’V'*  dx 


0 


jSince  the  first  volume  Integral  of  the  above  equation  and  the  factor 
V’V^*  are  real  and  positive,  or  zero,^it  follows  that  if  q  is  everywhere 
positive  or  everywhere  negative  in  R,  V  must  be  everywhere  zero,  in  which 
case  V]  •  V2  throughout  R.  If  q  does  not  satisfy  this  condition  but 
p-ru2  is  everywhere  positive  in  R,  the  same  result  obtains. 


When  p  and  q  are  zero  and  r  is  a  positive  constant  (say  the  proof  of 


uniqueness  is  seen  to  fall. 


This  is  the  case,  discussed  in  Sec.  6.1a, 

,.,2\ 


where  the  Helmholtz  equation  reduces  to  ( V2  +  V  ■  0  and  where 


/  w\  \  -  / 

i  may  be  an  eigenvalue.  The  correopondlng  real  equation  is 


6.  In  physical  applications  the  coefficients  will,  in  general,  be  constant 
and  one  or  more  will  be  zero. 
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V2V  -  ^2  -  dal  V  -  f (x,y,z,t) 

and  Is  known  as  che  undamped  wave  equation. 

Nevertheless,  the  considerations  of  Sec.  6.1c  demonstrate  that  V' 

vanishes  in  the  exterior  case  if  RV'  is  bounded  and  R  -  j^±  c)V|)'*’0 

uniformly  in  all  directions  as  R-*».  Hence  V  will  be  uniquely  determined 
in  the  exterior  case  provided  that 

o  1  32V 

(1)  VZV  -  -^2  is  a  specified  function  of  position  and  time  in  R 

3  V 

(2)  V  or  ^  is  a  specified  function  of  position  and  time  upon  S^  n 

(3)  RV  Is  bounded,  end  either  *  (fj  *  £  f?)  or  R  (|r  +  J  ft) 
approaches  zero  uniformly  in  all  directions  as  R-*». 

6.7b  The  time-harmonic  vector  field 

The  results  for  the  scalar  field  are  applicable  to  each  of  the 
rectangular  components  of  the  vector  field,  whether  linearly  polarised  or 

_  3—  3  F  g2p 

not,  so  that  the  specification  of  V2F  -  pF  -  q  tt  -  r  —y  throughout 

_  ot  ®t 

together  with  the  specification  of  F  or  t—  upon  S.  I  will  render 

on  i . . n 

unique  within  R  provided  that  p,  q,  r  satisfy  the  conditions  laid  down  in 
the  previous  sub-section. 

For  the  exterior  case  with  p  -  q  -  0  and  r  -  ^2  the  Sommerfeld  conditions 
become 

RF  bounded;  R  (§£  +  i  |f)  +0 
uniformly  in  all  directions  as  R-*«. 

Alternatively,  by  proceeding  along  the  lines  of  Sec.  6.1b,  we  find  that  F 
will  be  unique  within  R  provided  that  during  one  time-harmonic  period 

(1)  div  F  is  specified  throughout  R 

—  3F 

(2)  V2F  -  pF  -  q  “  -  r  is  specified  throughout  R 

A  A 

(3)  n  *  F  or  n  *  curl  F  is  specified  upon 

and  provided  that  p-rw2  is  everywhere  positive,  or  q  is  everywhere 
positive  or  everywhere  negative  in  R. 
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EXPONENTIAL  POTENTIAL  THEORY 


7.1  Introduction 


The  exponential  potentials  of  point,  line,  surface  and  volume  sources  are 
derived  from  the  unretarded  potentials  of  Ch.  4  by  the  substitution  of 
1  lltr  1  ~ 

-  e  for  -,  where  k  is  a  real  or  complex  constant.  The  corresponding 

scalar  and  vector  source  densities  are  treated  as  complex  and  time- 
invariant  . 

In  these  circumstances  it  is  possible  to  proceed  as  in  Ch.  4  to  develop 
expressions  for  the  gradient,  divergence,  curl  and  higher-order 
derivatives  of  the  appropriate  potential  functions.  The  procedure  is 
straightforward  and  has  already  been  required  of  the  reader,  in  some 
measure,  in  the  solution  of  certain  exercises  appearing  in  earlier 
sections.  We  may  take  the  subject  further  by  postulating  a  nexus  between 
the  scalar  and  vector  source  densities  along  the  lines  of 
equations  (5.17-15),  (5.17-18)  and  (5.17-19),  viz 


div  J  -  jkcp 


rv  A 


divs  K  +  AJ.n 


jkca 


■p-  +  flK.n* 

ds 


r o 


jkcX 


It  is  then  possible  to  show  that 


div  A 


jk  + 


where  $  is  the  scalar  potential  and  A  the 

^  'yj  ~  ~  ~ 

source  system  involving  p',  a,  X  and  J,  K,  I, 


vector 


P,  M. 


potential  of  a  mixed 
Further,  if  we  define 


E  -  -  grad  $  +  j’*  A 


B  »  curl  A 

we  can  develop  sets  of  equations  which  are  closely  allied  to  Maxwell's 
equations  and  the  associated  boundary  relationships. 
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While  this  type  of  self-contained  treatment  of  the  exponential  potentials 
is  possible*  their  primary  value  lies  in  the  considerable  simplification 
which  they  can  introduce  into  the  treatment  of  the  retarded  potentials  of 
time-harmonic  sources.  For  this  purpose  the  complex  densities  are 
identified  with  the  space  phasor  equivalents  of  the  time-harmonic 

^  (jj 

densities,  as  discussed  in  Sec.  6.5,  and  k  is  made  equal  to  -  -.  Thus 
I  til  dt  -  R.  jj  |  .*"(t-r/c)  dt  j  -  Re  j|  |  eJ&  d,  , 

where 

~  ID 


and 


grad 


grad  Re 


Re  < 


grad 


dt  e 


jut 


Similarly 


T 


Re 


curl 


Also 


tv* 

-H 

f  f  £  e^r  At 

1  J  r  I 

l  -  Re  J 

[  f  r\, 

1  j«  j  £  eJkr  dr  eJ“C 

X 

1 

l  t  J 

It  is  seen  that  in  carrying  out  space  operations  upon  the  retarded 
potentials  it  is  necessary  only  to  perform  these  operations  on  the 
equivalent  exponential  potentials  and  to  extract  the  real  part  of  the 

final  expression  subsequent  to  the  restoration  of  the  factor  e^alt. 

Time  differentiation  and  Integration  Involve  multiplication  and  division 
of  the  exponential  potentials  by  jw  followed  by  the  same  procedure. 

With  this  interpretation  the  nexus  equations  set  out  above  appear  as 
logical  consequences  of  equations  (5.17-15),  (5.17-18)  and  (5.17-19), 
rather  than  as  Independent  postulates. 

While  this  particular  approach  to  retarded  potential  theory  involves 
considerably  less  effort  than  that  required  in  Ch,  5  because  of  the  more 
mechanical  nature  of  the  accompanying  manipulations,  it  should  be  borne 
in  mind  that  its  application  is  restricted  to  single-frequency  systems. 
Whether  or  not  a  Fourier  extension  to  non-repetltlve  time  functions  is 
permissible  will  be  dependent  upon  the  possibility  of  accommodating  an 
infinite  set  of  values  of  k  in  the  case  under  consideration.  Indeed,  the 
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single-frequency  treatment  raises  some  philosophical  difficulty  when  a 
bounding  surface  lies  at  infinite  distance  because  of  the  infinite  time 
required  for  the  establishment  of  the  time-harmonic  variation  there. 

We  will  proceed  to  treat  the  exponential  potentials  independently  of  the 
retarded  time  interpretation  -  at  least  in  the  first  instance  -  because 
the  restriction  of  t  to  a  real  and  negative  value  is  unnecessary  and 
because,  in  any  case,  complex  values  of  k  are  required  in  the  exponential 
solutions  of  the  general  form  of  the  Helmholtz  equation.  Since  the 
procedure  largely  follows  that  presented  in  Ch.  4  it  will  be  unnecessary 
to  dwell  overmuch  upon  detail. 

7.2  The  Scalar  Exponential  Potential  and  its  Derivatives 
7.2a  The  point  singlet  source 
For  a  source  of  strength  a*  located  at  P  we  have 


a 


a  Yl 


or 


(7.2-1) 


a  Yb 


where  R  is  distance  measured  from  P  and  r  is  distance  measured  from  0. 
Then 


so  that 

(V2+k2)$  ■  0  outside  the  source.  (7.2-3) 


7.2b  The  point  doublet  source 

Suppose  that  the  doublet  is  located  at  the  origin  of  spherical 
coordinates  and  aligned  with  the  positive  sense  of  the  z  axis  (6HD). 
Then  it  follows  from  Sec.  4.1  that 


‘’“I 


O 


(7.2-4) 
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Then 


(V*) 


R  ^  +  0  I  3* 

(_R  3R  0  R  30 


-  [*  P  «•  •(-!.*  Hk  +  f;  «J“-P  •  (>  -  i5)  ^ 

On  bearing  in  mind  that  p  -  (R  p  cos  0  -  0  p  sin  0)  we  find  by  collection 
of  terms  that 


<V*>_  ■  !(jj  -  3  P  ”!  9  *  -  V  +  3  Jk  Pr2°*  6  R  +  kip  C°*  6  *)  .ikR 


Jo 
(7.2-5) 


and  this  may  be  written  In  the  general  form 

»♦  -  (j.  -  3?;! *  -  3y  + 33k  y 1  ♦  k2?;I ')  eJkr  (7.2-6) 


Whereas  only  inverse-cube  terms  appear  in  the  expression  for  the  non- 
exponential  gradient  In  Sec.  4.6,  the  present  expression  includes.  In 
addition,  inverse-square  and  inverse-first-power  terms.  This  behaviour 
carries  over  into  higher-order  derivatives. 

As  would  be  expected  from  (7.2-3) 

(V2+k2)*  -  0  outside  the  doublet  (7.2-7) 


This  may  be  demonstrated  by  applying  (2.6-8)  (with  R  replacing  r)  to 
(7.2-4),  or  by  working  in  Cartesian  coordinates  with  transposition  of 

partial  derivatives  along  the  lines  of  the  derivation  of  V2  /  L.V  -  j  ds 

jr  W 

on  p.  263. 

The  interpretation  of  the  exponential  potential  of  singlets  and  doublets 
In  terms  of  their  retarded  counterparts  calls  for  some  comment. 

Expressions  (7.2-1)  and  (7.2-4)  imply  the  presence  of  one  or  two  fixed 
point  sources  of  time-dependent  magnitude.  Since  discrete  sources  of 
this  type  have  not  been  admitted  to  the  model  on  which  the  present  work 
is  based,  it  is  evident  that  the  singlet  source  must  be  identified  with 
that  point  of  a  line  source  where  the  current  phaaor  I  is  discontinuous. 
The  doublet  potential,  in  turn,  may  be  taken  to  correspond  with  the 
retarded  scalar  potential  of  the  end  points  of  a  Hertzian  dipole 
(Ex. 5-103.,  p.  572).  However,  reference  to  (5.13-9)  reveals  that  it  may 
also  be  interpreted  as  the  complex  form  of  the  retarded  potential  of  a 
point  source  pair  having  a  time-dependent  vector  moment  in  virtue  of 
oscillatory  motion. 
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Correspondingly,  the  vector  exponential  potential  of  a  doublet  Is  taken 
to  be  the  complex  form  of  the  retarded  potential  of  a  Hertzian  dipole  or 
of  an  oscillatory  pair  of  sources  as  given  by  equation  (5.13-10). 
Similar  considerations  apply  to  the  exponential  potential  of  a  whirl. 


7.2c  Line  singlets  and  doublets 
For  a  simple  line  source  of  density  A 

♦  -  /  Y  A  ds 


(7.2-8) 


As  in  the  non-exponential  case,  the  potential  becomes  logarithmically 
Infinite  as  the  source  Is  approached. 


At  exterior  points 


grad  ♦ 


A  7y  ds 


(7.2-9) 


dlv  grad  $ 


-k2 


Y  A  ds 


or 


<72+k2)  yH  ds 


r 


o 


(7.2-10) 


For  a  line  doublet  of  scalar  density  L,  In  the  notation  of  Sec.  4.2, 


♦  -  j  L  (n'.Vy)  ds  (7.2-11) 

r 


grad  7  -  -  j  <L(n'.7)7Yds  (7.2-12) 

r 

dlv  grad  <f>  m  I  L  (nf.7)72Y  ds  »  -k2  /  L  (n*.7Y)  ds 

r  r 

or 

(72+k2)  J  l  (n* . 7y)  ds  -  0  (7.2-13) 

J  T 


I 

.3 
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7. 2d  Singlet  and  doublet  surface  sources 

The  exponential  potential  of  a  simple  surface  source  of  density  o'  Is 
given  by 

dS  (7.2-14) 


The  potential  is  everywhere  convergent  and  continuous  since  the  density 

of  the  equivalent  non-exponential  system  (viz  o’e^*cr)  can  be  split  into 
real  and  imaginary  parts,  each  of  which  may  be  treated  by  the  arguments 
of  Sec.  4.3. 

grad  V  -  -  f  o'  Vy  dS  at  points  outside  the  surface  (7.2-15) 


Because  ”ae^  r  is  continuous  wherever  o  is  continuous  and  approaches  o'  as 
r+0,  the  increment  in  the  normal  derivative  of  the  potential  on  passing 
through  the  surface  at  an  interior  point  where  o'  is  continuous  is  related 
to  the  local  surface  density  (for  a  common  arbitrary  sense  of  the  normal) 
by 


A 


H 

3n 


-  4iro 


(7.2-16) 


We  have  also 


rw 

div  grad  4> 

•  f  o  V2y  dS  -  -k2  1  Y  0  dS 

s  s 

(V2+k2)  J 

y"o  dS  -  0  at  exterior  points 

(7.2-17) 

S 


For  a  normally-orientated  surface  doublet  of  scalar  density  y 


♦  -  I  u(dS.Vy) 

S 


(7.2-18) 


where  the  positive  sense  of  S  is  taken  to  correspond  with  the  positive 
sense  of  the  doublet  moment. 

As  in  the  non-exponential  case  there  is  a  discontinuity  of  potential  of 
Airy'  on  passing  positively  through  the  surface  at  an  interior  point  where 
)T  is  continuous. 


grad  $ 


y(dS.V)Vy 


S 


(7.2-19) 
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The  normal  derivative  of  the  potential  approaches  the  same  value  from 
either  side  (for  a  common  sense  of  the  normal)  but,  like  the  potential 
itself.  Is  undefined  on  the  surface. 


dlv  grad  $ 


I  7(dS.V)V2y 
‘  S 


- 

-k2 


/ 


*u(dS.7y) 


(7.2-20) 


or 


(V2+k2)  I  'v(dS.VY) 


0  at  exterior  points. 


7. 2e  Volume  sources 

For  reasons  discussed  in  Sec.  4.4  the  exponential  potential  of  a  volume 
source  of  plecewlse-continuous  density  is  everywhere  convergent  and 
continuous.  The  gradient  of  the  potential  is  likewise  convergent  and 
continuous  (see  p.  278). 

The  field-slipping  technique  developed  in  Sec.  4.8  continues  to  apply,  so 
that  in  numerous  Instances  the  expressions  for  the  derivatives  of  the 
exponential  potential  differ  from  their  non-exponential  counterparts  only 

in  the  substitution  of  y*  for 

However,  since  V2  »  0  and  V2y" »  -k^y*  (r*0),  terms  involving  k2  may 

appear  as  additional  components  in  the  exponential  expressions.  The 
various  formulae  have  been  brought  together  in  Table  9,  p.  614.  The 
derivatives  of  the  cavity  potential,  which  have  not  been  Included,  are 
identical  with  the  corresponding  derivatives  of  the  complete  potential  at 

points  outside  the  source,  with  t  and  S.  Z  replaced  by  t-t.  and  S,  £, 

i,.n  6  1 . . n 

as  required.  (This  also  holds  for  Tables  10  to  12.) 

I  ~  ~ 

The  potential  function  I  P.Vy  dt  and  its  derivatives  are  set  out  in 

Table  10,  p.  615.  In  all  cases  the  volume  integrals  are  convergent 
unless  expressed  as  limits,  in  which  case  t'  replaces  t  and  S'  replaces 

c  ° 

V 

The  derivations  of  the  various  expressions  in  these  and  subsequent  tables 
are  left  as  exercises  for  the  reader,  who  should  endeavour,  in 
particular,  to  develop  the  multiple  derivatives  of  the  partial  potential 
by  alternative  methods. 
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TABLE  9 

The  Scalar  Exponential  Potential  Function  j  y* p-  dx  and  Its  Derivatives 


(1) 

pot  p  -  [  y  p"  at 


(interior  and  exterior  points  of  t) 


(2) 

partial  pot  p '  -  j  'y'p  dx  (evaluated  at  centre  of  moving  6  sphere  within  r) 

T-T6 

(3) 

cavity  pot  p'  -  j  ‘ y  p"dr  (defined  throughout  fixed  6  sphere  within  t) 

T‘T6 

(4) 

grad  pot  p1  ■  |  7  grad  p-  dr  -  <j)  7  p*  dS 
T 


"V  —  '"W  , 

p  Vy  dx 


)  (interior  and  exterior  points  of  r) 


(5) 

grad  partial  pot  'p  ■  /  y'  grad  'p  dx  -  6  ¥  p'  dS 


S,  E 
1.  .n 


_  rV  .  1  'V  ,T 

p  7y  dx  +  0  Y  p  dS 


(6) 


V2  pot  p1  -  j)  (V  -  *Y  xj^-)  dS  +  pot  V2p^  (interior  and  exterior  points  of  x) 

S.  E 

1.  .n 

(7) 

(V2*]?2)  pot  p1  -  0  at  exterior  points  of  x 

(8) 

(V2-*5)  pot  p*  -  -4*^  at  interior  points  of  x 
(9) 

partial  pot  ?  -  j  (V  -55-  *  Y  ||j  dS  +  partial  pot  V2p“ 

S ,  l 
l..n 
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(10) 


(V2+k2)  partial  pot  *p  «  j  [?  -  'p  dS 


TABLE  10 


CD 


The  Scalar  Exponential  Potential  Function  j  P.Vy' dx  and  its  Derivatives 


P.Vy  dx  - 

y  (-  div  7)  dx  + 

^  y'  P.dS  (interior  and  exterior  points 

J  J 

X  X 

j  of  x) 

S,  E 

1.  .n 

(2) 

j9  ~ 

partial  /  P.Vy'  dx 

-  f  y  (-  div  P) 

dx  +  £  y  P.dS 

(evaluated  at  centre 

J 

J 

J 

of  moving  6  sphere 

T-T6 

T-T6 

S1  nZ*  S* 

1 . .  n  o 

within  x) 

(3) 

r  *  ~ 

cavity  I  P.Vy  dx 

’  Y  (-  div  P) 

r  ^ 

dx  +  6  y*  P.dS 

(defined  throughout  fixed 
6  sphere  within  x) 

T~T« 

(4) 

grad  ^  P.Vy  dx 

T-T« 

Sl..nZ>  S« 

Vy  div  P  dr  -  6  Vy  P.dS  (interior  and  exterior  points  of  t) 


S,  £ 

1.  .n 


(Vy  x  curl  P)  dr  -  ^  Vy*  x  (dSxP)  +  k2  ■  y  P  dx 
T  S.  £  X 


S,  l 
1.  .n 


-  -  curl  j  (P*Vy)  dx  +  k2 


y  P  dx 


>  (exterior  points  of  x) 
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«  (7y  x  Curl 

T 


?)  dT  -  jf 


Vy"x  (dSxP)  +  k2  /  y"  P  dT  +  Air? 


S,  E 
l..n 


r  _  ^ 


-  curl  I  (P*Vy)  dr  +  k2  y  P  dt  +  AirP 


Lim 


r'!o ;  -  dT  +  s-"o  f  d5  ^ 


(5) 

grad  (partial)  P.7y^ dr 

T-T. 


Mlnterlor  points 
of  T) 


Vy'div  P  dx  -  ©  Vy'P.dS  +  i  P  x  (dSx7y) 


S.  I 
1.  ,n 


(Vy"x  curl  P)  dx  +  k2  y1  P  dT  -  6  Vy' *  (dSxp)  +  (i  p  VyUs 


T-T. 


T~T, 


S,  E 
l.  .n 


-  curl  (partial)  j  (P*7^  dT  +  Tt2  j  y  P  dT  +  j>  {P  dS.7y“  +  P  x  (dgxVy)} 


(P.7)7y~dr  +  6  dS  P.Vy 


(6) 

^  f  * 

(72+k2)  I  P.Vy' dT  ■  0  at  exterior  points  of  t 


(7) 

(72-**2)  j  P.Vy'  dT  -  Ait  div  P^  at  interior  points  of  t 


(8) 

''Na  /  ^  1  **W  ^ 

(72+k2)  (partial)  /  P^y'dT  -  0  {div  P  dS^y'  +  (curl  P) . (dSx7y)  +  k2yP.dS) 
t-t.  S„ 
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7.3  The  Vector  Exponential  Potential  and  Its  Derivatives 
7.3a  Line  singlets  and  doublets 
Whirls 

The  exponential  potential  of  a  line  singlet  of  density  I  (not  necessarily 
tangential  to  the  contour)  is  given  by 


A 


rids 


(7.3-1) 


At  points  exterior  to  the  contour 


div  A 


j  'l.Vy'ds 

r 


(7.3-2) 


grad  div  A 


(I.V)Vy  ds 


(7.3-3) 


curl  A  "  I  I  x  ds 

r 


(7.3-4) 


curl  curl  A 


k2 


Y  I  ds  + 


(I.V)Vy  ds 


(7.3-5) 


(V2+&)  1  y  I  ds  -  0  (7.3-6) 


The  corresponding  expressions  for  a  vector  line  doublet,  in  the  notation 
of  Sec.  4.12a,  are 

X  -  |  Ll  (n'.Vy)  ds  (7.3-7) 

* 


div  A  -  -J  (Li  .V)(n\7y)  ds  (7.3-8) 

r 


grad  div  A  -  (lJ  .V )?  (n'  .V?)  ds 

jr 


(7.3-9) 
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~  df  JL  ~ 

curl  A  -  /  Lj  x  V(n'.VY)  ds 


(7.3-10) 


curl  curl  A  -  k2  j  LL  (n’.V'f)  ds  +  /  (Lx .V)V(n' .Vy)  ds  (7.3-11) 


(72+k*)  J  ^  (n'.Vy)  ds  -  0 
r 


(7.3-12) 


A  closed,  uniform,  tangential  line  source  gives  rise  to  the  vector 
potential 


A  -  p  I  y  ds  -  I  j>  y  dr  -  1  J  dS  x  Vy 

r  r  s 

so  that  the  vector  potential  of  a  whirl  Is  given  at  exterior  points  by 

(7.3-13) 


where 


Then 


'Vj 

A  -  m  x  Vy' 


m  -  Lim  IS 

r- 

S'O 


div  A  -  0 


grad  div  A  «  0 


curl  A  ■  (m.V)VY*  +  It2  y' m 


curl  curl  A  -  k2  (m  x  Vy) 


(V2+k?)  A  -  0 


(7.3-14) 

(7.3-15) 

(7.3-16) 

(7.3-17) 

(7.3-18) 
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7.3b  Singlet  and  doublet  surface  sources 

The  exponential  potential  of  a  simple  surface  source  of  density  K  (not 
necessarily  tangential  to  the  surface)  is  given  by 

A  -  J  y  K  dS  (7.3-19) 

J  S 

A  is  convergent  and  continuous  everywhere. 

The  increment  in  the  normal  derivative  of  A,  on  passing  through  the 

zx 

surface  at  an  interior  point  where  K  is  continuous,  is  related  to  the 
local  source  density  (for  a  common  arbitrary  sense  of  the  normal)  by 


A  3A  .  7 

A  3-  -  -*wK 


We  have  also,  at  points  outside  the  surface. 


div  A  -  -  I  K.VY*dS 


<-Vy  A  (Vi 

A  div  A  -  -4ir  n.K 


curl  A  -  [  K  x  Vy'dS 


A  curl  A  -  -4it  (nxK) 


grad  div  A  -  j  (K.V)Vy* dS 


curl  curl  A  -  k 2  /  y  K  dS  -r  J  (K.V)Vy"  dS 
S  J  S 


(V2+k2)  j  y  K  dS  -  0 


(7.3-20) 

(7.3-21) 

(7.3-22) 

(7.3-23) 

(7.3-24) 

(7.3-25) 

(7.3-26) 

(7.3-27) 
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When  K  is  tangential  to  the  surface  It  follows  from  (2.12-27a)  that 


divs  y  K  dS 


f  A 

-  j  yK.n' 


But  from  equation  (2.12-7) 


divs  yK  »  y  divs  K  +  K. grads  y 


and  from  equation  (2.12-12) 


.  ~  ^  ±  Zy 

grad  y  -  grads  y  +  n  *-!. 


div  ;  y  KdS 


K.Vy  dS 


K. grads  y  dS 


y  divs  K  dS  -  6  y  K.n1  ds 


(7.3-28) 


In  the  notation  of  Sec.  4.12b  the  exponential  potential  of  a  vector 
source  doublet  of  density  mi  is  given,  at  points  outside  the  surface,  by 


Ml  (dS.Vy) 


(7.3-29) 


div  A  -  -  (Mi.V)dS.Vy 


(7.3-30) 


grad  div  A  -  /  (mi . V)V(dS.Vy) 


(7.3-31) 


curl  A  -  /  Mi  *  V(dS.Vy) 


(7.3-32) 
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curl  curl  A 


U !  (dS.Vr)  + 


(ui.V)V(dS.V?) 


S 


S 


(7.3-33) 


(V2+k2)  /  m  (dS.Vy)  -  0 


(7.3-34) 


7.3c  Volume  sources 


The  comments  made  in  Sec.  7.2e  In  connection  with  the  scalar  potentials 

f  r  ^ 

"y  dr  and  /  P.Vy^  dx  apply  equally  to  the  treatment  of  the 


J 


corresponding  vector  potentials,  and  need  not  be  repeated.  Formulae 
relating  to  |  y  J  dx  will  be  found  In  Table  11  below,  while  the  function 

'  ~  ,  J 

M  *  Vy' dx  and  Its  derivatives  are  set  out  In  Table  12,  p.  625. 


TABLE  11 

The  Vector  Exponential  Potential  Function  I  y  J  dx  and  Its  Derivatives 


(1) 

^  i  — 

pot  J  *  jy  J  dx  (Interior  and  exterior  points  of  x) 
x 

(2) 

partial  pot  J  -  j  ' y  J  dx  (evaluated  at  centre  of  moving  6  sphere  within  x) 

T-T« 

(3) 

cavity  pot  J  -  j  y  J  dx  (defined  throughout  fixed  6  sphere  within  x) 

T’T6 

(4) 

^  f  i*  cy  _ 

div  pot  J  •  jy  div  J  dr  -  0  y1  J.dS 

T  Sl..nr 


/  rVi 

,  J.Vy  dx 


>  (interior  and  exterior  points  of  x) 


x 
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dlv  partial  pot  J  ■  "y  div  J  dr  -  6  'V  J.dS 


S,  Z 
1.  .n 


J.Vy-  dx  +  6  y*  J.dS 


curl  pot  J  -  !  y’  curl  J  dx  -  Q  ^(dSxJ) 


S,  Z 
l.  .n 


J  x  Vy  dx 


(interior  and  exterior  points 
of  x) 


curl  partial  pot  J  •  y  curl  J  dx  -  0  'Y(dSxj) 


S.  E 

1 .  .n 


J  x  7Y  dx  +  0  Y(<*SxJ) 


(72+k2)  pot  J  -  0  at  exterior  points  of  x 


(72+k2)  pot  J  ■  -4 xJ  at  interior  points  of  x 


V2  pot  J  -  (p  (  J  dS  +  pot  V2 J  (interior  and  exterior  points  of  x) 


s.  z 

l..n 


72  partial  pot  J  -  j)  (j  |^-  -  y  ^~)  dS  +  partial  pot  72J 


S,  Z 
1.  .n 
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(12) 


(V2+ic2)  partial  pot  J  -  J>  (j  §£  -  J  |* 


dS 


(13) 

grad  div  pot  J 


■  j  (-  div  J)  Vy  dT  +  J)  Vy'  J.dS  (interior  and  exterior  points  of  t) 

T  S  I 

1 .  .n 


(curl  J)  x  Vy"  dr  +  j>  Vy"  *  (dSxJ)  -  k 2  J  'y  J  dx  -  4irJ 
Sl..n£ 


T'"o  J  dT  -  s'"o  f  J-ds 


T-T  * 


S’ 


^  interior  points 

of  T 


(curl  J)  x  Vy"  dt  +  6  Vy'  x  (dSxJ)  -  "k 2  /  y  J  dx 


S,  Z 
l..n 


J>  exterior  points 
of  r 
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(14) 

rv» 

grad  dlv  partial  pot  J 


(-  div  J)  Vy'dt  +  j>  Vy  J.dS  +  j)  y  div  J  dS 
T"Ti  Sl..n!:  S6 


(curl  J)  x  Vy"  dr  +  6  Vy"  *  (dSxj)  -  k2  'y  J  dx 


t-t. 


S,  £ 
1 .  ,n 


+  6  (y  div  ?  dS  +  Jx(dSxvV)  -  J  Vyl dS) 


(J.V)Vy  dt  +  6  (y  div  J  dS  -  Vy  J.dS) 


T-t, 


(15) 

curl  curl  pot  J 


■  [  (curl  J) 


x  Vy'  dt  + 


7y"x  (d?xj)  (interior  and  exterior  points  of  t) 


T 


z 

.n 


(-  div  J)  Vy^dT  +  6  tiy  J.dS  +  k 2  j  y  J  dx  +  4-itJ 


Sl..nr 


j  *"*2  I  YJdtt  “;0  f  v7*  (J«ds) 


Lim 


interior  points 
of  T 


J  (-  div  J)  Vy"  dt  +  j  Vy  J.dS  +  k2  J  'y  J  dt 
*  si..»£ 


K  exterior  points 
of  T 
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curl  curl  partial  pot  J 


(curl  J)  x  v?  dr  +  Vy*  (dSxj)  +  j  y(dS  *  curl  J) 
“t6  SI..nr  S6 


(-dlv  J)7y'dT  +  6  Vy1  J.dS  +  'k2  y  J  di 


S.  I 
1 .  .n 


+  6  (J  Vy.dS  -  Jx(dSxVy)  +  y'CdSxcurl  J) 


(J.V)Vy^ dx  +  k2  I  y  J  dr  +  0  (^(dS  x  curl  J)  +  Vyx(jxdS)} 


(V2+k2)  partial  pot  J  -  0  fy(div  J  dS  -  dS  x  curl  J)  -  J  dS.Vy'  +  Jx(dSxVy}} 


The  Vector  Exponential  Potential  Function  /  (MxVy)  dr  and  its  Derivatives 


(MxVy)  dr  -  f  ?  curl  M  dx  -  ?  (d?xS)  (^t"ior  and  exterior  Points 

T  S.  £ 

1.  .n 


partial  /  (MxVy)  dr  -  y'  curl  M  di  -  <5  y*  (dSxM) 


Sl..nE,S6 


(evaluated  at  centre  of 
moving  6  sphere  within  x) 


cavity  f  (Mx»y)  dT  -  f  y  curl  MdT-|r  CdS*M)  (defl"ed  th”“*hou'  fl“d 
J  J  6  sphere  within  t) 


Sl..n£'Sd 
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(4) 


div  j f  (Mx7y}  dr  »  0  (Interior  and  exterior  points  of  i) 

T 

(5) 

div  (partial)  J  (fixVy}  dT  »  jf  M.  (7?*dS) 


(6) 


curl 


[  (M*V?> 


dT 


/ 


(curl  M)  x  Vy"  dr  +  J  7y'  x  (dSxM)  (interior  and  exterior  points  of  t) 

S,  2 
1.  .n 


Vy'  (-  div  M)  dT  +H2  ^  M  dT  +  0  Vy'M.dS 


>  exterior  points  of  t 


S.  I 
1.  .n 


f  *  tyj  I 

-  -  grad  I  M.Vy'  dT  +  k2  /  7  M  dT 


-  /  (M.V)Vy  dT  +  "fc2  /  y  M  dT 


7y“  (-  div  M)  dT  +lt2  I  7  M  dT  +  |  7y  M.dS  +  4ttM 

t  t  S,  I 

1.  .n 


-  grad  I  M.Vy^  dT  +  k2  7  M  dT  +  4ttM 


Lim 

t'-O 


(M.V)79JdT  +  k 2  j  y  M  dT  +  gt®0  <f>  dS  x  (Mx7y) 


T-T* 


Sf 


^interior  points  of 
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TABLE  1 2 ( CONTD . ) . 


(7) 

curl  (partial)  J  (MxVy)  dr 

T-T. 


(curl  M)  *  Vy* dx  +  j  Vy' x  (dSxM)  +  j  M  x  (dSxVy) 


T-T, 


s.  z 

1 .  .n 


Vy"  (-  div  M)  dt  +  lc2  J  7  M  dr  +  j  Vy'M.dS  +  <j)  M  dS.Vy' 


Si  Z 
1.  .n 


grad  (partial)  j  M.Vy  dT  +  k2  J  'y  M  dt  +  j)  {M  dS.Vy-  +  MxfdSxV^)} 


T-T<5  S6 


(M.VjVy"  dt  +  k2  |  y  M  dr  +  ^  dS  x  (MxVy') 

T-T,  T-T. 


(8) 


grad  div  J  (MxVy)  dT  »  0  (interior  and  exterior  points  of  t) 

T 

(9) 

grad  div  (partial)  J  (Mxtfy)  dT  *  j)  (curl  M)  x  (dSxVy) 


ao) 


curl  curl  J  (M*V?)  dT  -  k2  j  (MxV?)  dT  at  exterior  points  of  t 

T  T 

(ID 

curl  curl  j*  (MxVy*)  dr  -  k 2  [  (MxVy)  dr  >4it  curl  M  at  interior  points  of  t 
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TABLE  12(CONTD. ) . 


(12) 

f  ~  ^ 

curl  curl  (partial)  /  (M*Vy)  dx 
t-t. 


-  V 1 

(SxVy)  dr 

+  0  (curl  M  (dS.7y^  -  div  M  (dSx7y*)  +  k2y1(dSxH)  } 

1 

:’T6 

(13) 

(72+k*) 

j  (H*vy) 

dr  «  0  at  exterior  points  of  t 

(14) 

T 

(V2+k2) 

u _ ^  1 

dx  ■  -  4ir  curl  M  at  interior  points  of  x 

(15) 

l 

(V2+k2) 

(partial) 

[  (M*Vy)  dx 

■f 


{div  M  (dSx7y)  +  (curl  M)x(dSx7y)  -  curl  M  (dS.Ty)  -  k2ytdSxM)} 


7.4  The  Representation  of  a  Complex  Field  as  the  Exponential  Potential  of 
Surface  and  Volume  Sources 


At  interior  points  of  x,  (6.1-7)  yields 

-  j  j} eJkr  -  'h  (; eJkr)}  dS  -  /  ; e3kr  <72hSs>?  dT  (7-4-» 


It  follows  that  V  may  be  considered  to  be  the  exponential  potential  of  a 

1  9  V* 

simple  surface  source  of  density  -r-  z—  and  u  surface  doublet  of  density 
f  4ir  9n  1  ,  ~ 

-  ^  upon  nE,  together  with  a  volume  source  of  density  -  ^j(7z+kz)V 

throughout  r.  The  value  of  k  is  arbitrary. 

Since  n  is  directed  out  of  x,  the  negative  side  of  the  double  layer 
faces  t  when  the  doublet  density  is  positive. 

More  generally,  if  v'  is  defined  throughout  all  space  and  Sommerfeld 
conditions  hold  at  infinity  (the  real  part  of  j(T  being  negative  or  zero) 
we  find  from  the  arguments  of  Sec.  4.5  that  at  all  points  removed  from 
the  surfaces 
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■  f  {; eJkr  (- 4  §  +  "  h  v? 'Jkr)j ds  -  [  ;  'Jkr  (v2+^dT 


S,  I 
1.  .n 


(7.4-2) 


There  are,  of  course,  an  infinite  number  of  density  functionsjjiving  rise 
to  a  prescribed  field  within  a  finite  region.  Thus,  if  are  well- 

behaved  point  functions  defined  throughout  the  regions  t,..t  bounded  by 

i  n 

S, . .S  ,  then  within  t 
1  n 


4nV 


eJkr  (V-U)  -  (V-U)  (j  ejkrjj  dS  -  j  |  ejkr  (V2+k2)V  dx 
*I..a 

*  f  [i  ‘Jkr  l!-  v  f.  (i  •*)] d*  -  /  i  ‘Jkr  <*2^«  * 


(7.4-3) 


l..n 


The  complex  vector  field  may  be  treated  in  exactly  the  same  way  via  the 
vectorial  form  of  (6.1-7). 


7.5  Equivalent  Layers  in  Scalar  Exponential  Potential  Theory 

Let  simple  and  double  layer  surface  sources  of  density  o'  and  y'  be  spread 
over  open  or  closed  non-intersecting  surfaces  S  which  lie  within  the 
region  T*  bounded  by  the  closed  surface  E,  and  let  a  volume  source  of 
density  occupy  x1.  Then  at  any  interior  point  0  of  x 1  not  coincident 
with  S,  the  exponential  potential  of  the  system  is  given  by 


J  ’  r 

S 


*  .  ;  7  i  «3kr  dS  +  f  v  ds.v:  i  eJkr'+  [  y  i  eJkr  dr  (7.5-1) 


v  n 


where  the  positive  sense  of  doublet  orientation  corresponds  with  the 
positive  sense  of  dS 

It  follows  from  previous  considerations  that  we  may  also  express  4>  as 

o 

7.  ■  fc  /  [S  (-*©•»!;  •*)]  «-hj  ‘ 


MD 


jkr  3^  -  3  A  jkr 

3F  ♦  3^i  \r  e 


(7.5-2) 


JJ 


dS 


where  A  represents  the  Increment  associated  with  movement  through  S  in  an 
arbitrarily-defined  positive  sense  common  to  both  sides  of  the  surface. 


But  it  has  been  shown  that  in  these  circumstances 
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A-|^  «  -4ira'  ;  A$  -  4iry^  ;  (V2+k^)<Ji  »  -Arp' 


(7.5-3) 


hence  equation  (7.5-2)  reduces  to 


r  ~ 

I  s 


~  .-W 

jkr 


dS  +  v  dS. 


,sVi>V  it.& 


dx 


4ir  j  [r  3n  v  3n  \r  yj 


dS 


whence 


ft 


rs*  #-\j  /  “N 

-^jkrn-^(^jkr)3-  -  o 


(7.5-4) 


The  argument  is  readily  extended  to  cover  the  case  in  which  volume 
polarisation  is  present  at  interior  points  of  t;  'p  is  replaced  by 

^  ~  ~  ~ 
p  -  div  P,  Pr  appears  upon  surfaces  of  discontinuity  of  P,  and  the 

relationships  embodied  in  (7.5-3)  are  modified  accordingly. 

Equation  (7.5-4)  holds  for  all  configurations  of  l  which  enclose  the 
source  system.  As  a  consequence,  we  see  that  the  surface  integral 


r\j  /v 


Jkr  i V 

3n 


dS 


may  be  equated  to  zero  whenever  V  is  the  exponential  potential  of  a 
finite  source  system,  without  reference  to  Sommerfeld  conditions  or  the 
nature  of  the  potential  exponent,  provided  only  that  Tc  is  made  equal  to 
it. 


Equivalent  layer  expressions  may  now  be  developed  in  the  manner  described 
in  Sec.  4.10  for  the  non-exponential  case.  It  is  easily  shown  that  if 

and  are  respectively  the  exponential  potential  of  sources  within  and 

without  the  region  R  bounded  by  the  closed  surfaces  S.  E ,  and  if 
-  1 . .  n 

♦  “  +  ♦e.  then 

(1)  at  an  interior  point  0  of  R 


{  eJkr  ~  J_  fl 

r  *  3n  *e  3n  \r 

1.  .n 


n 


dS 


(7.5-5) 
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or 


‘ 


•Jkr!t-nH(HkVs 


(7.5-6) 


Sl..uE 


where  n  is  directed  out  of  R  and  k  is  the  constant  in  the 
exponent  of  the  potential  function. 


Simple  and  double  equivalent 
3$ 


layer  densities  are. 
The  doublet  density  has  a 


1  -1 

correspondingly,  7—  - —  and 

hit  3n  4ir  e 

positive  value  when  doublet  alignment  corresponds  with  n,  ie  when 
the  negative  side  side  of  the  double  layer  faces  R. 

It  is  seen  from  equation  (7.5-6)  that  the  above  densities  may  be 
replaced  by  ^  f*  end  -  L 

(2)  at  an  exterior  point  0  of  R  (ie  within  t,..t  or  outside  £) 

—  In 


/  'v' 


I  e^r  .  y  ejkt 

r  3n  ^i  3n  Vr 


Sl..nZ 


i  jl  jkr  3?  .  -  L  1 
J  (r  3n  9  3n 


dS 


dS 


(7.5-7) 


(7.5-8) 


where  n  is  directed  into  R. 


3<j». 


1  Of  .  « 

Simple  and  double  equivalent  layer  densities  are  now  7—  - —  and  — ; — "a,, 

4ir  3n  4 it  M* 

the  latter  having  a  positive  value  when  the  positive  side  of  the  double 
layer  faces  R. 

These  densities  may  be  replaced  bY  ^  and  - 

As  in  the  non-exponential  case,  the  equivalent  layer  densities  (defined 
by  (7.5-6)  and  (7.5-8))  reverse  sign  when  the  exterior  problem  replaces 
the  Interior. 


The  equivalence  of  sources  (both  scalar  and  vector)  are  commonly 

considered  from  the  point  of  view  of  the  E  and  B  fields  which  derive  from 
them  rather  than  of  the  potentials  themselves.  This  subject  is  treated 
of  in  Sec.  7.8. 
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7-1.  It  has  been  tacitly  assumed  that  if  J,  K,  T  are  time -harmonic  then  p,  a, 
\  are  also  time-harmonic  (supposing  that  their  mean  values  are  zero). 
Similarly,  it  has  been  assumed  that  if  the  above  density  functions, 

together  with  P  and  M,  are  time-harmonic,  then  the  potentials  are  time- 
harmonic.  Prove  these  assumptions. 

7-2.  Confirm  the  relationship 


div  [F]  *  [div  F) 


_  r_  (If 
cr  *[_3t_ 


by  transforming  from  real  to  complex  notation  and  back  again. 
7-3.  By  expanding  (J.V)  in  rectangular  coordinates  show  that 


a 


Use  this  result  to  show  that  if  k:  ■  -  «■  and  J  ■  Re  {J  the  real 

part  of  (J.V)Vy*  is  given  by 


1  riJl  .  3r 

1j 

—  .  r 

a2j 

cr2  3t  cr1* 

at 

.r  +  -g— r 
czr3 

JP 

-  (IJl.V)  grad  i  -([Hj.*)  5§Z  +  &  ]f ‘r  +  jp 


Hence  show  that  the  following  expressions  for  curl  curl  partial  pot  J 

and  curl  curl  partial  pot  J  which  appear  in  Table  11  and  in  Ex. 5-21., 
p.  435  are  In  agreement: 


dT  +  lc2  ly  J  dt  +  0  (y(dS  x  curl  J)  +  Vy  x  (JxdS) } 


T-T, 


t-T, 


and 


!  ;-((!•’)  +  &  H  "r  +  h 


32J 

It7 


,rj  dt 


T-T, 


-■Js  f^2  j  ~  dT  +  j  jjis  X  i  [curl  J]  +  grad  |  x  ([j]xdS)  -  ^  X  (  [If]  *  dS)J 


T-T. 
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Note  the  considerable  simplif ication  Introduced  into  the  expressions 
(and  the  working)  by  the  complex  notation.  (Dyadic  notation  effects  a 

further  simplification  since  j  ((3.7)7?  +  k2  y*  J)  dt  Is  replaced  by 

In 2  j  f  .3  dr).  6 


7-4.  It  was  pointed  out  in  Ex. 5-13.,  p.  424,  that  the  computed  value  of 
A  grad  ^  ~  dS,  which  accompanies  movement  through  the  surface,  will 

S 

be  In  error  If  S  is  spherical  and  it  is  assumed,  for  the  purpose  of 
calculation,  that  a  sufficiently  small  portion  of  the  surface  may  be 
treated  as  plane. 

Show  that  this  assumption  does  not  lead  to  error  In  the  case  of 

A  grad  4,  A  dlv  A  and  A  curl  A  where  t  and  A  are  exponential  potentials 
(and  consequently  Include  retarded  and  non-retarded  potentials)  by 
deriving  values  for  the  general  case  and  demonstrating  their  agreement 
with  previously-determined  values  based  upon  a  planar  analysis. 

[Hint:  Let  S  be  a  regular  closed  surface  having  a  continuous  simple 

source  density  o'.  Show  that 


4ir* 


Jkr 


-  A 


+  A<* 


L.  fi  ^ 

an  \r  e 


dS 


where  0  lies  within  or  without  the  enclosure. 

Hence  show  that  A  ^  -  -4x3"  at  all  points  of  the  surface.  Similarly, 
on 

SA  ~ 

demonstrate  that  A  r—  ■  -4xK. 

an 

Then  substitute  these  values  in  equations  (2.12-12/14)]. 

7-5.  Confirm  that  A  -gi  -  -4t to  when  the  local  surface  comprises  a  spherical 
cap  (le  the  portion  of  a  spherical  surface  cut  off  by  a  plane)  by 

aY 

calculating  the  limiting  values  of  when  the  centre  of  the  surface  Is 

approached  normally  from  each  side.  Show  that  the  result  is  consistent 
with  equation  (4.7-8). 

Show  further  that  the  normal  derivative  of  grad  $  is  discontinuous  by 
8ira/R,  where  R  is  the  radius  of  curvature  of  the  surface. 

Ans: 

•  2,°  [!  1  +  a  °  ■ co’  -  jfe  (oJkd-i^ 

where  d  is  the  length  of  the  chord  joining  the  centre  of  the  cap  to  ita 
periphery  and  \p  la  the  angle  subtended  by  the  chord  at  the  centre  of 
curvature . 
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7-6.  Show  that 


dS 


according  as  the  origin  of  r  lies  within  or  without  the  region  enclosed 
by  S. 

Hence  deduce  that  there  will  be  an  increase  of  4irif  In  the  exponential 
potential  on  passing  positively  through  an  Interior  point  of  an  open 
surface  doublet  where  the  local  density  Is  continuous  and  equal  to  1?. 


Then  employ  the  procedure  of  Ex. 7-4.  to  show  that  the  associated  value 
of  A  is  zero. 

7-7.  If  the  spherical  cap  of  Ex. 7-5.  now  comprises  a  doublet  source  of 
constant  density  vf,  show  that  as  the  surface  Is  approached  centrally 
along  the  normal  from  each  side 


7  *  2 Try'’  |±  1  +  jjeg  + 


(i_  . 

\2R 


JkRjj 


-  &  + 


d_ 

2R 


1 


+  I  +  5  H' 


for  a  common  positive  sense  of  the  normal. 

'*\J 

Show  that  for  k  *  0  and  R-w»  these  results  reduce  to  equations 
(4.7-11/12). 


7-8.  Consider  a  uniform,  spherical  volume  source  of  radius  a  and  density  'p . 
Show  by  integration  that  the  exponential  potential  at  exterior  points  Is 
identical  with  that  deriving  from  a  point  source  at  the  centre,  of 
strength 


(sin  lea  -  ka  cos  ka) 


Show  further  that  at  interior  points,  at  a  distance  R  from  the  centre, 

7  -  ij 

Hence  demonstrate  chat  both  $  and  grad  $  are  continuous  through  the 
surface. 

Finally,  prove  that 

V2$  +  k2$  -  -4irp 

at  interior  points  of  the  sphere  (including  the  centre). 
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7-9.  A  spherical  surface  S  of  radius  a  is  centred  upon  the  point  P.  A  point 
function  V  is  defined  by 

V  -  sis_ai  (RS., 


and 


V 


ejota  (sin  aa) 


e-jaR 

R 


(R2a) 


where  R  is  distance  measured  from  P  and  a  is  a  real  constant. 
Show  that  V  may  be  represented  within  and  without  the  sphere  by 


'Vi 

V 


Jaa 


ge 
4ira 


i  e-Jar  dS 
r 


where  r  Is  distance  measured  from  the  point  of  evaluation. 
Now  suppose  that 


V 


e~jaa  sin  gR 
sin  aa  R 


(RSa;  sin  aa  *  0) 


and 


V 


1  -JbR 
R  e 


(RSa) 


Show  that  V  may  be  represented  within  and  without  the  sphere  by 


rvj 

V 


47ra  sin  aa 


I  e“Jar 


dS 


Deduce  that  j>  ^  e  ^ar  dS  *  0  when  the  origin  of  r  lies  outside  the 
S 

sphere  and  a  is  such  as  to  make  sin  aa  zero*  and  confirm  this  by  direct 
integration. 

7-10.  A  rectilinear  source  of  constant  axial  density  I  subtends  an  angle  26  at 
a  point  0  on  the  perpendicular  bisector  at  a  distance  d.  Show  by 
expansion  in  a  power  series  that  the  curl  of  the  exponential  vector 
potential  at  0  is  given  by 
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<«•**>.  .  -1/  + 


where  the  positive  sense  of  dr  corresponds  with  the  direction  of  I. 

Hence  show  that 

(curl  A)0  -  (?»d f )  [f  sin  9  +  d  In  (}  *  %  «)  +  d*  tan  6  —  j 

Now  evaluate  ji  curl  A. dr*  around  a  circle  of  radius  d  In  the  mid  plane 
r1 

(designated  I”)  and  show  that  for  right-handed  movement  relative  to  I 

~  ~ 

curl  A. dr'  4irl  as  d-+0 


f 


Show  further  that  for  any  closed  contour  T"  which  does  not  embrace  the 
source  (although  possibly  coaxial  with  It) 


curl  A.dr'VO 


T" 


as  the  dimensions  of  the  contour  shrink  to  zero. 

Hence  deduce  that  the  limiting  value  of  the  line  Integral  of  curl  A 
around  a  closed  contour  which  shrinks  about  an  Interior  point  of  a  line 

source  with  axially  directed  density  T  is  dependent  only  upon  the  local 
~  Os 

value  of  I  provided  that  I  Is  continuous  In  a  neighbourhood  of  the 
point. 

7-11.  Let  V  be  a  point  function  having  continuous  second  derivatives 


radius.  If  V  satisfies  the  Sommerfeld  conditions  when  the  real  part  of 
jit  is  negative  or  zero,  show  that  V*  is  given  everywhere  within  t  by 


4*?  •  f  jj  i!  -  *  k  (f  *J&)j ds  -  /  ; e;lkr  (’2-«2)v  * 


[Hint:  For  the  case  jlc' ■  0  make  use  of  the  result  of  Ex. 6-2.  to  show 
that  V  ■  $  throughout  t,  where  Is  the  exponential  potentlal^of  singlet 

1  3v  V 

and  doublet  sources  upon  n  of  densities  ^  and  -  -j—,  and  of 

volume  sources  in  x  of  density  -  ^  (V2+k2)V*.  3 
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7-12,  0  and  P  are  Interior  points  of  a  region  x  bounded  externally  by  the 
closed  surface  S.  A  point  doublet  of  moment  p  is  located  at  P  and  gives 

rise  to  the  exponential  potential  4>  -  -p.V  — ^ —  where  r1  is  distance 

from  P.  Show  by  direct  ^integration  over  a  6  sphere  centred  on  P  that 
for  all  finite  values  of  k 


1  fl  ejkr  l£_  -3_/l  ejkr 
j  (_r  3n  ^  3n  ^r 


dS  -  0 


where  r  is  distance  measured  from  0. 

7-13.  If,  in  the  previous  exercise  ,  a  point  whirl  is  substituted  for  the 
doublet,  and  if  A  is  the  vector  potential  of  the  whirl,  show  that 


fO  (!•*))«  ■ » 

S 

Show  further  that  this  relationship  continues  to  hold  when  A  is  the 
vector  potential  of  piecewise  continuous  sources  of  densities  I,  K  and 
J,  provided  that  all  sources  lie  within  x. 

7-14.  Derive  the  following  forms  of  the  generalised  grad-curl  theorem  by 
expanding 


curl  curl  j  y*  F  dx  -  grad  div  J  y  F  dx  *  7 2  j  y  F  dx 

x 


where  F  is  any  well-behaved  vector  field. 


— 

4xF 

o 


I  —  ~ 

•  -  grad  I  y*  div  F  dx  +  grad  Q  y'  F.dS 


Sl..nE 


+  curl  j  y*  curl  F  dx  -  curl  ^  y*  (dS*F)  -  k 2  j  y  F  dx 


Sl..nE 


-  j  Vy  div  F  dT  -  p  Vr'f.dS 
x 


-f 


Sl..nE 


Vy' x  curl  F  dx  +  |  Vy- x  (dSxF)  -  k 2  J  y  F  dx 

t  S.  Z  x 

l..n 
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7-15.  Let  F  be  a  time -harmonic  vector  field  which  is  well-behaved  within  the 
region  t  bounded  by  the  surfaces  S1  Since  we  may  write 

F  -  Re{F  e^ut}  it  follows  from  the  previous  exercise  that 


Transform  this  equation  into  the  retarded  form  of  the  grad-curl  theorem 
as  expressed  in  Ex. 5-1. ,  p.  403. 

7.6  The  Complex  Form  of  Maxwell's  Equations 

The  exponential  equivalents  of  the  general  expressions  for  the  retarded 
scalar  and  vector  potentials  deriving  from  the  mixed  source  configuration 
discussed  in  Sec.  5.19a  are  given  by 


p  Y  dr  +  o  Y“dS  +  X  y  ds  +  P.Vy  dT  +  P’.V^dS  (7.6-1) 


and 


A  -  J  Y  dr  +  ;  |  K  Y  ds  +  ±  |  I  Y  ds  +  J/  jwP  "y  dx  +  i  /  jwP’y  dS 

(7.6-2) 


M  x  7y  d x  +  /  M'  x  Vy  dS 
S 


Here,  the  surface  sources,  which  need  not  be  coincident,  are  designated 

S.  K  and  I  are  tangential  and  k  is  restricted  in  value  to  -  -,  so  that 
~  =  I  -jwr/c 
T  "  r 

The  corresponding  Hertzian  vectors  are 


rsj 


l 

m 


p  y  dt 


+ 


P’7  dS 


(7.6-3) 
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nm  "  j  M'rdr+J  HfY  dS  (7.6-4) 

®  S 


whence  the  associated  values  of  4  and  A  are  given  by 


*  -  -  div  ne 

(7.6-5) 

~  ~  j  ~ 

A  -  curl  n  +  ^  n 
m  c  e 

(7.6-6) 

It  is  seen  from  (5.17-15),  (5.17-18)  and  (5.17-19) 

equations  of  continuity  take  the  form 

that  the  complex 

div  J  ■  -  jw  p- 

(7.6-7) 

divs  K  +  A  J.n  ■  -  ju  'a 

(7.6-8) 

dl  ~  —  *v> 

^  +  A  K.n’  -  -  jtu  A 

(7.6-9) 

It  then  follows  that  for  any  combination  of  complete  sources 

dlv  A  -  -  <f>  at  exterior  points  of  S  (7.6-10) 

This  is  most  easily  demonstrated  by  considering  each  type  of  source 
separately  and  making  use,  if  required,  of  equation  (7.3-28)  and  its  line 
integral  counterpart,  viz 

f  51  ds  *  /  v  55  ds  +J  T*7^ ds 

J  r  r  r 

in  closed  or  open  form. 

From  equations  (5.11-19)  and  (5.11-20) 

I  -  -gr.d?-|?S 
B  -  curl  A 

div  E  -  -  V2?-  1“  div  1  -  -  (v*  +  ^  y 


(7.6-11) 

(7.6-12) 


Then 
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whence*  from  Sec.  7.2  and  Tables  9  and  10, 


div  E  ■  4ir  (p*  -  dlv  P) 


(7.6-13) 


Also 


curl  B  -  grad  dlv  A  -  V2  A  »  —  (-  grad  <t>)  -  V2  A 


.  iii  .  (V  +4^1 


whence,  from  Sec.  7.3  and  Tables  11  and  12, 


curl  B  -  ~  J  +  ju  P  +  4ir  curl  M  +  E 


(7.6-14) 


On  put ring 


/Vi 

D  -  E  +  4tt  P 


(7.6-15) 


H 


B  -  4tt  M 


(7.6-16) 


and  taking  the  curl  of  (7.6-11)  and  divergence  of  (7.6-12)  we  arrive  at 
the  complex  form  of  Maxwell's  equations,  viz 


div  D  *  4ir  p 


(7.6-17) 


curl  E  -  "1^  B 

c 


(7.6-18) 


div  B 


(7.6-19) 


curl  5  -  —  J  +  D 
c  c 


(7.6-20) 


In  the  notation  of  Sec.  5.21  the  corresponding  boundary  conditions  are 
found  to  be 


^  ~  A  ^ 

n^Dj  +  n2.D2  ■  -  4*0* 


(7.6-21) 


nj  x  Ej  +  n2  x  E2  “ 


0 


(7.6-22) 
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A  ^  —  A1 

nj.Bj  +  n2.B2  ■  0 


(7.6-23) 


A  ~  A  ~  4ir  ~ 

nj  x  Hi  +  02  x  H2  »  -  —  K 


(7.6-24) 


ryj  rv  ~ 

7.7  The  Macroscopic  Vector  Fields  E,  D,  B,  H 

<v/  ~ 

By  combining  (7.6-10)  with  (7.6-11)  we  may  express  E  in  terms  of  A  alone. 
Thus 


E  -  j;  I  grad  div  A  +  ^  A 


C 

jw 


r  * 

\  curl  curl  A  + 


(7.7-1) 


Since  (7.6-10)  holds  only  for  a  complete  source  system,  this  limitation 
is  Imposed  upon  (7.7-1)  also. 

Substitution  in  (7. 7,-1)  of  .the  various  expressions  derived  in  Sec.  7.3 

for  curl  curl  A  and  (v2  +  A,  and  listed  in  Tables  II  and  12,  lead  to 
\  c  A.  ~  ^  ~ 

the  following  formulae  for  E,  D,  B  and  H  at  points  exterior  to  surfaces 
and  lines  of  discontinuity.  To  simplify  the  presentation,  the  different 
parent  current  systems  are  treated  individually. 

7.7a  Line  current  (and  associated  values  of  X  and  a) 

'v  r\j  |  r  r  ^  2  4 .  r  ~ 

E  -  D  -  “  /  ^(T.V)V'y  +  ds  -  -  -jpr  I  7.1  ds  (7.7-2) 

r  r 


I  X  V~ds  (7.7-3) 


7.7b  Surface  current  (and  associated  values  of  o  and  A) 


E  -  D 


(7.7-4) 


B  -  H 


K 


Vy'dS 


(7.7-5) 
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7.7c  Volume  current  (and  associated  values  of  “(T  and  o) 
(1)  at  interior  points  of  t. 


E  ■  D  ■  —•  (-  div  J)Vf'dt  +  Vy'j.dS  +  ^2  j  T  J  dx 

T  S,  Z  T 

1.  .n 


(7.7-6) 


IJ  (curl  J)  x  Vy  dT  +  j)  Vy  x  (dsxj)  -  4irJ 

T  S,  Z 

1 .  .n 


(7.7-7) 


kix’“o  [  £-V>V^dT  ‘  s*!0  f  +  cU  Y  J  dr  I  (7.7-8) 


U)  Lim  .  I  Lim  I  7,7 

"  r-J  dT  *  j^s'+o  f  Vy  J‘dS 


(7.7-9) 


(2)  at  exterior  points  of  t. 

^  —  if  ~  _  f  ~  .2  r  ~ 

E  ■  D  ■  ju  <  /  (“  div  d)VYdT  +  6  Vy  J.dS  +  ^  /  y  J  dr  I  (7.7-10) 

x  S.  Z  T 

1 .  .n 


—  j  (curl  J)  x  vY  dr  +  Vy  x  (dSxJ) 

t  S,  Z 

1.  .n 


(7.7-11) 


-L  J  /  (J.V)Vy'  dr  j  y  J  dr 


(7.7-12) 


m  I  r.J  dT 


(7.7-13) 


(3)  at  Interior  and  exterior  points  of  t. 


B  •  H  -  i|  V  curl  J  dt  -  i  f  y  (dSxj) 

T  S,  Z 

1.  .n 


(7.7-14) 
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J  x  dr 


7.7d  Surface  doublet  (not  necessarily  normal  to  surface) 


(?'  ,T)V?'  +  -Jjl  'V  P*  dS  *  /  r.P'  ds 


i  -  b  -  1 af 


x  Vy  dS 


7.7e  Volume  doublet 

(1)  at  interior  points  of  t. 


E  -  I  (-  div  DVy'dt  +  (t  Vy  I\dS  +  -Jj  j  y  P  dt 

t  S  £  r 

l..n 


(curl  P)  x  Vy'  dr  +  6  Vy'  x  (dS*P)  -  4irP 


S1..aE 


Lim 


■fy  ,  .  Lim  I 


;<:0  I  (P.V)Vy  dT+— of  Vy  P.dS  +>/  y  P  dt 

S' 


T-T' 


'Vi  r\j  <V» 

D  -  E  +  4irP 


(2)  at  exterior  points  of  r. 


nu 

E 


D  -  J  (-  div  P)Vy“'  dt  +  j>  Vy"  P.dS  +  j  y  P  dt 
T  Sl..nE 


(curl  P)  x  7y  dr  +  My  x  (dS*P) 


si..n£ 


-  ~ 


(7.7-15) 


(7.7-16) 


(7.7-17) 


(7.7-18) 


(7.7-19) 


(7.7-20) 


(7.7-21) 


(7.7-22) 


(7.7-23) 
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(P.V)Vy  dx  +  ^2  j  Y  P  dt 


T.P  dr 


(3)  at  interior  and  exterior  points  of  r. 


B  •  H  -  i“|  y  curl  P  dr  -  ^  £  y'  (dSxP) 


s,  e 

I.  .n 


4^  [  P  x  V?dr 


7. 7f  Surface  whirl  (not  necessarily  normal  to  surface) 


r\j 

E  -  D  - 


-  ^  j  M*  x  VY“  dS 
c  1 


B  -  H  - 


|(M'.7)v9'+^7  k-J  dS  -  ^  I  r.5' 


J  j" 

"  1  '.5'  dS 


7 . 7g  Volume  whirl 

(I)  at  interior  and  exterior  points  of  t. 


E  -  D  -  -  ^  /  M  x  vY  dx 


(2)  at  interior  points  of  r. 


B  -  (curl  M)  x  Vy  dx  +  6  Vy  x  (dSxM) 


Jl..n 


(-  div  M)  Vy*  dx  +  ^  Vy'M.dS  +  ^2  /  Y  M  dt  +  4irM 

S,  E 
1.  .n 


(7.7-24) 


(7.7-25) 


(7.7-26) 


(7.7-27) 


(7.7-28) 


(7.7-29) 


(7.7-30) 


(7.7-31) 


(7.7-32) 
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-  grad  f  M.7y>  dr  +  ^  f  7  M  at  +  4irM 


Lim 
t  *-K) 


(M.V)V^dx 


Lim 
+  S'+O 


t-t' 


j)  dS  ^  (Mx7y^  +  ^2  /  Y  M  dx 
S'  T 


w2  Lim 
c2"  t’-0 


—  ^ 

f.M  dt  + 


Lim 

S’-M) 


—  ~ 
dS  x  (MxVy^ 


T-T 


S' 


rw  r\j 

H  «  B  -  4ttM 


(3)  at  exterior  points  of  T. 


B  -  H 


(curl  M)  x  Vy*  dT  + 


V?  x  (dSxM) 


T 


*1. 


z 

.n 


T 


(-  div  M)V~  dT  + 


f 


tfy  M.dS 


y 


M  dT 


s 


1. 


I 

•  n 


T 


-  grad 


i  M.Vy'dT  +  -jjy  J  7  M  dT 

T  T 


(M.V)7y  dT  + 


& 

„2 


Y  M  dT 


T 


T 


J  r.M  dT 

T 


It  should  be  borne  in  mind  that  when  the  formulae  of  Sec.  7 

are  applied  to  Incomplete  current  sources,  the  E  fields,  as 
necessarily  include  contributions  from  such  point,  line 
singlets  as  would  develop  were  there  no  transgression  of  the 
by  the  associated  currents. 


(7.7-33) 


(7.7-34) 


(7.7-35) 


(7.7-36) 


(7.7-37) 


(7.7-38) 


(7.7-39) 


(7.7-40) 

.7a  to  7.7c 

evaluated, 
or  surface 
boundaries 
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7-16.  Prove  the  relationship  (7.6-10)  for  the  most  general  system  of  sources. 
7-17.  Confirm  equations  (7.6-21)  to  (7.6-24). 

7-18.  Show  that  div  D*  -  4rrp"* 

-  1w  - 

curl  E*  *■  —  B* 
c 


div  B*  -  0 


D* 

closed  contour  Fi  due  to  a  current  of 
contour  r2  is  equal  to  the  flux  of  B 
through  r2  due  to  I  in  [For  this  purpose,  an  arbitrary  positive 

sense  of  current  in  Fi  is  defined  to  produce  a  positive  flux  through 

r2.] 

7-20.  Make  use  of  the  expansion  of  (J.V)Vy' in  Ex. 7-3.,  p.  632  to  show  that  at 
exterior  points  of  a  volume  distribution  of  density  J 


curl  H*  - 

c  c 

7-19.  Show  that  the  flux  of  B  through  a 
constant  magnitude  I  in  a  closed 


r\j 

E  - 


2  -«j  1 

(0^  —  l 

+  ?-r 


e~jur/c 


dT 


r\j  A  f~\j  A  ^ 

where  -  r  J.r  and  ■  J  - 

Show  that  the  same  value  of  E  obtains  at  both  exterior  and  interior 
points  (for  the  same  limiting  process)  when  the  singlet  distribution  is 

~  I  ~ 

replaced  by  a  doublet  distribution  of  density  P  -  —  J. 

7-21.  Show  that  the  exponential  potential  of  a  tangentially-orientated,  non- 

uniform,  open  surface  distribution  of  doublets  of  density  P'  is  equal  at 
exterior  points  to  the  potential  of  a  peripheral  singlet  source  of 

density  P’ .n'  together  with  a  singlet  surface  source  of  density 
-  divs  P'.  [n'  -  s  x  n] 

7-22.  Show  that  an  open  non-uniform  surface  distribution  of  normally- 

orientated  whirls  of  density  M’  gives  rise  at  exterior  points  to  an 
exponential  vector  potential  which  is  equal  to  that  deriving  from  a 

'Sj 

peripheral  line  source  of  density  M*  s  together  with  a  singlet  surface 
source  of  density  (grads  M*)  x  n. 
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7-23.  Show  that  the  exponential  vector  potential  of  a  tangentially-orientated, 

*** 

non-uniform,  plane  open  surface  distribution  of  whirls  of  density  M*  Is 
duplicated  at  exterior  points  by  that  of  a  peripheral  line  source  of 

density  M’  *  n'  together  with  a  surface  singlet  of  density  curls  Mf  and 

'V  A 

a  double  layer  surface  source  of  density  M'  *  n. 


7-24.  A  time-harmonic  point  doublet  is  located  at  the  origin  of  spherical 

coordinates  and  aligned  with  the  z  axis  (0  -  0).  Show  that  the  E  field 
at  the  point  R,  0,  ♦  is  elliptically  polarised  and  that 


er  t  Ee 

max  max 


cot 

Rbl 


1  + 


1  -  SV  +i^)‘5 


7-25.  Suppose  that  J  is  well-behaved  within  the  region  T  bounded  by  Sj^  and 
is  zero  outside  it.  Let  the  value  of  'a  upon  S,  E  be  defined  by 

ry  A_  l  •  «n 

J.n  ■  jwa.  Then  the  source  system  is  complete  and  E  is  given  at 
interior  points  of  r  by  (7.7-9),  viz 


*  _  1“  Li 

?  r  ’ 


Lim 
+0 


-  "f  1_  Lim 

F,J  dT  jw  S'+0 


Vy  J.dS 


S' 


rw  r\j 

By  identifying  E  with  F  in  equation  (6.4-12),  arrive  at  the  following 
alternative  expression  for  Eq. 


E 

o 


.  j*  r\j 

~  6  (V*?).(dS*E)  -  T.(dS  x  curl  E) 


S.  I 
l..n 


I_  Lim 
r,J  d  "  jw  S'+O 


T— T 1 


i*  '"W 

6  v?  j.ds 

S' 


It  is  evident  that  in  the  present  case  the  surface  integral  over  Sj 
is  zero.  Provide  an  independent  proof  of  this. 

[Hint:  Show  that  when  volume  integration  is  carried  out  over  the 
regions  bounded  by  S^  ^  and  by  I  and  a  surface  at  infinity,  the 

previous  equation  is  replaced  by 


0  - 


(V*r).(dS*E)  -  r.(ds  *  curl  E) 


Sl..nE' 


where  the  positive  normals  over  S,  £  are  directed  into  t  and  that  over 

i  •  •  n 

the  surface  at  infinity  is  directed  outwards. 
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—  &  —  ~ 

By  combining  Che  cvo  equations  and  evaluating  A(nxE)  and  A(n  *  curl  E) , 
eliminate  the  local  surface  Integrals.  Then  show  that  the  surface 
Integral  at  Infinity  is  zero  by  making  use.  Inter  alia,  of  the  expansion 
In  Ex. 7-3.] 

7-26.  Extend  the  analysis  of  the  previous  exercise  to  the  case  in  which 

surface  currents  are  permitted  upon  S  I,  provided  that 
~  ~  ^  l .  .n 

J.n  -  divs  K  -  jwo.  (The  surface  integrals  should  be  evaluated  just 
inside  t.) 

show  that  B  may  be  expressed  at 


curl  B) 


curl  J-ds 

T-Tr  S’ 


7-27.  By  working  along  the  lines  of  Ex. 7-25/6 
Interior  points  of  t  as 


B 


kf 


(vxr).(dsxB)  -  r.(ds  x 


s,  i 

1.  .n 


1  Lim  f  - 
c  t'-K)  J 


curl  J  dT  - — 5 
ur 


Show  further  that  this  expression  may  be  transformed  into  (7.7-14)  when 

f\j  A  A  f\ j 

J.n  ■  juic*  and  into  (7.7-14)  plus  (7.7-5)  when  J.n  -  dlvs  K  -  jwa". 

7-28.  If  J  -  0  and  M  is  well-behaved  throughout  t  and  zero  outside  it,  show 
that  B  may  be  expressed  at  interior  points  of  t  as 


Transform  this  expression  into  (7.7-31)  by  a  procedure  similar  to  that 
adopted  in  the  previous  exercises. 


7.8  The  Diffraction  Integrals 

We  now  show  that  in  a  finite,  source-free  region  of  space  E  and  3  may  be 
expressed  as  the  sum  of  integrals  taken  over  the  bounding  surfaces. 
Expressions  of  this  type  are  known  as  diffraction  Integrals. 

It  follows  from  equations  (7.6-17),  (7.6-18)  and  (7.6-20)  that  in  a 

source-free  region  (D  -  E,  H  -  B) 


div  l 


0;  curl 


Of  u2  ~ 

curl  £  -  ^  E 


0; 


0 


(7.8-1) 
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Then  on  substituting  E  for  the  general  vector  point  function  F  in  (6.4-2) 
or  (6.4-3)  with  k2  ■  we  obtain 

4irEo  -  Jl  jv  yx ( dS * E)  +  ?( d S *B  ) -V y" d S . E  j  (7.8-2) 


S,  I 
1 .  .n 


Similarly 


div  B  -  0;  curl  curl  B  -  *  -  0;  (v2  +  ^f)  B  -  0  (7.8-3) 


and 


4ffBo  -  j>  |vyx(dSxB)  -  y'(dSxE)-Vy' dS .bJ  (7.8-4) 


S .  E 

1.  .n 


It  then  follows  from  equations  (7.2-15)  and  (7.3-23)  that 


S,  E 

1.  .n 


4ttEo  -  -  curl  p  y  (dSxE)  +  ^  p  y  (dSxB)  +  grad  p  y  (dS.E)  (7.8-5) 


S,  E 
1.  .n 


S.  E 
1.  .n 


and 


4irB 


- 

-  curl  P  y'  (dSxB)  -  <f>  y‘  (dSxE)  +  grad  p  ’y  (dS.B)  (7.8-6) 


S,  E 
1.  .n 


S.  E 
1.  .n 


S.  E 

1.  .n 


In  retarded  potential  form  these  equations  become 


fi 


4vEn  -  -  curl  p  J  [nxE]  dS  -  j  P  j  [-nxB]  dS  -  grad  j  i  [-n.E] 


dS  (7.8-7) 


S,  E 

l..n 


Sl..nE 


S.  E 
1.  .n 


and 


4ttB 


1  r  -  r, 


13  11  £js 


curl  6  ^  [-nxB]  dS  -  i  ^  6  i  [nxE]  dS  -  grad  6  £  [-n.B]  dS  (7.8-8) 


S.  E 
1 .  ,n 


S.  E 
1.  .n 


S.  E 
1.  .n 


Equations  (7.8-7)  and  (7.8-8)  are  known  as  the  Larmor-Tedone  formulae. 
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We  may  obtain  the  following  expressions  for  E  and  B  solely  in  terms  of 

iv  ^  O  O 

the  tangential  components  of  E  and  B  upon  S.  I,  either  by  substitution 

cvj  r\j  I  •  •  n 

of  B  and  E  for  F  in  equations  (6. 4-7/8),  or  by  transformation  of  the 
final  terms  in  equations  (7. 8-5/6). 

4ttEo  -  -  curl  f  y  (dSxE)  +  y  (dS*B)  -  ^  j  ((dSxf).7)  Vy  (7.8-9) 


Sl..nS 


si  2 

1.  .n 


S.  £ 

1 .  .n 


4irBQ  -  -  curl  j  7  (dSxB)  -  ~  ^  7  (dSxE)  +  j  ((dS*E).V)  Vy'  (7.8-10) 


S,  z 

1.  .n 


S.  Z 
l.  ,n 


S,  Z 
1.  ,n 


whence,  from  equation  (6.4-10), 


4ttEq  -  j  (Vxf).(dSxE)  +  ^  ^  T.(dSxB) 


S,  Z 
1.  .n 


S,  Z 
l..n 


(7.8-11) 


4irB 


jf  (Vx?).(dSxB)  -  ".(dSx?) 


S,  Z 
1.  .n 


Sl..nZ 


(7.8-12) 


From  equation  (7.3-25)  we  see  that  (7.8-9)  and  (7.8-10)  may  be  replaced 
by 

4ttEo  -  -  curl  j>  y  (dS*E)  +  ^  j  y  (dSxB)  -  grad  div  j  7  (dSxB)  (7.8-13) 


S.  I 

1.  .n 


S.  Z 
l..n 


S.  Z 
1.  .n 


4irBQ  -  -  curl  j  7  (dSxB)  -  ^  J)  y  (dS*E)  +  ~  grad  div  j  7  (dSxE)  (7.8-14) 


S,  I 
1.  .n 


S,  Z 
1.  .n 


S,  £ 
l..n 


These  expressions,  in  turn,  may  be  easily  transformed  into 


4irEQ  -  -  curl  <j>  7  (dSxE)  -  curl  curl  <j>  7  (dSxB)  (7.8-15) 


S.  £ 
l..n 


S.  £ 
1.  .n 


4rBo  »  -  curl  j  7  (dSxB)  +  jjjj  curl  curl 

S,  £ 

l..n 


j  7  (dSxf) 


S,  £ 
1.  .n 


(7.8-16) 
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We  will  have  occasion  subsequently  to  make  use  of  variants  of 
equations  (7. 8-5/6)  which  substitute  surface  divergences  for  the  normal 

components  of  E  and  5  in  the  final  terms. 

^  i.  ~  ~ 

Let  E  •  ?  Et  +  t  Er  +  n  E  ,  where  £  and  £  are  surface  curvilinear 

%  jft  a n 

coordinates  and  £  £  n  form  a  right-handed  set. 

Then 


nx£  -  Ze^-CE^ 


whence 


divs  (nxE) 


\\  l"  + 


(from  (2.12-25)) 


-  n. curls  E 


(from  (2.12-23)) 


-  n.  [curl  E  -  n  x  — 


-  -  n.curl  E 


*  ryj 

or  divs  (nxE) 


12  5.B 

C 


(7.8-17) 


Similarly*  divs  (nxB)  -  ”^c“  n*^ 

Then  from  equations  (7.8-5)  and  (7.8-6) 


(7.8-18) 


4irEo  -  -  curl  f  7  (dSxE)  +  6  y'  (dS*B)  -  grad  7  divs  (nxB)  dS  (7.8-19) 


Sl..nS 


S.  I 
1.  .n 


Sl..nZ 


a 

4irB  - 
o 


-  curl  j  7  (dSxB;)  -  j  7  (d?xE)  +  ^  grad  j  7  divs  (nxE)  dS  (7.8-20) 


Sl..nZ 


S.  E 
1.  .n 


When  all  sources  lie  within  the  closed  surfaces  S.  the  surface 

I  •  •  U 

Integrals  over  E  may  be  deleted  in  each  of  the  above  expressions.  This 
is  a  consequence  of  the  fact  that  the  surface  Integrals  over  E  vanish  at 
infinity  (See  Ex. 7-29/30.,  p.  654).  Hence  if  0  be  exterior  to  the 

r\j 

regions  containing  sources*  then  Eq  and  B^  may  be  expressed  In  terms  of 
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integrals  over  the  surfaces  bounding  these  sources.  A  particular  case  is 
that  in  which  0  lies  within  a  source-free  region  bounded  by  a  single 
surface. 


We  now  enquire  whether  the  exterior  sources  which  give  rise  to  E  and  B  at 

interior  points  of  t  can  be  replaced  by  surface  sources  upon  S.  E. 

l . .  n 

Suppose  that  we  postulate  a  macroscopic  current  source  of  density 
C*  c  A  ~ 

K  -  -  7“  (n*B)  upon  the  surfaces.  From  equation  (7.6-8)  the  associated 
4ir  i  c*  ~ 

scalar  surface  density  is  -  jjjj  divs  K  so  that  the  value  of  Eq  deriving 

from  the  combination  is  given  by 


E 


-  grad 


y  1--J5  divs  K )  dS 

S,  E 
1.  .n 


iw  i 


Y  K  dS 


Sl..nr 


whence 


4irE 


-  jjjj  grad  j)  y  divs  (nxB)  dS  +  ^  j)  y  (dSxB) 


Thus  we  have  accounted  for  two  of  the  three  terms  in  (7.8-19). 
Similarly,  the  associated  value  of  B  is  given  by 


whence 


4wBo  ■  -  curl  (j  y'  (dSxB) 


This  accounts  for  the  first  term  of  (7.8-20). 

It  is  not  possible,  with  the  surface  sources  at  our  disposal,  to  account 
for  the  remaining  terms,  nor  Indeed  is  there  any  reason  to  suppose  that 
it  should  be  possible.  Nevertheless,  this  can  be  accomplished  If  we  are 
prepared  to  accept  the  more  complex  model  considered  in  Ex. 5-93.,  p.  559 
(See  Ex. 7-33.,  p.  656).  However,  this  is  an  ad  hoc  procedure  which, 
arguably,  is  of  doubtful  value  in  any  other  context. 
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In  the  practical  application  of  the  diffraction  formulae  we  are  usually 
concerned  with  evaluation  of  the  integrals  over  a  single  surface  upon 

f\j  r\/ 

which,  in  part  at  least,  the  values  of  E  and  B  or  their  components  are 
not  accurately  known.  In  attempting  to  arrive  at  reasonable  values  it 
must  be  borne  in  mind  that  the  field  vectors  are  coupled  via  the 

relationships  (7.8-I7/I8)  and  cannot  be  assigned  Independent  values. 
Again,  it  should  not  be  forgotten  that  the  diffraction  integrals  were 

developed  on  the  assumption  of  continuity  of  E  and  B  and  their 

derivatives.  The  error  which  may  result  from  a  neglect  of  this  fact 

becomes  evident  if  the  surface  S  is  split  into  two  parts  with  a  common 

boundary  T,  and  it  is  supposed  that  E  and  B  are  zero  over  one  part  and 
non-zero  over  the  other.  On  applying  equations  (7. 8-5/6)  to  this  case 

we  find  that  the  computed  values  of  E  and  B  fail  to  satisfy  Maxwell's 

equations  whenever  the  components  of  E  and  B  parallel  to  T  are 
discontinuous  through  T.  (Ex. 7-31.,  p.  655).  It  Is  easily  seen  that 
this  is  the  condition  for  an  unbounded  surface  divergence  upon  T,  and 

consequently  unbounded  normal  values  of  E  and  B.  On  the  other  hand,  an 
application  of  (7.8-9/10)  or  (7.8-11/12)  to  the  case  under  consideration 

yields  values  of  E  and  B  which  satisfy  Maxwell’s  equations  (See 
Ex. 7-32.,  p.  655).  These  expressions  do  not  involve  the  normal 

c*  c* 

components  of  E  and  B.  It  would  appear  that  if  a  case  should  arise  in 
which  the  tangential  values  of  E  and  B  are  bounded  while  the  components 
parallel  to  T  are  discontinuous  through  I*,  the  expression  for  E  and  B 

A  f\j  A  rg 

involving  only  n  x  E  and  n  x  B  continue  to  be  valid. 


Problems  associated  with  discontinuities  are  common  in  the  applications 
of  diffraction  theory  because  the  surface  of  integration  is  often 
constrained  to  coincide  in  part  with  discontinuities  of  the  source 
system. 


The  subject  is  a  difficult  one  ,'nd  further  considerations  are  beyond  the 
scope  of  this  work.  The  Interested  reader  is  referred  to  the  extensive 
literature  on  the  subject1. 


1.  See,  for  example,  the  review  by  C.J.  Bouwkamp,  "Diffraction  Theory"  in 
"Reports  on  Progress  in  Physics",  17,  pp.  35-100,  The  Physical  Society, 
London  (1954), 
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7-29.  Deduce  the  value  of  the  surface  Integral  over  E  in  equation  (7.8-2),  as 
E  recedes  to  infinity,  in  the  following  way. 

Let  Z  be  a  spherical  surface  of  radius  R  centred  upon  a  point  P  located 
at  finite  distance  from  a  system  of  sources  and  from  a  point  of 

evaluation  0.  If  AE  and  AB  are  the  Incremental  fields  deriving  from  a 
source  element  at  Q  (supposed  complete) ,  in  accordance  with  expressions 
developed  in  Sec.  5.16  or  5.22,  show  that 

jf  {AYx(dS*Al)-V?  dS.A?}  -  IfH  j>  ^5  e"jwr/c  AE  dS  + - 

E  E 

and 


j)  (dSxAB)  -  “  £^75  e“jwr/c  A£  dg  + - 

E  E 


where  rf  is  distance  measured  from  Q. 

Hence  show  that  the  total  surface  integral  for  a  complete  source 
vanishes  at  infinity  as  g. 

Extend  the  argument  to  the  surface  integral  over  E  in  equation  (7.8-4). 
7-30.  Let  a  system  of  sources  be  contained  within  a  region  t  bounded  by  the 

r\j  r\j 

closed  surface  E  such  that  the  macroscopic  densities  p,  J,  P  and  M  are 
everywhere  continuous  and  fall  smoothly  to  zero  before  reaching  the 
bounding  surface;  and  let  0  be  an  interior  point  of  t.  By  substitution 

of  E  for  F  in  equation  (6.4-2)  show  that 


•  hf  +  4s 


'V  —  — 


+  y(dSxB)-VY  dS.E 
c 


-  grad 


Y  (7-  div  P) 


T 


dt 


r\j  '"NJ  ru 

(J  +  JwP  +  c  curl  M)  dT 


Hence  deduce  that  the  surface  Integral  is  zero  for  all  configurations  of 
the  surface  provided  that  It  encloses  the  sources  and  the  point  0,  and 
observe  that  0  la  not  constrained,  as  in  the  previous  exercise,  to 
remain  at  finite  distance  from  the  source  system  as  E  recedes  to 
Infinity. 

Now  develop  a  similar  treatment  for  B,  and  devise  a  plausible  means  of 
including  discontinuous  sources  of  all  types  in  the  argument.  In  this 
way  show  that  if  all  sources  are  contained  within  a  region  bounded  by 

the  closed  surface  S,  the  E  and  B  fields  at  exterior  points  may  be 

expressed  in  terms  of  n  »  E  and  n  x  g  upon  S. 
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7-31.  Let  equations  (7. 8-5/6)  be  applied  to  a  single  surface  S  which  encloses 

a  source-free  region  t,  and  let  E  and  B  be  well-behaved  upon  S.  Confirm 
that  at  interior  points  of  t 


r>j 

div  E  -  div  B  -  0 


r\j  ,  r\j  'V  -  ^ 

curl  E  »  -  ^  I  ;  curl  B  -  E 

c  c 

r\j 

Now  suppose  that  E'  and  B'  are  defined  by  (7. 8-5/6)  when  the  integration 
is  carried  out  over  the  portion  of  S  having  the  boundary  T.  Show 
that  in  these  circumstances 


div  E'  "  4^  f  y  B-dr  s 


div  B* 


4ttc 


y  E.dr 


curl  E'  - 


c  B'  -  -fa  srad  9  y  E*dr 


curl  B 


rv#  .  <-\j  i 

B*  *  F*  - 


4ir 


grad  0  Y  B.dr 


7-32.  Let  E  "  and  B  "  be  defined  by 
o  o 


rxj  f*  "V  #  r  j*  <\/  /* 

4itEo"  -  -  curl  /  Y  CdSxE)  +  I  Y  (dSxB)  +  grad  /  Y  dS.E  -  ^  grad  6  Y  B.dr 


4ttB  " 
o 


-  curl  j  Y  (dSxB)  -  Y  (dS*E)  +  grad  j  Y  dS.B  +  grad  j>  Y  E.dr 


Make  use  of  the  results  of  the  previous  exercise  to  show  that  E"  and  B" 
satisfy  Maxwell's  equations. 


These  expressions  are  known  as  Kottler's  formulae. 

Show  that  they  are  identical  with  the  expressions  developed  previously 
in  terms  of  Green's  dyadic  (7.8-11/12)  when  applied  to  an  open  surface. 


656 


FIELD  ANALYSIS  AND  POTENTIAL  THEORY 


[Sec. 7.9 


ry>  ^ 

7-33.  Show  that  the  diffraction  integrals  for  E  and  B  preserve  the  same  form 
when  the  source  system  of  Ex. 5-93.,  p.  559  is  employed.  Show  further 
that  the  Importation  of  an  additional  tangential  surface  source  of 

~  c  A  ~  ~  ~ 

density  K  -  7—  (n*E) ,  as  permitted  by  the  model,  allows  E  and  B  to  be 
m  4ir 

expressed  ,  at  interior  points,  wholly  in  terms  of  surface  sources. 

Extend  considerations  to  the  time-invariant  case,  noting  that  dlvs  K  and 

dlvs  K  are  zero,  and  that  E  and  B,  4>  and  A,  and  <J>  and  A  are 
m  mm 

uncoupled. 

2 

7.9  Introduction  to  the  Auxiliary  Potentials 

Let  sources  be  distributed  throughout  a  finite  region  of  space  in  such  a 
way  that  Maxwell’s  equations  hold  at  all  points  of  a  subregion  T  bounded 
by  the  closed  surfaces  ^2. 

Since  B  is  solenoidal  in  T  it  is  possible,  in  accordance  with  the  results 
of  Sec.  4.17,  to  determine  a  point  function  Ai  in  t  such  that 

r\j 

B  -  curl  Ax  (7.9-1) 

Ai  is  one  of  an  infinite  set  of  possible  functions  which  differ  from  each 
other  by  a  gradient  function. 

Further,  curl  E  -  —  B  so  that  E  +  A»  is  irrotational  in  t,  hence 
c  c 

E  -  -  grad  -  1=  Aj  (7.9-2) 

where  $1  is  one  of  an  infinite  number  of  scalar  point  functions  which 
differ  from  each  other  by  a  constant. 

Equations  (7.9-1)  and  (7.9-2)  may  be  replaced  by 

-  curl  A’  (7.9-3) 


where 


E 


-grad?  -32  ?• 


A’  -  Ax  -  grad 


(7.9-4) 


(7.9-5) 


2.  While  the  analysis  of  the  present  section  is  carried  out  in  complex 
form,  an  explicitly  retarded  treatment  may  be  adopted  for  the 
non- time-harmonic  case. 
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♦  ' 


♦  l 


(7.9-6) 


being  any  well-behaved  scalar  function. 

We  will  refer  to  A'  and  <j»*  as  auxiliary  potentials. 

~  ^  ~ 

The  replacement  of  Ax  and  <j>!  by  A’  and  <p'  is  said  to  be  a  gauge 
transformation;  correspondingly,  B  and  E  are  said  to  be  gauge-invariant. 

From  equations  (7.9-5)  and  (7.9-6)  we  see  that 

div  Af  +  -  div  Ax  +  ^  ^  -  (v2<jT  +  JJj  (7.9-7) 

Hence  if  ^  is  so  chosen  as  to  make 

-'v#  rN*'  r—~  1(ii 

V2ljl  +  ^  “  div  A1  +  g  $1 

ie  if,  for  example,  we  put 

^  I  7  (div  A;  dx 

T 


then 


div  A' 


-jw 

c 


In  this  case  it  follows  from  (9.7-5),  (9.7-6)  and  Maxwell's  equations 

that 


V2?'  +  ^5  *'  •  -  4w  (o'-  div  P)  (7.9-8) 


72!'  ♦  -  -^(J  +  jJ+ccurl5)  (7.9-9) 

r\j  . 

The  relationship  div  A’  ■  ^  *  as  Kentione<i  in  Sec.  5.19c  in  real 

form,  is  known  as  the  Lorentz  gauge.  Whereas  in  the  present  case  it  is 
the  result  of  choice,  it  was  then  a  logical  deduction  based  upon  the 
definitions  of  retarded  scalar  and  vecto.-  potentials. 

We  may  choose  a  different  relationship,  say 


div  A'  -  0 

This  is  known  as  the  Coulomb  gauge  and  requires  that  ■  div  A^  or, 

say» 
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*  - 

T 

We  easily  find  that  in  this  case 

V2?'  -  —  4ir  (p"*  -  div  P)  (7.9-10) 

V2A'  -  -  (J  +  jwP  +  c  curl  M)  -  E  (7.9-11) 

rv>  q  ^ 

On  the  other  hand,  if  we  put  <l>  •  -  —  then 

-  0  ;  E  -  -i^A’  (7.9-12) 

and 

^  ^ 

div  A1  »  div  Ai  +  jjjj-  V2 

Further, 

~  ~ 

div  E  -  -  - —  div  A1  »  4tt  (’p  -  div  P) 

c 


and 

f\j  f\j  r\j 

curl  B  -  grad  div  A*  -  V2A' 


whence 

72A’  +^A'  -  -  (j  +  jwP  +  c  curl  M)  +  grad  div  A'  (7.9-13) 

For  the  particular  case  in  which  ^  and  P  are  zero  in  t,  equation  (7.9-13) 
reduces  to 

2  ~  /  _  'Xi  ~ 

72A’  A1  -  -  —  (J  +  c  curl  M)  (7.9-14) 

c  c 


Corresponding  to  the  differential  equation  (7.9-8),  the  general  form  of 
at  an  interior  point  of  t  Is  given  by  (6.1-7)  as 
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♦o'  -  hi  j  |j  *J"r  i-'  -  ♦'  Is  (;  *3kr)] dS  +  /  J  ^  ~  diT  dT 


SX..n£ 


(7.9-15) 


where  k  -  ±  - 

c 

Thus  may  be  expressed  in  terms  of  advanced  or  retarded  integrals,  or 
combinations  of  the  two.  Boundary  conditions,  however,  remain  unknown. 


Suppose  that  the  complete  source  system  comprises  a  set  of  £ubreglons 
within  which  the  density  functions  are  well-behaved.  Then  ♦  '  may  be 
expressed  at  all  points  removed  from  the  surfaces  by 


-  f.  /[-:  £)«•  &  j  •“"■)>  */  j  «■  '><■ 


ijwr/c  aj'  ft  L  i  *J“Wc\  . 

3n  *  3nvr  J  J 


(7.9-16) 


where  the  t  notation  la  that  employed  previously,  and  S  represents  all 
paired  surfaces  of  integration  defined  by  the  Interfaces  of  the 
Juxtaposed  regions. 

The  corresponding  solution  of  equation  (7.9-9)  Is3 


'a 


A  ’ 


o 


£  j-  i  ,!J“r/c  dS 

.n  Jn  ,r  / j 


c 


2  tjwr/c 
r 


(J  *  JwP  ♦  c  curl  M)  dt 


(7.9-17) 


4t 


l  ijwr/c 
r 


3A'  f, 
3n 


a 

Tn 


_I  tjwr/c 


dS 


3.  Although  the  subscript  *  is  employed  in  conjunction  with  the  volume 
integrals  to  indicate  that  all  subregions  are  Included,  It  is  supposed  that 

■s.  -V  »  »  > 

o,  p,  J,  t  and  M  are  sero  beyond  a  finite  region  of  space. 
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In  virtue  of  the  boundary  conditions  expressed  by  equations  (5.21-12) 
to  (5.21-15)*  the  discontinuities  of  4'  and  A'  and  their  derivatives 

<v»  C* 

through  bounding  surfaces  are  not  entirely  arbitrary.  Thus  if  4  and  A' 
are  postulated  to  be  continuous  between  subregions*  the  following 
relationships  must  hold  (see  Ex. 7-35.,  p.  663): 

ft***  _  A  ~  A  ~ 

4  j-J  -  -  4ir  (a  +  ni.Pi  +  n2.P2)  (7.9-18) 

tiA'  —Ait  -  -  -  -  - 

A  ^  (K  +  c(M!xni)  +  c(H2xn2))  (7.9-19) 


Substitution  of  (7.9-18)  and  (7.9-19)  in  (7.9-16)  and  (7.9-17),  and 
transformation  in  accordance  with  equation  (1)  of  Tables  10  and  12  then 
lead  to 


'Vi 

4 


» 


j  p4  ±ju>r/c 

J  * 


dr  +  [  |  .«“r/c 


dS  +  P.V 


1  e±jur/c\ 


ijwr/c  34' 
e  3n 


dx 

(7.9-20) 


and 


J  #±jur/c  dt  +  ju  j  P  ,tj«.r/c  dT  +  1  f  K  e±Jdir/c  ds 
r  c  J  r 

S 


•/--(*  *•  *  fc  j  [;  £  -  *  fc  ('  •■•“'•'I 


(7.9-21) 
dS 


/j 


More  generally* 

Ai  l\i  Arf 

4’  -  a4i'  +  (i-a)  42’ 


where  4i*  is  the  advanced  (positive  exponent)  component  of  (7.9-20),  42' 

4 

is  the  retarded  component*  and  a  is  an  arbitrary  constant  . 

A  corresponding  expression  holds  for  A' . 


4.  Note  that  these  two  components  have  identical  values  so  long  as  the 
surface  Integrals  at  infinity  are  retained. 

For  a  possibly  Independent  solution  see  A.J.  Carr,  Phil.  Mag.  6,  p.  241 
(1928). 
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If,  now,  a 
form 

is  equated  to  zero 

and  Sommerfeld 

conditions 

stated  in  the 

rT'  bounded  ; 

R( 

^ 

V3R  c  / 

1+0 

as  R-*» 

(7.9-22) 

RA '  bounded  ; 

R( 

+  is. 
c  AJ 

-*>0 

as  R-** 

the  advanced 

components  of 

the 

potentials 

are 

eliminated 

together  with 

the  retarded  surface  Integrals  at  Infinity,  and  and  A'  reduce  to  those 
forms  of  the  retarded  potentials  employed  elsewhere  In  this  work  (with 


contributions  from  surface  doublets  and  whirls  omitted)^. 


The  foregoing  treatment  ^for  the  case  dlv  A*  -  <p'J,  by  means  of  which 

the  retarded  potentials  in  externally  unbounded  regions  are  developed 
from  Maxwell's  equations,  is  representative  of  the  approach  Invariably 
adopted  (if  only  implicitly)  in  conventional  works  on  electromagnetic 
theory.  Its  unsatisfactory  nature  is  at  once  evident.  Not  only  must 
Maxwell's  equations  be  treated  as  postulates  (without  prior  definition  of 

E  and  B) ,  but  the  associated  boundary  conditions  likewise**.  A  further 
postulate  must  then  be  adopted  concerning  the  continuity  of  the  potential 
functions  through  surfaces  of  discontinuity.  Finally,  the  retarded 

surface  integrals  at  infinity  are  arbitrarily  equated  to  zero'  while  the 
advanced  solutions  are  conceded  to  be  incompatible  with  experience  and 
consequently  rejected. 


5.  The  complementary  functions,  le  the  solutions  of  the  homogeneous 
Helmholtz  equations,  should  be  added  to  the  particular  integrals.  However, 
Sonnerfeld  conditions,  as  stated,  eliminate  the  retarded  components.  For 
the  non-tlme-harmonlc  case  the  analysis  of  Sec.  5.4a  reveals  that  the 
complementary  functions  will  be  zero  everywhere  and  at  all  times  if  they 
and  their  time  derivatives  are  everywhere  zero  at  any  one  Instant. 

6.  Boundary  conditions  cannot  be  derived  legitimately  from  Maxwell's 
equations. 

7.  Some  writers  endeavour  to  justify  the  procedure  on  the  ground  that,  when 
the  volume  integral  is  taken  to  be  the  complete  solution,  the  computed 
value  of  the  corresponding  surface  integral  at  infinity  is  zero.  This 
argument  Is  Invalid,  for  once  the  solution  is  preempted  in  this  way  the 
surface  Integral  necessarily  vanishes. 
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The  reverse  path.  In  which  the  retarded  potentials  are  treated  as  primary 

8  9 

concepts.  Is  logical,  unequivocal  and  flexible  . 

This  criticism  is  not,  of  course,  intended  to  decry  the  use  of  auxiliary 
potentials  when  developed  for  finite  closed  regions,  within  which  the 
constitutive  relationships  for  linear  material  media  may  lead  to 
surprising  simplifications;  nevertheless,  the  secondary  nature  and 
limitations  of  these  potentials,  and  of  the  correspondingly  modified 
Maxwellian  equations,  should  not  be  forgotten.  Such  applications, 
however,  properly  belong  to  the  applied  mathematics  of  electromagnetic 
theory  and,  as  such,  are  beyond  the  scope  of  this  work. 


EXERCISES 

7-34.  Supposing  that  the  solutions  of  (7.9-8),  (7.9-9)  and  of  (7.9-10), 

(7.9-11)  may  be  expressed  entirely  as  volume  Integrals  and  that  the 

potentials  are  designated  ^ ,  Aj  *  and  4> 2 ',  A2'  respectively,  show  that 
♦V  -  I  “  e“jwr/c  (p-  div  P)  dT 

Aif  -  ^  f  ^  e"'iur/c  +  jjp  +  c  curl  m)  dx 


or 


Ar  *  zli(J  +  h^  +  c  curl  s)  dT  +  /  ?  *rad  v dx 


and 


^2*  *  /  -  (p  -  div  P)  dx 


A2 1  -  ~  J  j  juD  +  c  curl  M J  dx 


8.  In  particular,  attention  Is  necessarily  focussed  from  the  outset  upon 
the  kinematics  of  retardation.  (Needless  to  say,  the  conventional  view  has 
been  adopted  In  the  present  work.) 

9.  Thus,  If  doublet  surface  sources  were  admitted  to  the  system,  the 

~  ■a* 

modification  of  the  boundary  conditions  for  4  and  A,  as  derived  in  an 
earlier  chapter,  could  be  written  down  at  once.  But  In  the  alternative 
approach  a  further  postulate  would  be  required. 
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or 


%'  -  \  I  J  0  +  J  J  +  c  curl  S)  dT  -  y  i  .->r/c  grad  V  dr 

Note  that  both  A^1  and  A2'  may  be  expressed  in  unretarded  or  retarded 

(exponential)  form,  but  that  only  in  the  retarded  form  of  Ax'  is  the 
integrand  expressed  directly  In  terms  of  density  functions  alone. 

7—35.  Let  a  surface  of  discontinuity  be  characterised  by  the  curvilinear 

_A  A 

coordinates  £  and  5  and  let  £,  5,  n  form  a  right-handed  set.  By 

substitution  of  (7.9-4)  in  (7.6-21)  and  (7.6-22)  show  that 

r\j  /\i 

d$l  L  Cs*  ~ 

3nx  +  3^  +  nl‘<Al“A2)  -  4ir  (o  +  ni.P|  +  n2.p2) 


*Jl) 

hr  \3£  "  3C  /  +  c”  ?^A1_A2) 


/V 


ht\3C  35 


1  ( 3*2\  ju  i  ^  ~ 

k  V  ar  "  v  /  +  -z—  (A i  — A2 ) 


Hence  conclude  that  (7.6-21)  and  (7.6-22)  are 
conditions 


-  0 


-  0 


satisfied  by  the  boundary 


♦  l  “  $2  »  A1  "  A2 


3$1  3$2 

+ 


^  "j  A 


3nx  +  3n2  "  4ir  & +  nl-pl  +  n2-P2> 


Show  further  that  the  above  conditions  also  satisfy  (7.6-23),  and  that 
(7.6-24)  requires  that 


(  *  3Aj  ^  3A2 


a*l 

3nj 


L. 

Finally,  show  that  nj.^ 


3 ±z\ 

+  3n2/ 

_a  3A2 

■ 


Aw  ~  ~  ~ 

—  (K  +  c(Mi xnj )  +  c(M2xn2)) 


0  because  div  A  -  -  £ 


whence  (7.6-24)  is  satisfied  if 


3Aj  3A2  /  _  ~  ^  A  rsj  A 

3^  +  zT2  "  T  (K  +  c<MlXnl>  +  c(M2xn2)) 
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7-36.  Suppose  that  (p"  -  div  P)  is  veil-behaved  everywhere  and  is  zero  outside 
the  externally-bounded  region  t*.  Let  the  closed  surface  I,  which 
bounds  the  region  t,  lie  everywhere  beyond  t'.  Then  if,  at  any  Interior 
point  0  of  t,  we  take  the  complete  solution  of  (7.9-8)  to  be 

-  j  \  e-jOT/C  (?-  div  ?)  dr 
T  f 

it  follows  from  (7.9-15)  that 


I 


Confirm  this,  when  I  recedes  to  infinity,  by  direct  evaluation  of  that 
component  of  the  Integral  deriving  from  an  arbitrary  source  element. 

7-37.  Since  the  retarded  and  advanced  forms  of  equation  (7.9-15)  represent  a 
single  solution  of  (7.9-8),  the  retarded  volume  Integral,  as  set  down  in 
the  previous  exercise,  must  satisfy  the  advanced  form  of  (7.9-15),  ie 

rsa  (l) 

with  k  »  +  -.  Demonstrate  this  for  the  case  in  which  I  recedes  to 
c 

infinity. 

Show  also  that  the  Sommerfeld  conditions  would  have  to  be  modified  if  a 
solution  Involving  a  combination  of  retarded  and  advanced  volume 
Integrals  alone  were  to  be  admitted. 


APPENDICES 


A s  mentioned  in  a  footnote  to  Appendix  1  below,  the  Lorentz  force  expression 
is  employed  in  the  following  pages.  In  conformity  with  our  expressed 
Intention  to  prescind  from  the  applied  mathematics  of  electromagnetic  theory, 
we  do  not  seek  to  stress  the  physical  Interpretation  of  the  various  analyses; 
this  will  readily  be  supplied  by  the  reader  with  a  physical  background. 

The  analyses  have  been  included  here  because  of  their  intrinsic  Interest  and 
because  -  as  far  as  the  author  is  aware  -  they  have  not  appeared  elsewhere. 


A. 1  The  Activity  Equation  for  Point  Sources 


Consider  a  set  of  point  sources  of  strengths  a. - a  which  move  in  any 

1  P 

manner  (with  velocity  <  c)  within  the  region  bounded  by  a  closed  surface 
S.  The  sources  are  surrounded  by  regular  closed  surfaces  Sj— which 


share  their  velocities  and  which,  in  conjunction  with  S,  bound  the  region 

T.  Sources  of  strengths  a a  lie  outside  S.  At  some  particular 

q  n 

instant  the  interior  sources  occupy  the  positions  P^ - and  move  with 


velocities  v, - v  . 

1  P 


We  now  proceed  to  show  that  if  and  Bi 

from  the  ith  source  and  E^'  and  B^'  are 
sources,  and  if  1 


are  the  E  and  B  fields  deriving 
the  combined  fields  of  all  other 


F 


i 


c 


(v1xB1’ 


(A. 1-1) 
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then 


1 


F,.vi  —  +  Fp.vp  +jfr  (E,»V  —  +  En»Bn').dS 


■  'I 'it  I  ^  —  +  In.En-+B,.Bl' 


(A. 1-2) 


+  E  .B  ')  dT 
n  n 


where  x  Is  the  limiting  configuration  of  T  as  the  surfaces  S^ - S 

shrink  uniformly  about  their  respective  sources.  p 

The  surface  Integrand  of  (A. 1-2) ,  which  may  be  expressed  as 


n  n  n 

Y,  ^  <W)  »  or 

i-i  i-i  l-i 

will  be  referred  to  as  'the  Poyntlng  vector  for  point  sources'. 


On  substituting  E}  and  Bi'  and  then  Ex '  and  Bi  for  F  and  G  in  (1.16-7), 
adding  the  resulting  equations,  and  applying  (5.11-24)  and  (5.11-27),  we 
obtain 


div  (E1«B1,+  Ei'xBi)  -  Bx'.curl  Ej  -  Ej.curl  Bi'  +  Bx.curl  Ex'  -  Ex'. curl  Bi 


.  3Bx  all'  3Bx*  _  3Ex  1 

-  -UB>'-ir  +  E>-TT  +S'-TT  +E»’-3Tj 

■  -  (El-El,+  fl-5i’) 


1.  Students  of  electromagnetics  will  recognise  equation  (A. 1-1)  as  the 
Lorent*  expression  for  the  force  exerted  on  a  point  charge  of  strength  ai 

P 


at  the  point  P^  by  sources  giving  rise  to  E^'  and  B^' , 


so  that 


.v 


1 


1-1 

may  be  interpreted  as  the  activity  of  the  discrete  electrical  forces  of 
interaction  which  appear  In  the  electrical  model  within  the  region  bounded 
by  S. 
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Then 


J  (Ej.Ej'+Bj.V)  dr  -  -  c  j  (EjxBjN-  Ej'xBjl.dS 
T 


S1..PS 


when  the  surfaces  S,  are  fixed  in  position,  and 
l.  .p 

dr  -  -  c  <(  (E^Bj  •+  Ex 'xBj)  ,dS 


S1..PS 


+  <j>  (Ej.Ei'+B^Bi’)  Vl.dS 

Si 


+  j)  (Ej.E^+Bj.Bi')  v2.dS 
S2 


when  the  surfaces  S,  move  with  their  associated  sources. 

1.  .p 

2 

In  the  limit  as  Sj  shrinks  about  Pi  the  surface  integrals  over  S 
to 

cCV^.jf  (EjxdS)  -  (BjxdS) 


+  V!.dS  +  (B1,)pi.^  Rj  Vi-dS 


and  this  may  be  replaced  by 


c(B1,)pi.^  ^EjxdS  Bj  Vj.dSj  +  cCEj')^.^  (dSxBj  +  ^  Vl.dS 

Si  Si 


4  ^ 


1  ^ 


(A. 1-3) 


1  reduce 


(A. 1-4) 


2.  'Llm'  signs  have  been  omitted  in  the  following  pages  to  simplify  the 
notation. 
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vi 


By  staking  use  of  the  identity 


dS  x  (vi*Bi)  ■  vj  Bi.dS  -  Bi  vi.dS 


the  first  integral  of  (A. 1-4)  may  be  expressed  as 

B^dS 


j  Je!  +  i  (vi«Bi)J  x  dS  +  i  Vi  J) 


Si 


Si 


(vjxBi) 


x  dS 


(from  Ex. 5-44.,  p.  485) 


Now  from  equation  (1.16-6) 

x  Bi  »  vi  x  curl  Ai  ■  grad(vi.Ai)  -  (vi.V)Ai  -  (Ai.V)vi  -  A]  x  curl  Vi 


-  grad(vi.Ai)  -  (vi.V)Ai 


since  vi  is  constant 
in  this  context 


hence 


1  ^ 


1  -  r 


3Ai 


Ei  +  -  (vixBi)  -  -  grad^i  -  -  v^A^  -  -^3t  +  (vi.V)A^ 

and  from  equation  (1.17-2) 


j  {e.,  *  1  . . ,}  ■  as  -  W  if  -  f-7~  '  <»,.»>*, 


-) 


Si 


dAi 

dt 


dAx 

where  is  the  rate  of  change  of  Ai  upon  the  moving  surface  Si . 

But  since  the  retarded  positions  of  the  source  appropriate  to  evaluation 
of  the  field  quantities  upon  Si  converge  upon  Pi  as  Si  shrinks  about  Pi , 
we  may  take  the  retarded  and  Instantaneous  velocities  to  be  identical  in 
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the  limit,  in  which  case  the  retarded  distance  associated  with  an  element 

dAi 

of  Si  does  not  change  with  time  and  involves  inverse-distance  terms 

dAj 

at  most.  (In  the  unaccelerated  case  will  be  zero.)  It  then  follows 

on  dimensional  grounds  that  the  above  surface  integral,  and  therefore  the 
first  term  of  (A. 1-4),  vanishes  in  the  limit. 


The  Integrand  in  the  second  term  of  (A. 1-4)  may  be  replaced  by 


{®1  +  c 


(ElXvl)f  +  “  V1  Ej.dS 


dS  x  (i-77x  Eif +  h  vi  Ei*dS 


from  (5.11-23) 


Bearing  in  mind  that  inverse-distance  terms  in  Ej  do  not  contribute  to 

the  surface  integral  in  the  limit  and  that  v*  may  be  identified  with  the 
retarded  velocity,  we  find  from  equation  (5.11-21)  that 


R  _L 


g  -  c  )  x  Ei  may  be  replaced  by^  -  -  ” 


5.— )x(S_  — 

R  c  /  \R  c  / 


1)  «i 


1  -  cV«V; 


and  this  is  zero. 


dSxBi  +  ^  Ei  Vi.dsJ  -  j  vi  0  E^dS 


■  -  j-  4iraiVi  from  Ex. 5-42.,  p.  485 

and  the  sum  of  the  surface  integrals  over  Si  in  equation  (A. 1-3)  is  equal 
to  -4ira1vl.(E1,)p^. 

The  surface  integrals  over  S2  in  equation  (A. 1-3)  have  the  limiting  value 
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-  c  (Ei)p^.j>  {B2xdS  +  (B3+B4 - )xdS) 

S2 


+  c  (Bi)p2-^  (E2xdS  +  (E3+E4 - )xdS) 

S2 


vf 


+  (Ex)  .□  (E2  v2.dS  +  (E3+E4 - )v2.dS) 


S2 


+  (Bx)p (Bz  v2.dS  +  (B3+B4 - )v2 ,dS} 

S2 


(Ex)pz.jf  (dSxB2  +  i  E2  v2.ds)  +  c  (B l)p2'j  (^2xdS  +  £  B2  v2.dS 


S2 


S2 


-  ~  4ira2v2.(Ex) 


P2 


from  previous  considerations. 


It  then  follows  from  equation  (A. 1-3)  that 


^  j  (Ex.Ex'+Bx.Bx’)  dr  -  -  c  <j>  (E^Bj  ?+Ex  'xBl  )  .dS  -  4irax  Vl .  (Ej  1  )pj 


-  4ira2v2.(Ej)p2 - *™pVp*  (Ex  )p 


If  we  proceed  as  above  with  E2>  E2f,  B2,  B2'  replacing  Ex,  Ex',  Bx ,  Bi 1 
we  obtain 


^  j  (E2.E2,+B2.B2I)  dt  -  -  c  j)  (E2xB2,+E2'xB2).dS  -  4naxvi .  (E2)pj 

S 


“  4ira2v2.(E2’)p2 - 4*apV(E2>P 
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The  sum  of  n  equations  of  this  type  reduces  to 


aivi-(V)Pl  —  +  w(epV  +  f  h  (ElXBl’ — +  W5-*15 


C  js 


'  'ft/  8~  - *  W+  +  Sn  V>  dt 

T 


whence  equation  (A. 1-2)  follows. 

It  should  be  noted  that 

(a)  no  restriction  (other  than  v  <  c)  has  been  imposed  upon  source 
motion  in  the  above  analysis; 

(b)  the  Poynting  vector  for  point  sources  vanishes  when  only  a  single 
source  is  present; 

(c)  for  n  equal  clustered  sources  sharing  a  common  motion  the 
Poynting  vector,  at  sufficient  distance  from  sources,  is  given  by 

^1  ”  n)  fir  where  E  and  B  are  total  fields.  Thus  for  large 

values  of  n  the  vector  approaches  ^  (ExB),  while  for  n  -  2  it 
becomes  (ExB)  . 

A. 2  The  Linear  Momentum  Equation  for  Point  Sources^ 

We  now  derive  a  further  relationship  for  the  system  of  point  sources 
considered  in  Sec.  A.l,  viz 


Fl 


1 

4nc 


(ElxBi  ' - b  E^B  ')  dt 


ft  {(Ei  Ei'.dS - b 


E  E  '  dS)  -  h  dS  (Ei.Et'- 
n  n  *  1 


E  .E  ’) 
n  n 


(A.  2-1) 


(F 


+  (Bi  B]  '  .dS - b  B  B  \dS)  -  h  dS  (Bi  .Bi ' - b  B  .B  ')} 

n  n  n  n 

A  combination  of  equations  (1.17-15)  and  (1.17-17)  yields 

div  G  +  G  div  F  -  F  x  curi  G  -  G  *  curl  F)  dx  •  <f  (G  F.dS  -  Gx(dSx?)} 


(A. 2-2) 


3.  The  name  derives  from  the  interpretation  of  the  volume  integrand  of 
(A. 2-1)  as  the  'density  of  linear  momentum  of  the  field*  in  electro¬ 
magnetic  applications.  This  interpretation  does  not  concern  us  here. 
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where  F  and  G  are  any  point  functions  well-behaved  within  the  region  of 
4 

integration 

On  identifying  F  with  and  G  with  Ej ' ,  and  integrating  over  the  region 
T  as  defined  in  Sec.  A.l,  we  obtain 

l  (Ei  div  V+  Ej'  div  Ej  -  Ei  x  curl  E: '  -  Ei '  x  curl  Ej)  dT 
J  T 


-  f  {Ei'E^dS  -  Ex’xCdSxEj)) 


S,  S 
l..p 

whence  from  equations  (5.11-26)  and  (5.11-27) 

Iff-  '  _  3B1 1  /  _  _  _  _  _ 

c/  |El  X  TT  +  El'  X  aTf  dT  "  f  {El’El*dS  ’  E1’x(dSxE1)} 

T  S,  S 

l.-P 

Similarly,  substitution  of  Bi  for  F  and  Bj*  for  G  in  (A. 2-2)  yields 

l  f  (_  f  .  _  _  _ 

-  “  J  [Bi  x  —  +  Bl’  x  — |  dx  -  {(Bi'Bj.dS  -  B 


{ (B i fBj .dS  -  Bl,x(dSxB1)} 

S,  S 
l..p 


so  that,  in  the  notation  of  Sec.  A.l, 

chj  (EjxBj'+E^xBj)  dx 
T 


(Ex'Ej.dS  -  Ei ' x(dSxEi)  +  Bi*Bj.dS  -  Bi'x(dSxBi)} 

si..Ps 


4.  F  in  (A. 2-2)  has,  of  course,  no  connection  with  ?i 


+  F  in  (A. 2-1). 
P 
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and 


c  it  /  E,'»Bi)  dt 

T 

-  j  (E^’Ei.dS  -  fi'x(dSxEi)  +  Bi’Bi.dS  -  Bi'x(dSxBi)} 


S,  S 
l..p 


j  (E1>«B1,+  Ei’x  Bi)  i  vj.dS  +  j  (Ej  *B!  *+  E1,xB1)  ±  v2.dS 


Si 


S2 


In  the  limit  as  Sj  shrinks  about  Pi  the  surface  Integrals  over  S 
to 

(V)pi  j  El-dS  +  (Ei*)pi  x  j  I^dS  +  i  Bi  VLds)  +  (Bi’)pi  j  Bx 


/(* 


_  _  _  1  —  _  — 

-  (Bi’)pi  *  f  (dSxBj  +  j  Ei  vi. dS 


which,  from  the  considerations  of  Sec.  A. I,  is  equal  to 

-  4iraj  IEj  *  +  i  (vi xBi  * )  | 

^  c  Jp, 


(A. 2-3) 


1  reduce 

.dS 


The  surface  Integral  over  S2  may  be  re-arranged  as 
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In  the  limit  this  becomes 

(El)p2  *  j  ^E2xdS  +  \  B2  v2.dS^  +  (Ei)p2  j  E2.dS  +  (Bj)^  ^  B2.dS 

s2  s2  s2 

-  (Bi)p2  x  j)  (dSxB2  +  ^  E2  v2.dsj 
S2 

-  -  4ra2  i  (v2xBx)j 


Then  from  equation  (A. 2-3) 

ZTt  j  <EixV+  V*Bi)  di 

J  T 


I  (E^Ej.dS  -  'x(dSxEj)  +  Bi'Bi.dS  -  B1,x(dSxB1)} 
S 


-  4irai 


(*■' 


+  l 


>  -  4ira2  |l 

JPi 


E1  +  “  (v2xBi) j 


JP2 


On  carrying  through  the  above  analysis  with  E2,  E2*,  B2,  B2’  replacing 

El»  El'»  ®l»  ®i'  we  find  that 

Zltf  (E2xB2f+  E2'xB2)  dx 

T 


j  {E2'E2.dS  -  E2fx(dSxE2)  +  B2'B2.dS  -  B2'x(dSxB2)} 

S 

-  4*a!  jE2  +  i  (vixB2)|  -  4wa2  fl2'  +  ~  (v2xB2') 

L  c  Jp2 
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Summation  of  n  equations  of  the  above  type  yields 


2  d_ 
c  dt 


<Mi*h 


E  *B  ’)  dr 
ll  tl 


{(Ei'Ej.dS— 


E  'E  .dS  +  EL  Ei'.dS- 
n  n 


E  E  1 
n  n 


.dS)  -  dSdi.Ei' - h  En-En,)} 


+  j  {  (B  |  ’Bj  .dS - K  Bn'En‘dS  +  BjBi'.dS +  B^'.dS)  -  dS(Bj.Bi' - H  B^')} 

S 

-  8,  ja;  (V  +  |  (v.xll'))^  —  +  *p  (fp'  +  |  (vpxBp'))p 

whence  (A. 2-1)  follows. 

A. 3  The  Angular  Momentum  Equation  for  Point  Sources 

Corresponding  to  the  linear  momentum  equation  of  Sec.  A. 2  we  have  the 
following  angular  momentum  equation: 


Fl - +  ?p  X  Fp  j  - *  VV>] 


dt 


r  »  ((E^j'.dS - 


Ei’.dS)  -  JsdSdi.Ej*- 


~+  E.  E' )  (A. 3-1) 
n  n 


+  (BiBi'.dS- - fr  B^'.dS)  -  SgdSdt.Bi* - *-  Bn-Bn’>)j 

where  r  is  the  position  vector  drawn  from  an  interior  or  exterior  point  Q 
of  t  (not  coincident  with  any  source)  and  r^  -  Q?±. 


A  combination  of  equations  (1.17-16)  and  (1.17-18)  yields 


{rxF  div  G  +  r*G  div  F  -  rx(F  x  curl  G)  -  rx(G  x  curl  F) }  dx 


f 


(A. 3-2) 


-  6  {(rxG)F.dS  -  rx(Gx(dSxF))} 
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where  F  and  G  are  any  point  functions  well-behaved  within  the  region  of 
Integration. 

It  will  be  observed  that  the  Individual  terms  of  the  Integrands  are  the 
vector  products  of  the  corresponding  terms  In  (A. 2-2)  and  the  position 

vector  r.  This,  and  the  fact  that  the  value  of  r  associated  with  any 
volume  element  is  independent  of  time,  permits  of  the  development  of  a 
proof  of  (A. 3-1)  which  is  entirely  analogous  to  that  of  (A. 2-1)  and 
which.  In  consequence,  need  not  be  presented  here. 


677 


USEFUL  TRANSFORMATIONS 


/ 


dlv  F  dt  •  j 

F.dS 

curl  F  dt  -  j 

fdS«F 

(curl  F).dS  - 

<f  F.dr 

(curl  F).dS  = 

0 

dS  x  grad  V  -  6  V  dr 


dS  x  grad  V  =  0 


grad  V  dt  -  6  V  dS 


l  *  *  grad  Vdx  •  j  V  curl  F  dt  +  |  V  F  *  dS 
J  (F  x  grad  V).dS  -  j*  V  (curl  F).dS  -  i  V  F.d? 

(F  x  grad  V).dS  -  j  V  (curl  F).dS 
F.grad  V  dr  -  J  v  (-  dlv  F)  dr  +  j)  V  F.dS 
j  V  (grad  U).dS  -  j  v  V2U  dt  +  j  grad  V.grad  U  dt 
jf  (V  grad  U  -  U  grad  V).dS  -  j  (V  V2U  -  U  V2V)  dt 


f  VW  grad  U.dS  -  J  V  dlv(W  grad  U)  dt  +  |  w  grad  V.grad  U  dt 
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(W  grad  U  -  UW  grad  V).dS  -  (V  div(W  grad  U)  -  U  div(V  grad  V))  dx 


dr  *  F  ■  (dS.7)F  -  div  F  dS  +  dS  x  curl  F 


0=®  (dS.V)F  -  i  div  F  dS  +  i  dS  »  curl  F 


^  r  *  (dr*F)  -  j  r  x  (dS.V)F  -  j  t  *  div  F  dS  +  J  r  x  (dS  x  curl  F)  +  J  dS  *  F 


0  =  ffl  r  *  (dS.V)F  -  6  r  x  div  F  dS  +  ©  r  x  (dS  *  curl  F)  +  p  dS  *  F 


(F.V)G  dx  -  [  (- 


div  F)  G  dx  +  0  G  F.dS 


r  *  (F. 7)G  dx  -  r  x  (_  div  F)  G  dx  +  0  (r*G)  F.dS  -  /  F  *  G  dx 


(F.V)G  dx  -  P  div  G  dx  - 


rl  G  dx  -  [ G 


curl  F  dx  +  0  G  x  (dSxF) 


r  x  (F.7)G  dx  ■  r«F  div  G  dr  -  r  *  (F  »  curl  G)dx  -  /  r  *  (G  x  curl  F)dx 


+  6  r  x  (Gx(dSxF))  -  F  x  g  dx 


divs  F  dS  •  ®  F.n'  ds  +  I  (divs  n)  F.dS 


curls  F  dS  -  0  (n’xF)  ds  +  /  divs  n  (d?xF) 


dS  x  grads  V  -  6  V  dr 


dS  x  grads  V  = 


grads  V  dS  -  0  V  n*  ds  +  /  (divs  n)  V  dS 


ADDENDA  TO  TABLES 


Table  2 


grad  dlv  partial  pot  J 


(curl  J)  *  grad  ^  dr  +  j)  grad  i  *  (dSxj) 


t-t. 


S.  I 
1.  .n 


+  6  j i  (dS  x  curi  J)  +  “  dS  -  J  grad  £.dS 


grad  dlv  pot  J 


(curl  J)  x  grad  |  d t  +  ^  grad  £  x  (dS*J)  -  4wJ 

S,  l 

1.  .n 


curl  curl  partial  pot  J 


(-  dlv  J)  grad  j  dt  +  ffi  grad  ^  J.dS  +  <j>  dlv  J 


t-t. 


S,  I 
l..n 


curl  curl  pot  J 


■  j  (-  dlv  J)  grad  -  dx  +  ^  grad  -  J.dS  +  4nJ  at 


1  T  .77 


Y.n* 


at  interior  points 


d5  -  ;  fndS  +  3  8r«d  ;• 


Interior  points 
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Table  3 


grad  (partial)  P.grad  jdT  - 


.7) grad  i  dx  +  (j  P.grad  ^ 


grad  j  P.grad  ^  dx  -  -  J  (P.V)grad  |  dx  +  j  P.grad  |  dS 


Table  4 


curl  (partial)  /  M  *  grad  ^  dx  »  /  (M.V)grad  ^  dr  +  i  dS  x  f m  x  grad  £ 


curl  f  M  *  grad  i  dx 


%  (H.V)grad  i  dx  +  ft  dS  a  (m  *  grad  A 


Table  6 


curl  curl  pot  [J] 


ail  -\  _L  +_E_  -  3J  [  ,  .JL  -  3jj  1  .  i  iL  [Jl 

'TT'Vcr2  +  cr4  r*  8t  +  Pr*  r*  3^  dT  "  ^  3t2  ~ 


+  |  (tJl.VJgrad  i  dx  +  j  <(J]*dS)  x  -tj 


INDEX 


Activity  equation  665 
Acyclic  40 

Angular  momentum  equation  675 

Aperiphractic  58 

Arc  length  II,  ll2f,  II8£ 

Area  I6f,  19f,  112f,  120ff 
Auxiliary  potentials  656f 

Average-value  (arithmetic  mean)  theorem  180  (Ex. 3-2.) 
Axes,  transformation  of  139ff 
Axial  multipole  220f,  252 
quadrupole  221 


B  (definition)  481,  548,  553,  639 
B  field 

point  singlet  481,  483f 

point  doublet  510,  513  (Ex. 5-67.,  5-70.) 

point  whirl  511,  513f  (Ex. 5-69.,  5-71.) 
macroscopic  current  distributions  564f,  641ff 
macroscopic  doublet  distributions  567,  643f 
macroscopic  whirl  distributions  568ff,  644f 
macroscopic  vs  microscopic 

doublet  distribution  550f 
whirl  distribution  548f 
Barrier  41 
Beltrami  401 
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Boundary  conditions  for  E,  B,  D,  H  555f,  640f 
Boundary  conditions  for  macroscopic  potentials  534f 
Boundary  point  1 
Boundary  problem  20 If 
c  (retardation  constant)  395 
Cavity  potential  274,  410 

Cavity  relationships  within  volume  distributions  of 
doublets  384f 
whirls  388f 

Characteristic  function  584 
Circular  polarisation  601 
Circulation  14 
Closed  curve  14 
region  1 

Complex  conjugate  575 
Complex  field  identities  105ff 

Complex  representation  of  time-harmonic  fields  597ff 
Complex  source  density  608 
Connected  region  40 

Convergence  of  potential  178,  234,  236ff,  409 
Coordinates 

general  curvilinear  109 
orthogonal  curvilinear  113 
cylindrical  114 
spherical  116 
surface  curvilinear  123 
Coordinate  curve  110 

surface  HO 
Conservative  field  40 
Continuity,  equation  of  522f,  639 


INDEX 


683 


Continuity  of  function  If 
Continuity  of  potential  233,  238ff 
Contour  Integral  Ilf 
Coriolis,  theorem  of  104 
Curl  of  vector  field 

rectangular  coordinates  29 
orthogonal  curvilinear  coordinates 
cylindrical  coordinates  133 
spherical  coordinates  134 
surface  curvilinear  coordinates  161 
Currency  25 
Current  523 
Current  density 

volume,  surface,  line  518ff,  523 

Curve 

regular  11 
simple  31 
Cut  41 
Cyclic  41 

D  (definition)  554,  640 
d'Alembertlan  (dal)  402 
Del  4 

Density,  macroscopic  524ff 
Dipole  218 
Dipole  moment  219 
Dipole  potential 

time- Invariant  219 

time-dependent  493ff 
Differentiability  7 


130f 
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Diffraction  Integrals  648ff 
Direction  cosine  3 
Directional  derivative 
scalar  field  2ff 

vector  field  6f 

Dlrichlet  problem  201 

condition  201 

Discontinuity  (point  and  surface)  in  scalar  field  184ff 

Discontinuity  of  potential  through  scalar  surface  doublet  236,  612 

Discontinuity  of  normal  derivative  of  potential 
through  surface  singlet  264,  612 

Discontinuity  of  divergence,  curl  and  normal  derivative  of  A 
through  vector  surface  singlet  313ff,  619 

Displacement  current  558 

Divergence  of  vector  field 

rectangular  coordinates  51 

orthogonal  curvilinear  coordinates  132 

cylindrical  coordinates  133 

spherical  coordinates  134 

Divergence  theorem  48ff 

rectangular  coordinates  51 

orthogonal  curvilinear  coordinates  150ff 

Double  layer  235 

Doublet  (see  dipole) 

Dyadic  notation  592 

E  (definition)  481,  545,  553,  639 
E  field 

point  singlet  481,  483 

point  doublet  509 

point  whirl  512 


INDEX 
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macroscopic  current  distributions  56 Iff,  641f 

macroscopic  doublet  distributions  565ff,  643f 

macroscopic  whirl  distributions  569f,  644 
macroscopic  vs  microscopic 

doublet  distribution  544ff 
whirl  distribution  551 
Eigenfunction  576 
Eigenvalue  576 
elliptical  polarisation  600 
Equation  of 

continuity  522f,  639 
Heaviside-Maxwell  599  (Ex. 5-93.) 

Helmholtz  575f 
Laplace  251 
Maxwell  554f,  640 
Poisson  280 
Equivalent  layers 

scalar  potential  theory  289ff 

vector  potential  theory  333ff 

exponential  scalar  potential  theory  629ff 
Expansion  formulae 

grad,  div,  curl  of  products  66f,  106 
grads,  divs,  curls  of  products  16 1  f 

grad,  div,  curl  of  retarded  fields  397f 
grads,  divs,  curls  of  retarded  fields  404  (Ex. 5-6.) 
Exponential  potential  607 
Exterior  point  1 
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Field  1 

circuital  57 
complex  104 
conservative  40 
inverse  -  square  382ff 
irrotatlonal  40 
lamellar  40 
multiple  -  valued  1 
resolution  342f 
scalar  I 

in  plane  region  202ff 

single  -  valued  1 

solenoidal  57 
two-dimensional  40 
vector  2 

Field  slipping  technique  274ff 

Flux  48 

Free-space  Green's  function  584 


Gamma  (y)  586 

Gauge ,  Coulomb  657 

Lorentz  537,  639,  657 
invariance  657 

Gauss's  average  value  (arithmetic  mean)  theorem  180  (Ex. 3-2.) 

second  average  value  theorem  256  (Ex. 4-26.) 

Gauss's  integral  179 

planar  form  205 
Gauss' a  law  253ff 


extension  28 If 


INDEX 
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Grad-curl  (Helmholtz)  theorem  342ff 

generalised  form  590,  637  (Ex. 7-14.) 
Gradient  of  scalar  field 

rectangular  coordinates  3 
orthogonal  curvilinear  coordinates  129f 
cylindrical  coordinates  133 
spherical  coordinates  133 
surface  curvilinear  coordinates  160 
Green's  dyadic  592 
Green's  formula  177ff 

complex  form  578,  595 
dynamical  extension  399ff 
planar  form  204 

Green's  function  I98ff,  582f,  585ff 
in  the  plane  205 

Green's  theorem  71f,  l69f,  203,  575 
in  the  plane  45  (Ex. 1-31.) 
vector  analogue  195 

H  (definition)  554,  640 
Half-space  211  (Ex. 3-34.) 

Harmonic  function  17 Iff 

Heaviside  -  Maxwell  equations  559  (Ex. 5-93.) 
Helmholtz's  equation  575f 
Helmholtz's  formula  578 

Helmholtz's  theorem  342f 

Hertzian  dipole  572  (Ex. 5-103.) 

vectors  536,  638f 

bolder  condition  264,  281 
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Idemf actor  592 

Image  theory  292ff,  333ff 

Integral 

Improper  236f,  347,  360 
Iterated  19 
line  lOff,  118ff 
surface  16ff,  120ff 
volume  20,  124f 
Interior  point  1 

Invariance  with  respect  to  change  of  axes  8  Iff 
Inverse-square  fields  382ff 
Irrotatlonal  field  40 


Jacobian  113 


Kelvin's  generalisation  of  Green's  theorem  79  (Ex. 1-68.) 
minimum  energy  theorem  216  (Ex. 3-49.) 

Kirchhoff  401 

Kottler  655  (Ex. 7-32.) 

Lamellar  40 

Laplace's  equation  171,  251 

Laplaclan  operator  V2 

rectangular  coordinates  79f 
orthogonal  curvilinear  coordinates  133,  156 
cylindrical  coordinates  133,  155 
spherical  coordinates  134,  156f 


Larmor-Tedone  formulae  649 


INDEX 
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Layer 

simple,  single,  singlet  234 

double,  doublet  235 
Legendre  polynomials  222 
Level  surface  2,  109 
Ll£nard-Wiechert  potentials  468ff 

space  and  time  derivatives  479f£ 

Line  integral  lOff,  ll8ff 

tangential  13 
skev  13 

Linear  momentum  equation  671 
Linear  polarisation  601 
Line  doublet  (potential  and  derivatives) 
scalar  229f,  262f,  411,  611 
vector  306,  412,  617 
Line  singlet  (potential  and  derivatives) 
scalar  225ff,  259ff,  410,  417,  611 
vector  304f,  312f,  412,  419,  421,  430,  520,  617 
Logarithmic  potential  217 
Lorentz  gauge  537,  639,  657 
Lorenz  401 


MacCullagh's  formula  232  (Ex. 4-6.) 

Macroscopic/microscopic  relationships  for  E  and  B  fields 
Macroscopic  E,  B,  D,  H  fields 

singlet  sources  561ff,  641ff 

doublet  sources  565ff,  643f 

whirl  sources  568ff,  644f 

in  terms  of  polarisation  potentials  570 


544ff 
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Maxwell's  equations  554f,  640 
integral  form  556ff 

Mean-value  theorem  2 

Metrical  coefficients  111 
Minimal  theorems  206ff 

Moment  of  dipole  219 

point  source  complex  224 
whirl  305,  381 
Monopole  218 

Moving  systems  and  time-dependent  fields 
rate  of  change  at  moving  point  84ff 
rate  of  change  of  tangential  line  integral  86ff 
rate  of  change  of  normal  surface  integral  94ff 
rate  of  change  referred  to  coordinate  systems  in  relative  motion 
Multiple-valued  field  1 
Multiply  connected  41 
Multipole  220f 

Nabla  4 

Neighbourhood  of  a  point  171 
Neumann  problem  202 
condition  202 
Neutral  current  519 
Newtonian  potential  217 
Normal  surface  Integral  18 


Open  region  1 

Operator  V  (nabla,  del)  4,  29,  51 
V*  79 

dal  (d'Alembert lan)  402 


lOlff 


INDEX 


Orthogonal  curvilinear  coordinates  I 13 
curl  130f 
divergence  132 
gradient  130 
Laplaclan  133,  156 
Ostrogradsky's  theorem  70 


Piecewise  continuous  1 
smooth  11,  16 
differentiable  11,  16 

Point  doublet  (potential  and  derivatives)  218f,  250f,  609f 
oscillating  493ff,  509f 
Point  function  If 
Point  set  1 

Point  singlet  (potential  and  derivatives)  217f,  248f,  251,  410,  609 
volume  distribution  222ff,  253ff 
in  motion  473ff 

Point  whirl,  time  dependent,  (potential  and  derivatives)  497ff,  510ff,  618 
Poisson's  equation  280 

integral  211  (Ex. 3-33.) 

Polarisation  (of  source  system)  224 
Polarisation  (of  vector  field)  600f 
Polarisation  potentials  535f 
Position  vector  10 
Positive  sense 

of  normal  16,  49,  56 


around  contour  25 
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Potential 

auxiliary  656f 
alternative  definition  389f 
cavity  273f,  410 
exponential  607 
Lienard-Wiechert  473 

approximations  487ff 
logarithmic  217 
macroscopic  378ff,  524ff 
Newtonian  217 
partial  273,  410 
polarisation  535f 
retarded  scalar  408ff 
vector  412ff 

translating  volume  source  468ff 
unretarded  scalar  217 

vector  304f f 

(see  also  under  line,  surface  volume  sources) 
Poynting  vector  for  points  sources  666 


Quadrupole  220 


Radiation  condition  578 
Reciprocal  relationships  307ff 
Reconcilable  paths  40f 
Rectilinear  scalar  doublet  229 
singlet  225ff 


Reducible  curve  40 


INDEX 
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Region 

bounded  171 
closed  1 

multiply-connected  41 
regular  20 
simply-connected  40 
unbounded  171 
Regular  curve  1 1 

surface  16 

Regularity  at  Infinity  171 

Resolution  of  vector  field  Into  curl-free 
and  divergence-free  components  342f 

Retardation  408f 

Retarded  densities  408f,  514f 

Retarded  fields  395f 


Scalar  field  1 

in  plane  region  202ff 

Shell  235 

Simply-connected  region  40 
Singular  line  114 
Singular  point  186 t  241 
in  the  plane  205 
Single-valued  1 
Singlet  (see  point  singlet) 

Skew  line  integral  13 
Solano idal  field  57 

Solid  angle  64  (Ex. 1-46.),  179 
Sommerfeld  conditions  578 

Source  (eee  under  point,  line,  surface  and  volume) 
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Space  phasor  597 
Stokes's  theorem  25,  165 
Surface  area 


vector 

17, 

20, 

121ff 

scalar 

17, 

19, 

112f 

Surface  curvilinear  coordinates  123 
Surface  doublet  235 

Surface  doublet  (potential  and  derivatives) 

scalar  235f,  265f,  411,  533,  541  (Ex. 5-80/3. ) ,  612f 
vector  306f,  412,  620f 
Surface  gradient,  divergence,  curl  160ff 
Surface  Integral  16ff 
Surface,  level  2 

Surface  singlet  (potential  and  derivatives) 
scalar  233f,  263f,  266,  410,  612 

vector  306,  313ff,  619 

Surface  whirl  (potential  and  derivatives)  533,  536,  542f  (Ex. 5-83/4. ) ,  644, 

646/7  (Ex. 7-22/3.) 


Tangential  line  integral  13 
Theorem 

of  Coriolis  104 

divergence  48ff,  150ff 

Gauss's  average  value  180  (Ex. 3-2.) 

second  average  value  256  (Ex. 4-26.) 
grad-curl  342f 
Green's  71f,  169f,  203,  575 
Green's,  In  the  plane  45  (Ex. 1-31.) 
Helmholtz's  342f 
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